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Preface to the Second Edition

The second edition of these notes has been completely rewritten and substantially
expanded with the intention not only to improve the use of the book as an intro-
ductory text to conformal field theory, but also to get in contact with some recent
developments. In this way we take a number of remarks and contributions by read-
ers of the first edition into consideration who appreciated the rather detailed and
self-contained exposition in the first part of the notes but asked for more details for
the second part. The enlarged edition also reflects experiences made in seminars on
the subject.

The interest in conformal field theory has grown during the last 10 years and
several texts and monographs reflecting different aspects of the field have been pub-
lished as, e.g., the detailed physics-oriented introduction of Di Francesco, Mathieu,
and Sénéchal [DMS96*],' the treatment of conformal field theories as vertex al-
gebras by Kac [Kac98*], the development of conformal field theory in the context
of algebraic geometry as in Frenkel and Ben-Zvi [BFO1*] and more general by
Beilinson and Drinfeld [BD04*]. There is also the comprehensive collection of arti-
cles by Deligne, Freed, Witten, and others in [Del99*] aiming to give an introduction
to strings and quantum field theory for mathematicians where conformal field theory
is one of the main parts of the text. The present expanded notes complement these
publications by giving an elementary and comparatively short mathematics-oriented
introduction focusing on some main principles.

The notes consist of 11 chapters organized as before in two parts. The main
changes are two new chapters, Chap. 8 on Wightman’s axioms for quantum field
theory and Chap. 10 on vertex algebras, as well as the incorporation of several new
statements, examples, and remarks throughout the text. The volume of the text of
the new edition has doubled. Half of this expansion is due to the two new chapters.

We have included an exposition of Wightman’s axioms into the notes because the
axioms demonstrate in a convincing manner how a consistent quantum field theory
in principle should be formulated even regarding the fact that no four-dimensional
model with properly interacting fields satisfying the axioms is known to date. We
investigate in Chap. 8 the axioms in their different appearances as postulates on
operator-valued distributions in the relativistic case as well as postulates on the

! The “*” indicates that the respective reference has been added to the References in the second
edition of these notes.
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viii Preface to the Second Edition

corresponding correlation functions on Minkowski and on Euclidean spaces. The
presentation of the axioms serves as a preparation and motivation for Chap. 9 as
well as for Chap. 10.

Chapter 9 deals with an axiomatic approach to two-dimensional conformal field
theory. In comparison to the first edition we have added the conformal Ward iden-
tities, the state field correspondence, and some changes with respect to the presen-
tation of the operator product expansion. The concepts and methods in this chapter
were quite isolated in the first edition, and they can now be understood in the context
of Wightman’s axioms in its various forms and they also can be linked to the theory
of vertex algebras.

Vertex algebras have turned out to be extremely useful in many areas of mathe-
matics and physics, and they have become the main language of two-dimensional
conformal field theory in the meantime. Therefore, the new Chap. 10 in these notes
provides a presentation of basic concepts and methods of vertex algebras together
with some examples. In this way, a number of manipulations in Chap. 9 are ex-
plained again, and the whole presentation of vertex algebras in these notes can be
understood as a kind of formal and algebraic continuation of the axiomatic treatment
of conformal field theory.

Furthermore, many new examples have been included which appear at several
places in these notes and may serve as a link between the different viewpoints (for
instance, the Heisenberg algebra H as an example of a central extension of Lie al-
gebras in Chap. 4, as a symmetry algebra in the context of quantization of strings in
Chap. 7, and as a first main example of a vertex algebra in Chap. 10). Similarly, Kac—
Moody algebras are introduced, as well as the free bosonic field and the restricted
unitary group in the context of quantum electrodynamics. Several of the elementary
but important statements of the first edition have been explained in greater detail,
for instance, the fact that the conformal groups of the Euclidean spaces are finite
dimensional, even in the two-dimensional case, the fact that there does not exist a
complex Virasoro group and that the unitary group U(H) of an infinite-dimensional
Hilbert space H is a topological group in the strong topology.

Moreover, several new statements have been included, for instance, about a de-
tailed description of some classical groups, about the quantization of the harmonic
oscillator and about general principles used throughout the notes as, for instance,
the construction of representations of Lie algebras as induced representations or the
use of semidirect products.

The general concept of presenting a rather brief and at the same time rigorous
introduction to conformal field theory is maintained in this second edition as well
as the division of the notes in two parts of a different nature: The first is quite el-
ementary and detailed, whereas the second part requires more mathematical pre-
requisites, in particular, from functional analysis, complex analysis, and complex
algebraic geometry.

Due to the complexity of the treatment of Wightman’s axioms in the second part
of the notes not all results are proven, but there are many more proofs in the second
part than in the original edition. In particular, the chapter on vertex algebras is self-
contained.



Preface to the Second Edition ix

The final chapter on the Verlinde formula in the context of algebraic geometry,
which is now Chap. 11, has nearly not been changed except for a comment on fusion
rings and on the connection of the Verlinde algebra with twisted K-theory recently
discovered by Freed, Hopkins, and Teleman [FHTO03*].

In a brief appendix we mention further developments with respect to boundary
conformal field theory, to stochastic Loewner evolution, and to modularity together
with some references.

Miinchen, March 2008 Martin Schottenloher
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Preface to the First Edition

The present notes consist of two parts of approximately equal length. The first part
gives an elementary, detailed, and self-contained mathematical exposition of clas-
sical conformal symmetry in n dimensions and its quantization in two-dimensions.
Central extensions of Lie groups and Lie algebras are studied in order to explain
the appearance of the Virasoro algebra in the quantization of two-dimensional con-
formal symmetry. The second part surveys some topics related to conformal field
theory: the representation theory of the Virasoro algebra, some aspects of confor-
mal symmetry in string theory, a set of axioms for a two-dimensional conformally
invariant quantum field theory, and a mathematical interpretation of the Verlinde
formula in the context of semi-stable holomorphic vector bundles on a Riemann
surface. In contrast to the first part only few proofs are provided in this less elemen-
tary second part of the notes.

These notes constitute — except for corrections and supplements — a translation
of the prepublication “Eine mathematische Einfiihrung in die konforme Feldtheo-
rie” in the preprint series Hamburger Beitrdge zur Mathematik, Volume 38 (1995).
The notes are based on a series of lectures I gave during November/December
of 1994 while holding a Gastdozentur at the Mathematisches Seminar der Uni-
versitdt Hamburg and on similar lectures I gave at the Université de Nice during
March/April 1995.

It is a pleasure to thank H. Brunke, R. Dick, A. Jochens, and P. Slodowy for var-
ious helpful comments and suggestions for corrections. Moreover, I want to thank
A. Jochens for writing a first version of these notes and for carefully preparing the
IXTEX file of an expanded English version. Finally, I would like to thank the Springer
production team for their support.

Munich, September 1996 Martin Schottenloher
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Introduction

Conformal field theory in two dimensions has its roots in statistical physics
(cf. [BPZ84] as a fundamental work and [Gin89] for an introduction) and it has close
connections to string theory and other two-dimensional field theories in physics (cf.,
e.g., [LPSA94]). In particular, all massless fields are conformally invariant.

The special feature of conformal field theory in two dimensions is the existence
of an infinite number of independent symmetries of the system, leading to corre-
sponding invariants of motion which are also called conserved quantities. This is
the content of Noether’s theorem which states that a symmetry of a physical system
given by a local one-parameter group or by an infinitesimal version thereof induces
an invariant of motion of the system. Any collection of invariants of motion simpli-
fies the system in question up to the possibility of obtaining a complete solution. For
instance, in a typical system of classical mechanics an invariant of motion reduces
the number of degrees of freedom. If the original phase space has dimension 27 the
application of an invariant of motion leads to a system with a phase space of dimen-
sion 2(n — 1). In this way, an independent set of n invariants of motion can lead to a
zero-dimensional phase space that means, in general, to a complete solution.

Similarly, in the case of conformal field theory the invariants of motion which are
induced by the infinitesimal conformal symmetries reduce the infinite dimensional
system completely. As a consequence, the structure constants which determine the
system can be calculated explicitly, at least in principle, and one obtains a complete
solution. This is explained in Chap. 9, in particular in Proposition 9.12.

These symmetries in a conformal field theory can be understood as infinitesimal
conformal symmetries of the Euclidean plane or, more generally, of surfaces with
a conformal structure, that is Riemann surfaces. Since conformal transformations
on an open subset U of the Euclidean plane are angle preserving, the conformal
orientation-preserving transformations on U are holomorphic functions with respect
to the natural complex structure induced by the identification of the Euclidean plane
with the space C of complex numbers. As a consequence, there is a close connection
between conformal field theory and function theory. A good portion of conformal
field theory is formulated in terms of holomorphic functions using many results of
function theory. On the other hand, this interrelation between conformal field theory
and function theory yields remarkable results on moduli spaces of vector bundles

Schottenloher, M.: Introduction. Lect. Notes Phys. 759, 1-3 (2008)
DOI 10.1007/978-3-540-68628-6_1 (© Springer-Verlag Berlin Heidelberg 2008



2 Introduction

over compact Riemann surfaces and therefore provides an interesting example of
how physics can be applied to mathematics.

The original purpose of the lectures on which the present text is based was to
describe and to explain the role the Virasoro algebra plays in the quantization of
conformal symmetries in two dimensions. In view of the usual difficulties of a math-
ematician reading research articles or monographs on conformal field theory, it was
an essential concern of the lectures not to rely on background knowledge of standard
methods in physics. Instead, the aim was to try to present all necessary concepts and
methods on a purely mathematical basis. This explains the adjective “mathemati-
cal” in the title of these notes. Another motivation was to discuss the sometimes
confusing use of language by physicists, who for example emphasize that the group
of holomorphic maps of the complex plane is infinite dimensional — which is not
true. What is meant by this statement is that a certain Lie algebra closely related to
conformal symmetry, namely the Witt algebra or its central extension, the Virasoro
algebra, is infinite dimensional.

Clearly, with these objectives the lectures could hardly cover an essential part of
actual conformal field theory. Indeed, in the course of the present text, conformally
invariant quantum field theory does not appear before Chap. 6, which treats the rep-
resentation theory of the Virasoro algebra as a first topic of conformal field theory.
These notes should therefore be seen as a preparation for or as an introduction to
conformal field theory for mathematicians focusing on some background material in
geometry and algebra. Physicists may find the detailed investigation in Part I useful,
where some elementary geometric and algebraic prerequisites for conformal field
theory are studied, as well as the more advanced mathematical description of fun-
damental structures and principles in the context of quantum field theory in Part II.

In view of the above-mentioned tasks, it makes sense to start with a detailed de-
scription of the conformal transformations in arbitrary dimensions and for arbitrary
signatures (Chap. 1) and to determine the associated conformal groups (Chap. 2)
with the aid of the conformal compactification of spacetime. In particular, the con-
formal group of the Minkowski plane turns out to be infinite dimensional, it is es-
sentially isomorphic to Diff, (S') x Diff, (S'), while the conformal group of the
Euclidean plane is finite-dimensional, it is the group of Mobius transformations iso-
morphic to SL(2,C)/{+1}.

The next two chapters (Chaps. 3 and 4) are concerned with central extensions of
groups and Lie algebras and their classification by cohomology. These two chapters
contain several examples appearing in physics and mathematics. Central extensions
are needed in physics, because the symmetry group of a quantized system usually
is a central extension of (the universal covering of) the classical symmetry group,
and in the same way the infinitesimal symmetry algebra of the quantum system is,
in general, a central extension of the classical symmetry algebra.

Chapter 5 leads to the Virasoro algebra as the unique nontrivial central extension
of the Witt algebra. The Witt algebra is the essential component of the classical
infinitesimal conformal symmetry in two dimensions for the Euclidean plane as
well as for the Minkowski plane. This concludes the first part of the text which is
comparatively elementary except for some aspects in the examples.
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The second part presents several different approaches to conformal field theory.
We start this program with the representation theory of the Virasoro algebra includ-
ing the Kac formula (Chap. 6) in order to describe the unitary representations.

In Chap. 7 we give an elementary introduction into the quantization of the
bosonic string and explain how the conformal symmetry is present in classical and
in quantized string theory. The quantization induces a natural representation of the
Virasoro algebra on the Fock space of the Heisenberg algebra which is of interest in
later considerations concerning examples of vertex algebras.

The next two chapters are dedicated to axiomatic quantum field theory. In Chap. 8
we provide an exposition of the relativistic case in any dimension by presenting the
Wightman axioms for the field operators as well as the equivalent axioms for the
correlation functions called Wightman distributions. The Wightman distributions
are boundary values of holomorphic functions which can be continued analytically
into a large domain in complexified spacetime and thereby provide the correlation
functions of a Euclidean version of the axioms, the Osterwalder—Schrader axioms.
In Chap. 9 we concentrate on the two-dimensional Euclidean case with confor-
mal symmetry. We aim to present an axiomatic approach to conformal field theory
along the suggestion of [FFK89] and the postulates of the groundbreaking paper of
Belavin, Polyakov, and Zamolodchikov [BPZ84].

Many papers on conformal field theory nowadays use the language of vertex
operators and vertex algebras. Chapter 10 gives a brief introduction to the basic
concepts of vertex algebras and some fundamental results. Several concepts and
constructions reappear in this chapter — sometimes in a slightly different form — so
that one has a common view of the different approaches to conformal field theory
presented in the preceding chapters.

Finally we discuss the Verlinde formula as an application of conformal field the-
ory to mathematics (Chap. 11).
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Chapter 1

Conformal Transformations
and Conformal Killing Fields

This chapter presents the notion of a conformal transformation on general semi-
Riemannian manifolds and gives a complete description of all conformal transfor-
mations on an open connected subset M C R”7 in the flat spaces R”9. Special
attention is given to the two-dimensional cases, that is to the Euclidean plane R
and to the Minkowski plane R'!.

1.1 Semi-Riemannian Manifolds

Definition 1.1. A semi-Riemannian manifold is a pair (M, g) consisting of a smooth!
manifold M of dimension n and a smooth tensor field g which assigns to each point
a € M anondegenerate and symmetric bilinear form on the tangent space 7,M:

ga: T.M x T,M — R.

In local coordinates x', ..., x" of the manifold M (given by a chart ¢ : U — V on an
open subset U in M with values in an open subset V C R", ¢(a) = (x!(a),...,x"(a)),
a € M) the bilinear form g, on T,M can be written as

84(X.Y) = guv(a)X" YV,

Here, the tangent vectors X = X" dy, Y =Y"d, € T,M are described with respect to
the basis
u=1,...n,

of the tangent space 7, M which is induced by the chart ¢.
By assumption, the matrix
(8uv(a))

is nondegenerate and symmetric for all @ € U, that is one has

! We restrict our study to smooth (that is to €™ or infinitely differentiable) mappings and mani-
folds.

Schottenloher, M.: Conformal Transformations and Conformal Killing Fields. Lect. Notes
Phys. 759, 7-21 (2008)
DOI 10.1007/978-3-540-68628-6_1 (© Springer-Verlag Berlin Heidelberg 2008



8 1 Conformal Transformations

det(guv(a)) #0 and (guv(a))” = (guv(a)).

Moreover, the differentiability of g implies that the matrix (g,v(a)) depends dif-
ferentiably on a. This means that in its dependence on the local coordinates x/ the
coefficients g, = guv(x) are smooth functions.

In general, however, the condition gy (a)X*X" > 0 does not hold for all X # 0,
that is the matrix (gyv(a)) is not required to be positive definite. This property dis-
tinguishes Riemannian manifolds from general semi-Riemannian manifolds. The
Lorentz manifolds are specified as the semi-Riemannian manifolds with (p,q) =

(n_ 11 1) or (p,CI) = (1,}’1— 1)

Examples:

o RP4 = (RPYY, gP4) for p,q € N where

g"(X,Y) ZX yi— Y X'yl
i=p+1
Hence
(guv) o O diag(1,...,1,~1 1)
= =diag(1,...,1,—1,...,—1).

Suv 0 1, g
e R'3 or R¥!: the usual Minkowski space.
e RU!: the two-dimensional Minkowski space (the Minkowski plane).
o R2Y: the Euclidean plane.
o S? C R*0: compactification of R??; the structure of a Riemannian manifold on

the 2-sphere S? is induced by the inclusion in R3?.

e S xS C R*?: compactification of R!!. More precisely, S x S ¢ R?? x R0 =
R2%2 where the first circle S = S! is contained in R29, the second one in R%2 and
where the structure of a semi-Riemannian manifold on S x S is induced by the
inclusion into R?2.

e Similarly, S” x S ¢ RPH10 x RO+ = Rp+1a+] wyith the p-sphere SP = {X €
RPHD: gPt10(X X) = 1} € RPT1O and the g-sphere S7 € R*9*! as a gener-
alization of the previous example, yields a compactification of R”? for p,q >
1. This compact semi-Riemannian manifold will be denoted by SP¢ for all

p,q 2> 0.

In the following, we will use the above examples of semi-Riemannian manifolds
and their open subspaces only—except for the quadrics N”»¢ occurring in Sect. 2.1.
(These quadrics are locally isomorphic to SP from the point of view of conformal
geometry.)
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1.2 Conformal Transformations

Definition 1.2. Let (M,g) and (M’,g’) be two semi-Riemannian manifolds of the
same dimension n and let U C M,V C M’ be open subsets of M and M’, respectively.
A smooth mapping ¢ : U — V of maximal rank is called a conformal transforma-
tion, or conformal map, if there is a smooth function Q : U — R such that

0'g =Q%,

where ¢*g'(X,Y) := ¢ (To(X),To(Y)) and T : TU — TV denotes the tangent
map (derivative) of ¢. Q is called the conformal factor of ¢. Sometimes a confor-
mal transformation ¢ : U — V is additionally required to be bijective and/or orien-
tation preserving.

In local coordinates of M and M’
(9" )uv(a) = gi;(p(a)dug'ove’.
Hence, ¢ is conformal if and only if
gy = (8110 9)u ' dve’ (1.1

in the coordinate neighborhood of each point.

Note that for a conformal transformation ¢ the tangent maps 7,¢ : T,M —
T(p(a>M’ are bijective for each point a € U. Hence, by the inverse mapping theo-
rem a conformal transformation is always locally invertible as a smooth map.

Examples:

e Local isometries, that is smooth mappings ¢ with ¢*g’ = g, are conformal trans-
formations with conformal factor Q = 1.

e In order to study conformal transformations on the Euclidean plane R>° we iden-
tify R>Y 2 C and write z = x + iy for z € C with “real coordinates” (x,y) € R.
Then a smooth map ¢ : M — C on a connected open subset M C C is conformal
according to (1.1) with conformal factor Q : M — R if and only if for u = Re ¢
andv=Imo

u§+v§:szu§+v§;&0,uxuy+vxvy=0. (1.2)

These equations are, of course, satisfied by the holomorphic (resp. antiholo-
morphic) functions from M to C because of the Cauchy—Riemann equations
Uy = Vy, Uy = —Vy (TESP. Uy = —Vy, Uy = Vy) if u)zc +v)26 = 0. For holomorphic or
antiholomorphic functions, u? +v2 # 0 is equivalent to detD¢ # 0 where D¢
denotes the Jacobi matrix representing the tangent map 7' ¢ of ¢.

Conversely, for a general conformal transformation ¢ = (u,v) the equations
(1.2) imply that (uy,v,) and (uy,vy) are perpendicular vectors in R*? of equal
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length Q # 0. Hence, (uy,vy) = (—Vy,uty) or (y,vy) = (vy,—uy), that is ¢ is
holomorphic or antiholomorphic with nonvanishing detD¢.

As afirst important result, we have shown that the conformal transformations
¢ : M — C with respect to the Euclidean structure on M C C are the locally
invertible holomorphic or antiholomorphic functions. The conformal factor of ¢
is |detDo].

With the same identification R>? 22 C a linear map ¢ : R*? — R0 with repre-

senting matrix
ab
A=Ap= ( d)

is conformal if and only if a? +c? #0anda=d,b=—cora=—d,b=c. Asa
consequence, for { = a-+ic # 0, @ is of the form z+— {zor z+— {Z.
These conformal linear transformations are angle preserving in the following
sense: for points z,w € C\ {0} the number
w
o(z,w) = —
(z,w) o]
determines the (Euclidean) angle between z and w up to orientation. In the case
of ¢(z) = {z it follows that

_ Galw
|Cz8w|

o(¢(2), p(w))

o(z,w),

and the same holds for ¢(z) = {Z.

Conversely, the linear maps ¢ with ®(¢(z),p(w)) = o(z,w) for all z,w €

C\ {0} or o(9(2),p(w)) = —w(z,w) for all z,w € C\ {0} are conformal trans-
formations. We conclude that an R-linear map ¢ : R>? — R?9 is a conformal
transformation for the Euclidean plane if and only if it is angle preserving.
We have shown that an orientation-preserving R-linear map ¢ : R0 — R?9 is
a conformal transformation for the Euclidean plane if and only if it is the mul-
tiplication with a complex number { # 0: z +— {z. In the case of { = rexpia
with r € R and with o € ]0,27], we obtain the following interpretation: ¢ in-
duces a rotation with angle o and z — (expic)z is an isometry, while r induces
a dilatation z — rz.

Consequently, the group of orientation-preserving R-linear and conformal
maps R>? — R is isomorphic to R, x S = C\{0}. The group of orientation-
preserving R-linear isometries is isomorphic to S while the group of dilatations
is isomorphic to R (with the multiplicative structure) and therefore isomorphic
to the additive group R viat — r:=expt, t € R.

The above considerations also show that the conformal transformations ¢ : M —
C, where M is an open subset of R29, can also be characterized as those map-
pings which preserve the angles infinitesimally: let z(z),w(¢) be smooth curves
in M with z(0) = w(0) = a and z(0) # 0 # (0), where z(0) = %z(t)|,— is the
derivative of z(¢) att = 0. Then w(z(0),w(0)) determines the angle between the



1.2 Conformal Transformations 11

curves z(¢) and w(t) at the common point a. Let zp = @ oz and wy = @ ow be
the image curves. By definition, ¢ is called to preserve angles infinitesimally
if and only if ®(2(0),w(0)) = @(zy(0),we(0)) for all points a € M and all
curves z(¢),w(z) in M through a = z(0) = w(0) with z(0) # 0 # w(0). Note that
7p(0) = D@(a)(z(0)) by the chain rule. Hence, by the above characterization of
the linear conformal transformations, ¢ preserves angles infinitesimally if and
only if D@(a) is a linear conformal transformation for all @ € M which by (1.2)
is equivalent to ¢ being a conformal transformation.

e Again in the case of R>? 22 C one can deduce from the above results that the
conformal, orientation-preserving, and bijective transformations R>? — R>? are
the entire holomorphic functions ¢ : C — C with holomorphic inverse functions
¢! : C — C, that is the biholomorphic functions ¢ : C — C. These functions
are simply the complex-linear affine maps of the form

0o(z)=Cz+1,z€C,

with {, 1€ C, { #0.

The group of all conformal, orientation-preserving invertible transformations
R?0 — R29 of the Euclidean plane can thus be identified with (C\ {0}) x C,
where the group law is given by

(€. o(¢ )= (¢, + 7).

In particular, this group is a four-dimensional real manifold.
This is an example of a semidirect product of groups. See Sect. 3.1 for the
definition.
e The orientation-preserving and R-linear conformal transformations y : R —
RU! can be identified by elementary matrix multiplication. They are represented
by matrices of the form

sinhs coshs

A=Ay =A(s,1) = expt (coshs smhs>

with (s,1) € R? (see Corollary 1.14 for details).
e Consider R? endowed with the metric on R? given by the bilinear form

1
((63), ()) 1= (0 4y
This is a Minkowski metric g on R?, for which the coordinate axes coincide with

the light cone
L= {(xay) : <(x7)))7(x7y)> :O}

in 0 € R%. With this metric, (R?,g) is isometrically isomorphic to R!"! with re-
spect to the isomorphism y : R — R?,

(x,y) = (x+y,x—y).
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e The stereographic projection
m:S?\{(0,0,1)} — R*,

(x,3,2) = 1%( Y)

is conformal with Q = 1 . In order to prove this it suffices to show that the
inverse map ¢ := ! : R*? — §? ¢ R3¥ is a conformal transformation. We have

OE M) = 115 (25,20,°~1),

for (&t,n) € R? and r = /E2+ n2. For the tangent vectors X| = %,Xz = %
we ge

j¢(€+t n)li=o

2
_ 2(1+]r2> (7 + 1282, -26n,26),

To(X)) =

1 ? 2 2
To(X2) —2(1+r2> (=28n,r"+1-2n°,2n).

Hence
2 \2
T ..
<o) To0) = (12 ) (@)
that is A = —2 is the conformal factor of ¢. Thus, 7 = ¢! has the conformal
factor Q = A ' J+7) =L

Similarly, the stereographlc projection of the n-sphere,

m:S"\{(0,...,0,1)} — R™0,
1

m(x()"”,xn—l),

(0, X)) —
is a conformal map.
e In Proposition 2.5 we present another natural conformal map in detail, the con-

formal embedding
T:RPY — SP x §9 c RPT14H!

into the non-Riemannian version of S” x S?. S” x S7 has been described in the
preceding section.

e The composition of two conformal maps is conformal.

e If : M — M’ is a bijective conformal transformation with conformal factor Q
then ¢ is a diffeomorphism (that is (p’l is smooth) and, moreover, (p’l M —
M 1is conformal with conformal factor é This property has been used in the
investigation of the above example on the stereographic projection.
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1.3 Conformal Killing Fields

In the following, we want to study the conformal maps ¢ : M — M’ between open
subsets M,M' C R?4, p+q =n > 1. To begin with, we will classify them by an
infinitesimal argument:

Let X : M C RP9 — R”" be a smooth vector field. Then

7=X(7)

for smooth curves y = y(¢) in M is an autonomous differential equation. The local
one-parameter group (@}X),cr corresponding to X satisfies

(0 (00) = X (9" (1,0)

with initial condition X (0,a) = a. Moreover, for every a € U, ¢* (-, a) is the unique
maximal solution of 7 = X(y) defined on the maximal interval |z, 7 [. Let M, :=
{aeM:t; <t <t} and ¢} (a) := ¢*(t,a) for a € M;. Then M; C M is an open
subset of M and @X : M, — M_, is a diffeomorphism. Furthermore, we have ¢ o
0¥ (a) = ¢X,(a) if a € M, ;N M, and @ (a) € M,, and, of course, ¢ = idy, My =
M. Tn particular, the local one-parameter group (¢} ),cr satisfies the flow equation

4
dt

Definition 1.3. A vector field X on M C R?? is called a conformal Killing field if
@ is conformal for all 7 in a neighborhood of 0.

(@)li—0 = X.

Theorem 1.4. Let M C R4 be open, g = g% and X a conformal Killing field with
coordinates
X=(x'... X")=Xx"9,

with respect to the canonical cartesian coordinates on R". Then there is a smooth
function x : M — R, so that

Xyv+Xvu=Kguv.
Here we use the notation: f,,:= oy f, X, := guvX".

Proof. Let X be a conformal Killing field, (¢;) the associated local one-parameter
group, and €, : M; — R™, such that

(@ 8)uv(a) = 8ij(:(a))0u @/ Oy p = (Q(a)guv(a)-

By differentiation with respect to ¢ at r = 0 we get (g;; is constant!)



14 1 Conformal Transformations

@R @gula)lo = 5

dt
= gij8ﬂ¢é av(P({ +gijau‘P(i) 3v¢({
= 8ij0uX'(a) Ry +gij 5L X’ (a)
== a“Xv (a) + avX'u (a).

(ij(@(@)aueve))|

< Q2a)

Hence, the statement follows with x(a) = 7

t=0"
If gy v is not constant, we have
(Lx&)uv = Xy + Xy = Kgpuv-

Here, Ly is the Lie derivative and a semicolon in the index denotes the covariant
derivative corresponding to the Levi-Civita connection for g.

Definition 1.5. A smooth function k¥ : M C R”? — R is called a conformal Killing
factor if there is a conformal Killing field X, such that

Xuv+Xvpu = Kguv-
(Similarly, for general semi-Riemannian manifolds on coordinate neighborhoods:
Xy +Xviu = K8uv-)
Theorem 1.6. x : M — R is a conformal Killing factor if and only if
(n—=2)Kuy +guvAgk =0,
where Ay = g" 9,0, is the Laplace-Beltrami operator for g = gP4.
Proof. “=":Letk:M — Rand X, y +Xy , = Kguy (M CRP9, g = ¢P9). Then from
O (Xyv) = Ovok(Xyuy), etc.,
it follows that

0= 8kal(Xu,v +Xv,;1) - &lau (Xk,v +Xv,k)
+01 0y (X1 + X k) — Oy Ok (X g + X1 )

Since x is a conformal Killing factor, one can deduce
k0 (X,u,v +Xv.u) = K 8uv, eftc.

Hence
0=guv K — &kv Kiu + & Kuv — &ui K vk-

By multiplication with g& (defined by gWL gy = O8) we get



1.4 Classification of Conformal Transformations 15

0= g"guv K — " g Kuu + 8" g1 v — 8 g vk
= gkl (guv K',kl) - 5\11 Kiu +nKuy — 55 Kiu
= g,uvAgK‘i_ (n - 2) K"uv.

The reverse implication “<«" follows from the discussion in Sect. 1.4. O

The theorem also holds for open subsets M in semi-Riemannian manifolds with *“;”
instead of ).

Important Observation. In the case n = 2, k is conformal if and only if A,k = 0.
For n > 2, however, there are many additional conditions. More precisely, these are
Kuv = 0for u # v,
Kup = +(n—2)"'Agk.

1.4 Classification of Conformal Transformations

With the help of the implication “=-"" of Theorem 1.6, we will determine all confor-
mal Killing fields and hence all conformal transformations on connected open sets
M C RPA,

141 Caselin=p+qg>2

From the equations gy, (n —2) K yu + Agk = 0 for a conformal Killing factor k we
get (n —2)Agk +nA,x = 0 by summation, hence A,k = 0 (as in the case n = 2).
Using again g, (n —2)Kuu + Agk = 0, it follows that x,, = 0. Consequently,
Kuv = 0 for all u,v. Hence, there are constants ¢, € R such that

Kulg',....g)=0au, u=1,..n
It follows that the solutions of (n —2)k, uv + guvAgk = 0 are the affine-linear maps
K(g)=A+avg", g=(q")eMCR",

with 4, o, € R.

To begin with a complete description of all conformal Killing fields on connected
open subsets M C R”49, p+q > 2, we first determine the conformal Killing fields X
with conformal Killing factor k¥ = 0 (that is the proper Killing fields, which belong
to local isometries). X, +Xu,u =0 means that X* does not depend on ¢g*. X, , +
Xy = 0 implies X*, = 0. Thus X* can be written as

X' (q) =M+ oy q"

with c* € R, ol € R.
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If all the coefficients @} vanish, the vector field X* (¢) = c* determines the differ-
ential equation

q=c,
with the (global) one-parameter group ¢ (¢,q) = g+ tc as its flow. The associated
conformal transformation ( ¢X (¢,q) for t = 1) is the translation

@c(q) =q+c.

For ¢ = 0 and general ® = (®!') the equations
Xuy+Xvpy=guvk=0

imply
p P—0
8vp Oy +8up Wy )

that is @’ g+ g @ = 0. Hence, these solutions are given by the elements of the Lie
algebra o(p,q) := {®: ®" "+ gP9w = 0}. The associated conformal transforma-
tions (X (t,q) = €'®q for t = 1) are the orthogonal transformations

o RPISRP g Ag,

with
A=e®c0(p,q) :={AcR™": ATgPip = grd}

(equivalently, O(p,q) = {A € R"™": (Ax, Ax') = (x,x’) } with the symmetric bilinear
form (-,-) given by g7).

We have thus determined all local isometries on connected open subsets M C
RP+4. They are the restrictions of maps

¢(q) = oalq) +c, A€O(p,q), ceR",

and form a finite-dimensional Lie group, the group of motions belonging to g”4.
This group can also be described as a semidirect product (cf. Sect. 3.1) of O(p,q)
and R”.

The constant conformal Killing factors k = 4 € R\ {0} correspond to the con-
formal Killing fields X (¢) = Aq belonging to the conformal transformations

o(q)=e*q, qeR",

which are the dilatations.

All the conformal transformations on M C R”*¢ considered so far have a unique
conformal continuation to R”9. Hence, they are essentially conformal transforma-
tions on all of R”? associated to global one-parameter groups (¢ ). This is no longer
true for the following conformal transformations.
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In view of the preceding discussion, every conformal Killing factor k # O with-
out a constant term is linear and thus can be written as

k(q) =4(¢,;b), q€R",

with b € R\ {0} and (g,b) = g};iq"b". A direct calculation shows that

X" (q) :=2(q,b)q" — (g,q)b", qeR",

is a solution of X;; y + Xy ;, = Kgyv. (This proves the implication “<” in Theo-
rem 1.6 for n > 2.) As a consequence, for every conformal Killing field X with
conformal Killing factor

K(q) = A +xuq" = A +4(q,b),

the vector field Y (¢) = X (q) —2{(q,b)q" — (q,q)b* — Aq is a conformal Killing field
with conformal Killing factor 0. Hence, by the preceding discussion, it has the form
Y(q) = ¢ + wgq. To sum up, we have proven

Theorem 1.7. Every conformal Killing field X on a connected open subset M of
RP4 (in case of p+q = n > 2) is of the form

X(q) =2{q,b)q" — (¢,9)b" + Aq+c+ 0q
with suitable b,c € R", A € R and o € o(p,q).

Exercise 1.8. The Lie bracket of two conformal Killing fields is a conformal Killing
field. The Lie algebra of all the conformal Killing fields is isomorphic to o(p + 1,
g+ 1) (cf. Exercise 1.10).

The conformal Killing field X (q) = 2{(q,b)q — (q,q)b, b # 0, has no global one-
parameter group of solutions for the equation ¢ = X(g). Its solutions form the fol-
lowing local one-parameter group

_ q—(q,q)tb
"~ 1-2(q,th) + (q,q) (tb,tb)’

telt, ],

o (q) g%

where ]z, t; [ is the maximal interval around O contained in
{t € R|1—2(q,1b) +(q,q){tb,1b) # O}.
Hence, the associated conformal transformation ¢ := ¢

q—{q.9)b
1_2<b7q>+ <QaQ><b’b>

— which is called a special conformal transformation — has (as a map into R”?) a
continuation at most to M, at ¢t = 1, that is to

o(q) =
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M =M, :={qeR"|1-2(b,q) +(q.q)(b,b) # 0} (1.3)
In summary, we have

Theorem 1.9. Every conformal transformation ¢ : M — RP9, n=p+q >3, ona
connected open subset M C RP is a composition of

a translation ¢ — q+c, c € R",

an orthogonal transformation g — Ag, A € O(p,q),
a dilatation q — ekq, A ER, and

a special conformal transformation

q9—1{q,9)b n
1-2(q,b) +(q,q)(b,b)’ bR

To be precise, we have just shown that every conformal transformation ¢ : M —
R”4 on a connected open subset M C R”4, p+¢g > 2, which is an element ¢ = ¢,
of a one-parameter group (¢;) of conformal transformations, is of the type stated in
the theorem. (Then A is an element of SO(p,q), where SO(p,q) is the component
containing the identity 1 =id in O(p, g).) The general case can be derived from this.

q}—)

Exercise 1.10. The conformal transformations described in Theorem 1.9 form a
group with respect to composition (in spite of the singularities, it is not a subgroup
of the bijections R" — R"), which is isomorphic to O(p+1,g+1)/{£1} (cf. The-
orem 2.9).

1.4.2 Case 2: Euclidean Plane (p =2, ¢ =0)

This case has already been discussed as an example (cf. 1.2).

Theorem 1.11. Every holomorphic function
(p=u+iv:M—>R2*0%(C

on an open subset M C R*? with nowhere-vanishing derivative is an orientation-
preserving conformal mapping with conformal Killing factor Q* = uf —|—u§ =
detD@ = |¢'|>. Conversely, every conformal and orientation-preserving transfor-
mation @ : M — R*" = C is such a holomorphic function.

This follows immediately from the Cauchy-Riemann differential equations
(cf. 1.2). Of course, a corresponding result holds for the antiholomorphic functions.
In the case of a connected open subset M of the Euclidean plane the collection of
all the holomorphic and antiholomorphic functions exhausts the conformal transfor-
mations on M.

We want to describe the conformal transformations again by analyzing confor-
mal Killing fields and conformal Killing factors: Every conformal Killing field
X = (u,v) : M — C on a connected open subset M of C with conformal Killing
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factor K satisfies Ak = 0 as well as uy + v, = 0 and u, = 3k = vy. In particular, X
fulfills the Cauchy—Riemann equations and is a holomorphic function.

In the special case of a conformal Killing field corresponding to a vanishing
conformal Killing factor ¥ = 0, one gets

X(z)=c+i6z, zeM,

with ¢ € C and 6 € R. Here we again use the notation z = x +iy € C = R*", The re-
spective conformal transformations are the Euclidean motions (that is the isometries
of R%0)

0(z)=c+e?z

For constant conformal Killing factors k¥ # 0, Kk = A € R, one gets the dilatations
X(z)=Az with @(z) ="z,

Moreover, for R-linear k in the form k = 4Re(zb) = 4(xb| + yby) one gets the
“inversions”. For instance, in the case of b = (b;,bs) = (1,0) we obtain

0(0) = z—l2> 12— e —xt Lty
1—2x+|z? lz—1|?
U e I
=T e

We conclude

Proposition 1.12. The linear conformal Killing factors x describe precisely the
Mobius transformations (cf. 2.12).

For general conformal Killing factors k¥ # 0 on a connected open subset M of
the complex plane, the equation Ak = 0 implies that locally there exist holomorphic
X = (u,v) with uy +v, =0, u, = %K‘: vy, that is

Uy =Vy, Uy = —Vy.

(This proves the implication “<” in Theorem 1.6 for p = 2,q = 0, if one lo-
calizes the definition of a conformal Killing field.) In this situation, the one-
parameter groups (¢, ) for X are also holomorphic functions with nowhere-vanishing
derivative.

1.4.3 Case 3: Minkowski Plane(p=q=1)

In analogy to Theorem 1.11 we have

Theorem 1.13. A smooth map ¢ = (u,v) : M — R"! on a connected open subset
M C RYY is conformal if and only if

w2 >vEand  uy = vy, iy = vy OF thy = —Vy, ity = —Vy.
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Proof. The condition ¢*g = Q?g for g = g!! is equivalent to the equations

2 2 02 _ 2 2 2 2
wy — vy = Q% upuy — vy, =0, uyfvy——Q7 Q7> 0.

“4=": these three equations imply u2 = Q? +v2 > v? and
0=0Q%+ 2ty — 20,V — Q2 = (ux+ uy)2 — (vy —i—vy)z.
Hence u, +u, = +(v, +v,). In the case of the sign “+” it follows that

_ 22
0 = uy — uy +vyvy — Uy,
2
= 1y — ux(Ux +uy) + ey
2
= u; — ux(Vi +vy) vy

= (tx —vy) (uy — Vy)a

that is uy = vy OF Uy = vy. Uy = vy is a contradiction to u2 —v2 = Q> > 0. Therefore
we have u, = vy and uy = v,.

Similarly, the sign “—" yields u, = —vy and uy, = —v,.

“=": with Q% := 2 —v2 > 0 we get by substitution

w2 =v—uk = -Q? and Uxlty — Vyvy = 0.
Hence ¢ is conformal. In the case of u, = vy, u, = vy it follows that

detDQ = uyvy —uyvy = ur—v: >0,
that is ¢ is orientation preserving. In the case of u, = —v,,u, = —v, the map ¢
reverses the orientation. ]

The solutions of the wave equation Ak = Ky — K;y = 0 in 1 + 1 dimensions can
be written as

K(x,y) = flx+y)+glx—y)

with smooth functions f and g of one real variable in the light cone variables x; =
x+y,x_ =x—y. Hence, any conformal Killing factor x has this form in the case
of p=¢g=1.Let F and G be integrals of % f and % g, respectively. Then

X(xy) = (F(x1) +G(x-), Fxy) = G(x-))

is a conformal Killing field with X, y + Xy ;; = guv k. (This eventually completes
the proof of the implication “<” in Theorem 1.6.) The associated one-parameter
group (@) of conformal transformations consists of orientation-preserving maps
with u, = vy, u, = v, for @ = (u,v).

Corollary 1.14. The orientation-preserving linear and conformal maps v : R%! —
R have matrix representations of the form

coshs sinh s)

A=Ay =A(s1t)=expt (sinhs coshs
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or

A:AW:A—(S’t):eXpt( sinhs —coshs

—coshs sinhs )
with (s,1) € R?.

Proof. Let Ay be the matrix representing y = (u,v) with respect to the standard

basis in RZ:
ab
- ().

Then u = ax+ by, v = cx+dy, hence u, = a,u, = b,v, = c¢,v, = d. Our Theo-
rem 1.13 implies a®> > ¢? and a = d,b = ¢ (the choice of the sign comes from
detA > 0). There is a unique 7 € R with exp2¢ = a — ¢? and also a unique s € R with

sinhs = (exp —f)c, hence ¢? = exp2s sinh?s. It follows a® = exp2t(1 + sinh®s) =
(expt coshs)?, and we conclude a = expt coshs = d or a = —expt coshs = d, and
b =expt sinhs =d. O

There is again an interpretation of the action of ¢ (dilatation) and s (boost) similar
to the Euclidean case.

The representation in Corollary 1.14 respects the composition: The well-known
identities for sinh and cosh imply A, (s,))A(s',¢') = A (s+ 5,1 +1).

Remark 1.15. As a consequence, the identity component of the group of linear con-
formal mappings R'"! — RI! is isomorphic to the additive group R?. Moreover,
the Lorentz group L = L(1, 1) (the identity component of the linear isometries) is
isomorphic to R. The corresponding Poincaré group P = P(1,1) is the semidirect
product L x R? 2 R x R? with respect to the action R — GL(2,R), s+ A, (s,0).



Chapter 2
The Conformal Group

Definition 2.1. The conformal group Conf(R”?) is the connected component con-
taining the identity in the group of conformal diffeomorphisms of the conformal
compactification of R4,

In this definition, the group of conformal diffeomorphisms is considered as a topo-
logical group with the topology of compact convergence, that is the topology of uni-
form convergence on the compact subsets. More precisely, the topology of compact
convergence on the space % (X,Y) of continuous maps X — Y between topological
spaces X,Y is generated by all the subsets

{reex,y): f(K)cVvy,

where K C X is compact and V C Y is open.

First of all, to understand the definition we have to introduce the concept of con-
formal compactification. The conformal compactification as a hyperquadric in five-
dimensional projective space has been used already by Dirac [Dir36*] in order to
study conformally invariant field theories in four-dimensional spacetime. The con-
cept has its origin in general geometric principles.

2.1 Conformal Compactification of RP9

To study the collection of all conformal transformations on an open connected sub-
set M C RP4, p+q > 2, a conformal compactification N”¢ of R”7 is introduced,
in such a way that the conformal transformations M — R”¢ become everywhere-
defined and bijective maps NP4 — NP+4. Consequently, we search for a “minimal”
compactification N”7 of R”¢ with a natural semi-Riemannian metric, such that ev-
ery conformal transformation ¢ : M — RP”*Y has a continuation to N9 as a confor-
mal diffeomorphism ¢ : N9 — NP4 (cf. Definition 2.7 for details).

Note that conformal compactifications in this sense do only exist for p+¢g > 2.
We investigate the two-dimensional case in detail in the next two sections below. We
show that the spaces N”7 still can be defined as compactifications of R”?, p+q =2,
with a natural conformal structure inducing the original conformal structure on R”9.

Schottenloher, M.: The Conformal Group. Lect. Notes Phys. 759, 23-38 (2008)
DOI 10.1007/978-3-540-68628-6_3 (© Springer-Verlag Berlin Heidelberg 2008
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However, the spaces N7+ do not possess the continuation property mentioned above
in full generality: there exist many conformal transformations ¢ : M — R”¢ which
do not have a conformal continuation to all of N”4.

Let n = p+¢ > 2. We use the notation (x), , := g”(x,x), x € R”4. For short, we
also write (x) = (x) , if p and ¢ are evident from the context. R” can be embedded
into the (n + 1)-dimensional projective space P, (R) by the map

1 RPY P,y (R),

=l ) - (1_2<x>:x1:...:ﬂ:1+2<x>>.

Recall that P, (R) is the quotient
(R™2\ {0})/ ~
with respect to the equivalence relation
E~nE = E=AE&forad eR\{0}.

P,41(R) can also be described as the space of one-dimensional subspaces of
R"2, P, 1(R) is a compact (n + 1)-dimensional smooth manifold (cf. for exam-
ple [Scho95)). If y : R™2\ {0} — P, (R) is the quotient map, a general point
Y(&) €Py1(R), E = (E°,..., €M) e R™2 isdenoted by (E0:...: EMF1) = y(&)
with respect to the so-called homogeneous coordinates. Obviously, we have

(E0: . Em Ty = (AEY . AEMTY) forall A € R\ {0}.

We are looking for a suitable compactification of R”?. As a candidate we consider
the closure ((R7:9) of the image of the smooth embedding : : R?? — P, (R).

Remark 2.2. 1(RP4) = NP4, where N, , is the quadric

NP = {802 E) € Bt (B)| (€)1 g1 = 0)

in the real projective space P, 1(R).

Proof. By definition of 1 we have (1(x)) p+1,4+1 = 0 for x € RP, that is 1(RP4) C
NP4,

For the converse inclusion, let (£0: ---: E"F1) € NP4\ 1(RP9). Then E0+ £ =0,
since

(A(ED 8N = (€0 ) € (BP9
for A := 04+ &1 5£0. Given (£0: -+ : E"T1) € NP there always exist sequences

€r — 0, 8, — 0 with ¢, # 0 # §;, and 2élek+e,% :2§"+15k+5,3.F0rp > 1 we have

P = (50:§1+6k:§2:-~~:‘g’”:é"+l+6k)eN”*‘1.
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Moreover, E0 + E"H! &, = & # 0 implies P, € ((RP9). Finally, since P, — (&0 :
.. EMTY) for k — oo it follows that (&0 : ... : EMF1) € ((RP4), that is NP9 C

1(RP4). O

We therefore choose NP9 as the underlying manifold of the conformal compactifi-
cation. N7 is a regular quadric in P, (R). Hence it is an n-dimensional compact
submanifold of P, (R). N”7 contains 1(RP*9) as a dense subset.

We get another description of NP9 using the quotient map y on RPT!a+!
restricted to SP x §4 C RPFLa+L,

Lemma 2.3. The restriction of y to the product of spheres

P .9 n+l1 9
SP x §7 1= {geR"+2;2(g1) 1= (&) }cﬂwz
Jj=0

Jj=p+l1
gives a smooth 2-to-1 covering
7= Y|spxse : SP x ST — NP4,

Proof. Obviously y(SP x S7) C NP4. For &,&" € SP x §7 it follows from y(§) =
Y(€') that & = A& with A € R\ {0}. &,&" € S” x S implies A € {1,—1}. Hence,
y(E)=7y(&")ifand only if E = &' or E = —E'. For P = (E0:...: E™F1) € NP the
two inverse images with respect to 7 can be specified as follows: P € NP9 implies

(&) =0, thatis 37 (&7)° =31 (&), Let

and 1 := 1(£0,... &"*1) € SP x S7. Then n and —1 are the inverse images of &.
Hence, 7 is surjective and the description of the inverse images shows that 7 is a
local diffeomorphism. (]

With the aid of the map 7 : S x S — NP4, which is locally a diffeomorphism, the
metric induced on S” x S7 by the inclusion S? x S¢ ¢ RPT1.4+1 that is the semi-
Riemannian metric of S”¢ described in the examples of Sect. 1.1 on page 8, can be
carried over to N4 in such a way that 7 : S7¢ — NP4 becomes a (local) isometry.

Definition 2.4. N7+ with this semi-Riemannian metric will be called the conformal
compactification of RP4,

In particular, it is clear what the conformal transformations N7 — NP4 are. In
this way, NP4 obtains a conformal structure (that is the equivalence class of semi-
Riemannian metrics).

We know that 1 : R4 — NP is an embedding (injective and regular) and that
1(RP7) is dense in the compact manifold N”7. In order to see that this embedding
is conformal we compare ¢ with the natural map 7 : R”Y — SP x S7 defined by



26 2 The Conformal Group

1—(x)
2

\/1 +2' l(xj)2+<x>2 %

J

, X

where

r@):%
r(

N =
M=
v

x) =

7 is well-defined because of
1—(x 4 noo 1+ (x)) 2
= (50)  Fwr= 3 wee ()

and we have

Proposition 2.5. 7: RP7 — SP x S is a conformal embedding with1 = moT.

Proof. For the proof we only have to confirm that 7 is indeed a conformal map. This
can be checked in a similar manner as in the case of the stereographic projection on
p. 12 in Chap. 1. We denote the factor 1 ~ by p and will observe that the result is
independent of the special factor in questlon. For an index 1 < i < n we denote
by 7;,p; the partial derivatives with respect to the coordinate x' of R”. We have
fori<p

1—(x ; ; 1+ (x ;
:<Pi 2<> pixt s pix p, . pix™, i 2<>+px>

and a similar formula for j > p with only two changes in signs. For i < p we obtain
in RP+1a+l1

2
(1, 7)) = (Pi1_2<x> ") +(px' P 4. 4 (o' +p)* +

— (pix")* — <Pi 1 +2<x> + Pxi) 2

= —2p; (Pi<x> +pxi> + (o )+ (o) +2pix p +

+p2 (pxP )2 = (pix)?

= —p7(x) +p7 (x) - 2p,~x p+2pix'p

_ 52

- p )
and for j > p we obtain (7;,7;) = —p? in the same way. Similarly, one checks
(1,7;) = 0 for i # j. Hence, (1;,7;) = p>n;; where n = diag(1,...1,—1,...,—1)
is the diagonal matrix of the standard Minkowski metric of R?+4. This property is
equivalent to 7T being a conformal map. (I

We now want to describe the collection of all conformal transformations N, ;, —
Np g
P
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Theorem 2.6. For every matrix A € O(p+ 1,q+ 1) the map y = y, : NP4 — NP4
defined by

VAL &) = y(AE), (E0:...: &) e NP9

is a conformal transformation and a diffeomorphism. The inverse transformation
vl = Wa-1 is also conformal. The map A — Yy is not injective. However, Yy =
yu implies A=A or A= —A.

Proof. For & € R™?2\ {0} with (x) =0and A € O(p+1,¢+ 1) we have (AE) =
g(AE AE) =g(E,8) = (E) =0, that is Y(AE) € NP4. y(A&) does not depend on
the representative £ as we can easily check:  ~ &/, thatis &' = r& with r € R\ {0},
implies A’ = rA&, that is A&’ ~ AE. Altogether, y : NP9 — NP is well-defined.
Because of the fact that the metric on RP*1:4+! is invariant with respect to A,
turns out to be conformal. For P € NP4 one calculates the conformal factor Q2 (P) =
Z’j’.:é (A',iﬁk)z if P is represented by & € S” x 9. (In general, A(S” x S7) is not
contained in SP x S?, and the (punctual) deviation from the inclusion is described
precisely by the conformal factor (P):

1
m/\(é) €SP xSTforE €SP xS?and P=y(&).
Obviously, wp = y_, and ‘VX] =y, 1. In the case Yy, = yy for A,A" € O(p+
1,g+1) we have y(AE) = y(A’E) for all & € R"*2 with (£) = 0. Hence, A = rA/
with r € R\ {0}. Now A,A" € O(p+1,q9+1) implies r =1 or r = —1. O

The requested continuation property for conformal transformations can now be
formulated as follows:

Definition 2.7. Let ¢ : M — R4 be a conformal transformation on a connected
open subset M C RP4. Then @ : NP4 — NP is called a conformal continuation of
@, if @ is a conformal diffeomorphism (with conformal inverse) and if 1(¢(x)) =
¢ (1(x)) for all x € M. In other words, the following diagram is commutative:

%

M RP-

~

NPa — P Npa

Remark 2.8. In a more conceptual sense the notion of a conformal compactifica-
tion should be defined and used in the following general formulation. A conformal
compactification of a connected semi-Riemannian manifold X is a compact semi-
Riemannian manifold N together with a conformal embedding : : X — N such that
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1. ¢(X) is dense in N.

2. Every conformal transformation ¢ : M — X (that ¢ is injective and conformal)
on an open and connected subset M C X, M # (, has a conformal continuation
Q:N—N.

A conformal compactification is unique up to isomorphism if it exists.

In the case of X = R”¢ the construction of i : R?? — NP9 so far together with

Theorem 2.9 asserts that N77 is indeed a conformal compactification in this general

sense.

2.2 The Conformal Group of RPH for p+q > 2

Theorem 2.9. Let n = p+ g > 2. Every conformal transformation on a connected
open subset M C RP? has a unique conformal continuation to NP4. The group of
all conformal transformations NP4 — NP4 is isomorphic to O(p+ 1,q+1)/{£1}.
The connected component containing the identity in this group — that is, by Defi-
nition 2.1 the conformal group Conf(R”?) — is isomorphic to SO(p+1,q+ 1) (or
SO(p+1,q+1)/{£1} if —1 is in the connected component of O(p+1,q+ 1) con-
taining 1, for example, if p and q are odd.)

Here, SO(p+ 1,qg+ 1) is defined to be the connected component of the identity
inO(p+1,g+1). SO(p+ 1,9+ 1) is contained in

{A€O(p+1,q+1)|detA =1}.

However, it is, in general, different from this subgroup, e.g., for the case (p,q) =
(2,1) or (p,q) = (3,1).

Proof. Tt suffices to find conformal continuations ¢ to N”4 (according to Defini-
tion 2.7) of all the conformal transformations ¢ described in Theorem 1.9 and to rep-
resent these continuations by matrices A € O(p+1,¢+ 1) according to Lemma 2.3:

1. Orthogonal transformations. The easiest case is the conformal continuation of an
orthogonal transformation ¢ (x) = A’x represented by a matrix A’ € O(p,q) and
defined on all of R”4. For the block matrix

100
A=|[0ADO
001

)

one obviously has A € O(p + 1,g+ 1), because of ATnA =1, where n =
diag(1,...,1,—1,...,—1) is the matrix representing gPt1he+1 Furthermore,

A€SO(p+1,q+1) <= A €SO0(p,q).
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We define a conformal map @ : N74 — NP4 by @ := yy, that is
BE )= (50 NE £
for (E0:...: E"F1) € NP4 (cf. Theorem 2.6). For x € R4 we have

000) = (152 saw )
B <I—<A’x> e 1+<A’x>> |

2 ’ 2

since A’ € O(p,q) implies (x) = (A'x). Hence, @(1(x)) = 1(¢(x)) for all x € R4,
2. Translations. For a translation ¢(x) = x+ ¢, ¢ € R”, one has the continuation

BE0 s B = (0= () T () 1 &+ 28 e
M0 ()

for (E0:...: M1)€ NP4, Here,

=) and & =(.8n.
‘We have

0G(x)) = (1_2<x>—<x,c>—<;> ix+c: 1—1—2<x>+<x70>+<2>,

+

since 1(x)* = %, and therefore

Fu() = (1—<2+> xte: 1“2“) — (p(x)).

Since @ = W, with A € SO(p+1,g+1) can be shown as well, @ is a well-defined
conformal map, that is a conformal continuation of ¢. The matrix we look for can
be found directly from the definition of @. It can be written as a block matrix:

I=3(e) =) —3{e)
A= c E, c
ey (" 145
Here, E, is the (n X n) unit matrix and
n' = diag(l,...,1,—1,...,—1)

is the (n x n) diagonal matrix representing g”*¢. The proof of A, € O(p+1,q9+1)
requires some elementary calculation. A, € SO(p + 1,4+ 1) can be shown by
looking at the curve ¢ — A;. connecting E, ;> and A.
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3. Dilatations. The following matrices belong to the dilatations ¢ (x) = rx, r € R;:

172 0 1—r2

2r 2r

A=| 0 E, 0
1-r2 1472

2r 0 2r

(A, € O(p+ 1,q+ 1) requires a short calculation again).

A, € SO(p+1,q+ 1) follows as above using the curve ¢t — A,,. The conformal
transformation ¢ = y, actually is a conformal continuation of ¢, as can be seen
by substitution:

1477 172 1472 172

< r éOJr r <§n+1:§/: P én—H+ 5 &0

L7 o 1=r 0 1+ 1=
<2§+2<§ gl =g )

For & = 1(x), thatis &' =x, £ = 1(1— (x)), &"*! = (14 (x)), one has

1) = (L )
= (B s D) < ot

4. Special conformal transformations. Let b € R" and

x—(x)b
1 —2(x,b) + (x)(b)’

o(x) = xeM; G R,

With N = N(x) = 1 —2(x,b) + (x) (b) the equation (¢(x)) = £ implies

(ot = (L2800 =0 4ot
_ <N_2<x> x— (Wb N+2<">>.

This expression also makes sense for x € R4 with N(x) = 0. It furthermore
leads to the continuation

P M) = (80— (&b +E(b): 8 —28 b
$EM (8 b) + (b)),

where = = L(&"T1 — £9). Because of 1(x) ™ = 1 (x), one finally gets
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a0 = (5 x- 0: X ) i)

for all x € R4, N(x) # 0. The mapping @ is conformal, since ¢ = y with

1= L) —(n)" L)
A= b E, —b | €SO(p+1,q+1).
—L) —('b)T 1+ L)

In particular, @ is a conformal continuation of ¢.

To sum up, for all conformal transformations ¢ on open connected M C RP7 we
have constructed conformal continuations in the sense of Definition 2.7 ¢ : NP4 —
NP4 of the type @(E0: ... : E"F1) = y(AE) with A € SO(p+ 1,4+ 1) having a
conformal inverse ¢ ' = W,-1. The map ¢ — @ turns out to be injective (at least
if ¢ is conformally continued to a maximal domain M in R”*9, that is M = R”? or
M = M, cf. Theorem 1.9). Conversely, every conformal transformation y : N77 —
NP4 is of the type W = ¢ with a conformal transformation ¢ on R”*, since there
exist open nonempty subsets U,V C i1(R?) with y(U) =V and the map

o:=1royor: ' (U) =171 (V)

is conformal, that is ¢ has a conformal continuation ¢, which must be equal to
. Furthermore, the group of conformal transformations N”¢ — NP4 is isomor-
phic to O(p+ 1,9+ 1)/{=£1}, since @ can be described by the uniquely determined
set {A,—A} of matrices in O(p + 1,¢+ 1). This is true algebraically in the first
place, but it also holds for the topological structures. Finally, this implies that the
connected component containing the identity in the group of all conformal trans-
formations N9 — NP4, that is the conformal group Conf (R”?), is isomorphic to
SO(p+1,g+1). This completes the proof of the theorem. (]

2.3 The Conformal Group of R>?

By Theorem 1.11, the orientation-preserving conformal transformations ¢ : M —
R%*0 = C on open subsets M C R*? 2 C are exactly those holomorphic functions
with nowhere-vanishing derivative. This immediately implies that a conformal com-
pactification according to Remark 2.2 and Definition 2.7 cannot exist, because there
are many noninjective conformal transformations, e.g.,

C\{0} = C, zw2 for keZ\{-1,0,1}.

There are also many injective holomorphic functions without a suitable holomor-
phic continuation, like

z—+/z, ze€{weC:Rew >0},
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or the principal branch of the logarithm on the plane that has been slit along the
negative real axis C\ {—x:x € R;}. However, there is a useful version of the
ansatz from Sect. 2.3 for the case p = 2,q = 0, which leads to a result similar to
Theorem 2.9.

Definition 2.10. A global conformal transformation on R>? is an injective holomor-
phic function, which is defined on the entire plane C with at most one exceptional
point.

The analysis of conformal Killing factors (cf. Sect. 1.4.2) shows that the global
conformal transformations and all those conformal transformations, which admit a
(necessarily unique) continuation to a global conformal transformation are exactly
the transformations which have a linear conformal Killing factor or can be written
as a composition of a transformation having a linear conformal Killing factor with a
reflection z — Z. Using this result, the following theorem can be proven in the same
manner as Theorem 2.9.

Theorem 2.11. Every global conformal transformation @ on M C C has a unique
conformal continuation @ : N*° — N?9, where ¢ = @ with A € O(3,1). The group
of conformal diffeomorphisms y : N> — N*9 is isomorphic to O(3, l)/ {£1} and
the connected component containing the identity is isomorphic to SO(3,1).

In view of this result, it is justified to call the connected component containing
the identity the conformal group Conf(R*?) of R*°. Another reason for this comes
from the impossibility of enlarging this group by additional conformal transforma-
tions discussed below.

A comparison of Theorems 2.9 and 2.11 shows the following exceptional situ-
ation of the case p + ¢ > 2: every conformal transformation, which is defined on
a connected open subset M C RP+9, is injective and has a unique continuation to
a global conformal transformation. (A global conformal transformation in the case
of R4, p+4q > 2, is a conformal transformation ¢ : M — R”9, which is defined
on the entire set R”? with the possible exception of a hyperplane. By the results
of Sect. 1.4.2, the domain M of definition of a global conformal transformation is
M =RP41 or M = My, see (1.3).)

Now, N0 is isometrically isomorphic to the 2-sphere S (in general, one has
NPO =8P since SP x S =SP x {1, —1}) and hence N>? is conformally isomorphic
to the Riemann sphere P := P (C).

Definition 2.12. A Mobius transformation is a holomorphic function ¢, for which
there is a matrix

(a b) €SL(2,C) suchthat ¢(z)= acth cz+d #0.

cd cz+d’

The set Mb of these Mobius transformations is precisely the set of all orientation-
preserving global conformal transformations (in the sense of Definition 2.10). Mb
forms a group with respect to composition (even though it is not a subgroup of the
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bijections of C). For the exact definition of the group multiplication of ¢ and y
one usually needs a continuation of ¢ o y (cf. Lemma 2.13). This group operation
coincides with the matrix multiplication in SL(2,C). Hence, Mb is also isomorphic
to the group PSL(2,C) := SL(2,C)/{+1}. Moreover, by Theorem 2.11, Mb is
isomorphic to the group of orientation-preserving and conformal diffeomorphisms
of N>0 =P, that is Mb is isomorphic to the group Aut(PP) of all biholomorphic maps
v : P — P of the Riemann sphere P. This transition from the group Mb to Aut(P)
using the compactification C — P has been used as a model for the compactification
NP4 of RP4 and the respective Theorem 2.9. Theorem 2.11 says even more: Mb
is also isomorphic to the proper Lorentz group SO(3,1). An interpretation of the
isomorphism Aut(P) = SO(3,1) from a physical viewpoint was given by Penrose,
cf., e.g., [Scho95, p. 210]. In summary, we have

Mb & PSL(Z,C) o Aut(P) o SO(37 1) ~ Conf(RlO).

2.4 In What Sense Is the Conformal Group Infinite Dimensional?

We have seen in the preceding section that from the point of view of mathematics
the conformal group of the Euclidean plane or the Euclidean 2-sphere is the group
Mb = SO(3, 1) of Mdbius transformations.

However, throughout physics texts on two-dimensional conformal field theory
one finds the claim that the group ¢ of conformal transformations on R>? is infinite
dimensional, e.g.,

“The situation is somewhat better in two dimensions. The main reason is that the con-
formal group is infinite dimensional in this case; it consists of the conformal analytical
transformations...” and later .. .the conformal group of the 2-dimensional space consists
of all substitutions of the form

2= 8(), 7—8(),
where & and & are arbitrary analytic functions.” [BPZ84, p. 335]

“Two dimensions is an especially promising place to apply notions of conformal field in-
variance, because there the group of conformal transformations is infinite dimensional. Any
analytical function mapping the complex plane to itself is conformal.” [FQS84, p. 420]

“The conformal group in 2-dimensional Euclidean space is infinite dimensional and has an
algebra consisting of two commuting copies of the Virasoro algebras.” [GO89, p. 333]

At first sight, the statements in these citations seem to be totally wrong. For instance,
the class of all holomorphic (that is analytic) and injective functions z — & (z) does
not form a group — in contradiction to the first citation — since for two general holo-
morphic functions f: U — V, g: W — Z with open subsets U,V,W,Z C C, the com-
position go f can be defined at best if f(U)NW # 0. Moreover, the non injective
holomorphic functions are not invertible. If we restrict ourselves to the set J of all
injective holomorphic functions the composition cannot define a group structure on
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J because of the fact that f(U) C W will, in general, be violated; even f(U)NW =0
can occur. Of course, J contains groups, e.g2., Mb and the group of biholomorphic
f:U — U on an open subset U C C. However, these groups Aut(U) are not infinite
dimensional, they are finite-dimensional Lie groups. If one tries to avoid the diffi-
culties of f(U)NW = 0 and requires — as the second citation [FQS84] seems to sug-
gest — the transformations to be global, one obtains the finite-dimensional Mobius
group. Even if one admits more than 1-point singularities, this yields no larger group
than the group of Mobius transformations, as the following lemma shows:

Lemma 2.13. Let f: C\ S — C be holomorphic and injective with a discrete set
of singularities S C C. Then, f is a restriction of a Mobius transformation. Conse-
quently, it can be holomorphically continued on C or C\ {p}, p € S.

Proof. By the theorem of Casorati—Weierstral3, the injectivity of f implies that all
singularities are poles. Again from the injectivity it follows by the Riemann remov-
able singularity theorem that at most one of these poles is not removable and this
pole is of first order. (]

The omission of larger parts of the domain or of the range also yields no infinite-
dimensional group: doubtless, Mb should be a subgroup of the conformal group
¢ . For a holomorphic function f : U — V, such that C\ U contains the disc D
and C\ V contains the disc D', there always exists a Mobius transformation 4 with
h(V) C D' (inversion with respect to the circle dD’). Consequently, there is a Mobius
transformation g with g(V) C D. But then MbU { f} can generate no group, since f
cannot be composed with g o f because of (go f(U))NU = 0. A similar statement
is true for the remaining f € J.

As a result, there can be no infinite dimensional conformal group ¢ for the
Euclidean plane.

What do physicists mean when they claim that the conformal group is infinite
dimensional? The misunderstanding seems to be that physicists mostly think and
calculate infinitesimally, while they write and talk globally. Many statements be-
come clearer, if one replaces “group” with “Lie algebra” and “transformation” with
“infinitesimal transformation” in the respective texts.

If, in the case of the Euclidean plane, one looks at the conformal Killing fields
instead of conformal transformations (cf. Sect. 1.4.2), one immediately finds many
infinite dimensional Lie algebras within the collection of conformal Killing fields. In
particular, one finds the Witt algebra. In this context, the Witt algebra W is the com-
plex vector space with basis (L,),ez, Ly := —2""" d% orlL,:= zl’"d% (cf. Sect. 5.2),
and the Lie bracket

[Ly, L] = (n—m)Lyip,.

The Witt algebra will be studied in detail in Chap. 5 together with the Virasoro
algebra.

In two-dimensional conformal field theory usually only the infinitesimal confor-
mal invariance of the system under consideration is used. This implies the existence
of an infinite number of independent constraints, which yields the exceptional fea-
ture of two-dimensional conformal field theory.
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In this context the question arises whether there exists an abstract Lie group ¢
such that the corresponding Lie algebra Lie ¢ is essentially the algebra of infinites-
imal conformal transformations. We come back to this question in Sect. 5.4 after
having introduced and studied the Witt algebra and the Virasoro algebra in Chap. 5.

Another explanation for the claim that the conformal group is infinite dimen-
sional can perhaps be given by looking at the Minkowski plane instead of the
Euclidean plane. This is not the point of view in most papers on conformal field the-
ory, but it fits in with the type of conformal invariance naturally appearing in string
theory (cf. Chap. 2). Indeed, conformal symmetry was investigated in string theory,
before the actual work on conformal field theory had been done. For the Minkowski
plane, there is really an infinite dimensional conformal group, as we will show in the
next section. The associated complexified Lie algebra is again essentially the Witt
algebra (cf. Sect. 5.1).

Hence, on the infinitesimal level the cases (p,q) = (2,0) and (p,q) = (1,1) seem
to be quite similar. However, in the interpretation and within the representation the-
ory there are differences, which we will not discuss here in detail. We shall just
mention that the Lie algebra s[(2,C) belongs to the Witt algebra in the Euclidean
case since it agrees with the Lie algebra of Mb generated by L_;,Ly,L; € W, while
in the Minkowski case s[(2,C) is generated by complexification of s{(2, R) which is
a subalgebra of the infinitesimal conformal transformations of the Minkowski plane.

2.5 The Conformal Group of R!!

By Theorem 1.13 the conformal transformations ¢ : M — R!! on domains M C R"!
are precisely the maps ¢ = (u,v) with

Uy = Vy,Uy = Vx OF Uy = —Vy, Uy = —Vy,

and, in addition,
uf > v)zc.

For M = R"! the global orientation-preserving conformal transformations can be
described by using light cone coordinates x4+ = x £y in the following way:

Theorem 2.14. For f € C*(R)let f. € C*(R? R) be defined by fy(x,y) := f(x+
y). The map

@ : C(R) x C(R) — C=(R?,R?),
(f.g) — %(ﬁ +8-fr—2g-)

has the following properties:

1.im @ = {(u,v) € C*(R%,R?) : uy = vy, uy = v, }.
2. ©(f,g) conformal <= f' > 0,¢' >0or f' <0,g' <O.
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3. ®(f,g) bijective <> f and g bijective.
4. ®(foh,gok) =(f,g)o®(h,k) for f,g,h,k € C*(R).

Hence, the group of orientation-preserving conformal diffeomorphisms
@RI R
is isomorphic to the group
(Diff+(]R) X Diff+(]R)) U (Diff_ (R) x Diff_(R)).

The group of all conformal diffeomorphisms ¢ : R — R, endowed with the
topology of uniform convergence of ¢ and all its derivatives on compact subsets of
IR?, consists of four components. Each component is homeomorphic to Diff (R) x
Diff (R). Here, Diff; (R) denotes the group of orientation-preserving diffeomorph-
isms f: R — R with the topology of uniform convergence of f and all its derivatives
on compact subsets K C R.

Proof.
1. Let (u,v) = ®(f,g). From

1 1
Uy = 5(f41r+gl—)7uy = E(f’+ —-gL),
1 1
Vx = i(fjr —gL) = E(fjr +g),
it follows immediately that u, = v, u, = v,. Conversely, let
(u,v) € C*(R?,R?)

with uy = vy, uy, = vy. Then uy, = vy, = uyy. Now, a solution of the one-dimensional

wave equation u has the form u(x,y) = %( fi(x,y) +g—(x,y)) with suitable

f,8 € C*(R). Because of vy = uy = 3(f. —g" ) and vy = u, = 1(f. +g" ), we

have v = %( f+ —g-) where f and g possibly have to be changed by a constant.
2. For (u,v) = ®(f,g) one has u2 —v? = f’ ¢" . Hence

=2 > 0= flg >0 flg >0.
3. Let f and g be injective. For ¢ = ®(f, g) we have as follows:
o(x,y) = @(x',y’) implies

fa+y)+gx—y) = fF(+))+gl =),
flx+y)—glx—y) = f('+y)—g' =),

Hence, f(x+y) = f(xX'+)') and g(x—y) = g(x —y'), thatis x+y = x' + ' and
x—y=x'—y . This implies x = x',y = y'. So ¢ is injective if f and g are injective.
From the preceding discussion one can see that if ¢ is injective then f and g are
injective too. Let now f and g be surjective and ¢ = ®(f,g). For (£,n) € R?
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there exist s,z € R with f(s) =&+, g(t) = & — 1. Then ¢(x,y) = (&,n) with
x:=4(s+1),y:= 5(s—1). Conversely, the surjectivity of f and g follows from
the surjectivity of ¢.

4. With ¢ = ®(f,g), y = @(h,k) we have oy = S (frLoy+g_ oy, fioy—g_o

V) and f+ow:f(%(h+ +ko)+ %(h+ —k_))=fohy=(foh);,etc. Hence

90w = 3((foh) +(gok)(Foh)s —(gok) )= ®(fohgok). O

As in the case p = 2,4 = 0, there is no theorem similar to Theorem 2.9. For
p = q = 1, the global conformal transformations need no continuation at all, hence
a conformal compactification is not necessary. In this context it would make sense to
define the conformal group of R!! simply as the connected component containing
the identity of the group of conformal transformations R'"! — R!!. This group is
very large; it is by Theorem 2.14 isomorphic to Diff. (R) x Diff, (R).

However, for various reasons one wants to work with a group of transformations
on a compact manifold with a conformal structure. Therefore, one replaces R'!
with S™! in the sense of the conformal compactification of the Minkowski plane
which we described at the beginning (cf. page 8):

RM S =S xS c R*? x RO2.

In this manner, one defines the conformal group Conf(R!!) as the connected
component containing the identity in the group of all conformal diffeomorphisms
St — St1Of course, this group is denoted by Conf(S!"!) as well.

In analogy to Theorem 2.14 one can describe the group of orientation-preserving
conformal diffeomorphisms S'! — S!'! using Diff, (S) and Diff_(S) (one simply
has to repeat the discussion with the aid of 27-periodic functions). As a conse-
quence, the group of orientation-preserving conformal diffeomorphisms S'! — Sb!
is isomorphic to the group

(Diff, (S) x Diff , (S)) U (Diff_(S) x Diff_(S)).
Corollary 2.15.  Conf(R!!) = Diff (S) x Diff (S).

In the course of the investigation of classical field theories with conformal sym-
metry Conf(R"!) and its quantization one is therefore interested in the properties
of the group Diff (S) and even more (cf. the discussion of the preceding section) in
its associated Lie algebra of infinitesimal transformations.

Now, Diff, (S) turns out to be a Lie group with models in the Fréchet space of
smooth R-valued functions f : S — R endowed with the uniform convergence on S
of f and all its derivatives. The corresponding Lie algebra Lie(Diff , (S)) is the Lie
algebra of smooth vector fields Vect(S). The complexification of this Lie algebra
contains the Witt algebra W (mentioned at the end of the preceding section 2.4) as
a dense subspace.

For the quantization of such classical field theories the symmetry groups or alge-
bras Diff | (S), Lie(Diff  (S)), and W have to be replaced with suitable central exten-
sions. We will explain this procedure in general for arbitrary symmetry algebras and
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groups in the following two chapters and introduce after that the Virasoro algebra
Vir as a nontrivial central extension of the Witt algebra W in Chap. 5.

Remark 2.16. Recall that in the case of n = p+¢,p,q > 1, but (p,q) # (1,1), the
conformal group has been identified with the group SO(p + 1,4+ 1) or SO(p +
1,g+ 1)/{£1} using the natural compactifications of R”? described above. To
have a finite dimensional counterpart to these conformal groups also in the case of
(p,q) = (1,1) one could call the group SO(2,2)/{+1} C Conf(S"') the restricted
conformal group of the (compactified) Minkowski plane and use it instead of the
full infinite dimensional conformal group Conf(S'!).

The restricted conformal group is generated by the translations and the Lorentz
transformations, which form a three-dimensional subgroup, and moreover by the
dilatations and the special transformations.

Introducing again light cone coordinates replacing (x,y) € R? by

Xy =x+y, x =x-y,

the restricted conformal group SO(2,2)/{£1} acts in the form of two copies of
PSL(2,R) = SL(2,R)/{+£1}. For SL(2,R)-matrices

_ ay b+ o a_ b_
o= (i) = (00)

the action decouples in the following way:

atxy+by ax_+b_
cixy+dy e x_+d )’

(Ar,A )y x ) = (

Proposition 2.17. The action of the restricted conformal group decouples with
respect to the light cone coordinates into two separate actions of PSL(2,R) =
SL(2,R)/{%1}:

SO(2,2)/{+1} = PSL(2,R) x PSL(2,R).
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Chapter 3
Central Extensions of Groups

The notion of a central extension of a group or of a Lie algebra is of particular
importance in the quantization of symmetries. We give a detailed introduction to the
subject with many examples, first for groups in this chapter and then for Lie algebras
in the next chapter.

3.1 Central Extensions
In this section let A be an abelian group and let G be an arbitrary group. The trivial
group consisting only of the neutral element is denoted by 1.

Definition 3.1. An extension of G by the group A is given by an exact sequence of
group homomorphisms

1l —sA-SE " G—1.

Exactness of the sequence means that the kernel of every map in the sequence equals
the image of the previous map. Hence the sequence is exact if and only if 1 is injec-
tive, 7 is surjective, the image im t is a normal subgroup, and

kerm =im (= A).

The extension is called central if A is abelian and its image im 1 is in the center of
E, that is
a€AbeE=1(a)b=0bi(a).

Note that A is written multiplicatively and 1 is the neutral element although A is
supposed to be abelian.

Examples:

e A trivial extension has the form

l—A-SAaxc?26—1,

Schottenloher, M.: Central Extensions of Groups. Lect. Notes Phys. 759, 39-62 (2008)
DOI 10.1007/978-3-540-68628-6_4 (© Springer-Verlag Berlin Heidelberg 2008
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where A x G denotes the product group and where i : A — G is given by a —
(a,1). This extension is central.
e An example for a nontrivial central extension is the exact sequence

1 — Z/kZ—E =U(1) = U(1) — 1

with 77(z) := Z* for k € N, k > 2. This extension cannot be trivial, since E = U(1)
and Z/kZ x U(1) are not isomorphic. Another argument for this uses the fact —
known for example from function theory — that a homomorphism 7 : U(1) — E
with 7o T = idy(1) does not exist, since there is no global kth root.

e A special class of group extensions is given by semidirect products. For a group
G acting on another group H by a homomorphism 7 : G — Aut(H ) the semidirect
product group G x H is the set H x G with the multiplication given by the formula

(x,8)-(¥,¢) = (x1(g)(x),2¢)

for (g,x),(g',x') € G x H. With m(g,x) = x and 1(x) = (a,x), one obtains the
group extension

l—wH-“GxH-G—1.

For example, for a vector space V the general linear group GL(V) of invert-
ible linear mappings acts naturally on the additive group V, 7(g)(x) = g(x), and
the resulting semidirect group GL(V) X V is (isomorphic to) the group of affine
transformations.

With the same action 7 : GL(V) — Aut(V) the group of motions of R”7,n =
p+¢g > 2, as a semi-Riemannian space can be described as a semidirect product
O(p,q) x R" (see the example in Sect. 1.4). As a particular case, we obtain the
Poincaré group as the semidirect group SO(1,3) x R* (cf. Sect. 8.1).

Observe that these examples of group extensions are not central, although the
additive group V (resp. R") of translations is abelian.

e The universal covering group of the Lorentz group SO(1,3) (that is the identity
component of the group O(1, 3) of all metric-preserving linear maps R!3 — R!3)
is (isomorphic to) a central extension of SO(1,3) by the group {+1,—1}. In fact,
there is the exact sequence of Lie groups

1 — {+1,—1}—SL(2,C) 5 SO(1,3) — 1,

where 7 is the 2-to-1 covering.
This is a special case of the general fact that for a given connected Lie group
G the universal covering group E of G is an extension of G by the group of deck
transformations which in turn is isomorphic to the fundamental group 7(G) of G.
e LetV be a vector space over a field K. Then

1 — K* -5 GL(V) % PGL(V) — 1
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with i : K* — GL(V),A — Aidy, is a central extension by the (commutative)
multiplicative group K* = K\ {0} of units in K. Here, the projective linear group
PGL(V) is simply the factor group PGL(V) = GL(V)/K*.

e The main example in the context of quantization of symmetries is the follow-
ing: Let H be a Hilbert space and let P = P(H) be the projective space of one-
dimensional linear subspaces of H, that is

P(H) := (H\{0})/ ~,
with the equivalence relation
f~gedAleC:f=Ag for f,geH.

P is the space of states in quantum physics, that is the quantum mechanical
phase space. In Lemma 3.4 it is shown that the group U(H) of unitary operators
on H is in a natural way a nontrivial central extension of the group U(P) of
(unitary) projective transformations on P by U(1)

1 —U(1) -5 UMH) -5 uP) — 1.

To explain this last example and for later purposes we recall some basic notions
concerning Hilbert spaces. A pre-Hilbert space H is a complex vector space with a
positive definite hermitian form, called an inner product or scalar product. A hermi-
tian form is an R-bilinear map

(,):HxH-—C,

which is complex antilinear in the first variable (another convention is to have the
form complex linear in the first variable) and satisfies

<fag> = <g7f>

for all f,g € H. A hermitian form is an inner product if, in addition,

(f,f)>0forall f € H\{0}.

The inner product induces a norm on H by || f]| := +/(f, f) and hence a topology.
H with the inner product is called a Hilbert space if H is complete as a normed space
with respect to this norm.

Typical finite-dimensional examples of Hilbert spaces are the C” with the stan-
dard inner product

m
(zw) =D Zjw;.
Jj=1

In quantum theory important Hilbert spaces are the spaces L?(X, 1) of square-
integrable complex functions f : X — C on various measure spaces X with a mea-
sure A on X, where the inner product is
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(1.8) = [ Fx)gx)dA ).

In the case of X = R” with the Lebesgue measure, this space is separable, that is
there exists a countable dense subset in H. A separable Hilbert space has a countable
(Schauder) basis, that is a sequence (e,), ¢, € H, which is mutually orthonormal,
(en,em) = Oy m, and such that every f € H has a unique representation as a conver-

gent series
f - Zanen
n

with coefficients a;, € C. These coefficients are o, = (ep, f).

In quantum theory the Hilbert spaces describing the states of the quantum system
are required to be separable. Therefore, in the sequel the Hilbert spaces are assumed
to be separable.

A unitary operator U on H is a C-linear bijective map U : H — H leaving the
inner product invariant:

f,eell = (Uf,Ug) =(f,g)-

It is easy to see that the inverse U ™! : H — H of a unitary operator U : H — H
is unitary as well and that the composition U oV of two unitary operators U,V is
always unitary. Hence, the composition of operators defines the structure of a group
on the set of all unitary operators on H. This group is denoted by U(H) and called
the unitary group of H.

In the finite-dimensional situation (m = dimH) the unitary group U(H) is iso-
morphic to the matrix group U(m) of all complex m x m-matrices B with B~! = B*.
For example, U(1) is isomorphic to S'. The special unitary groups are the

SU(m) ={B € U(m) :detB=1}.

SU(2) is isomorphic to the group of unit quaternions and can be identified with
the unit sphere S* and thus provides a 2-to-1 covering of the rotation group SO(3)
(which in turn is the three-dimensional real projective space P(R*)).

Let y: H\ {0} — P be the canonical map into the quotient space P(H) = (H'\
{0})/ ~ with respect to the equivalence relation which identifies all points on a
complex line through O (see above). Let ¢ = y(f) and y = y(g) be points in the
projective space P with f, g € H. We then define the “transition probability” as

(F.) P
O(Q,y) = —22—.
(%)= 17l

0 is not quite the same as a metric but it defines in the same way as a metric a
topology on [P which is the natural topology on P. This topology is generated by the
open subsets {¢ € P: 6(p,w) <r}, r € R, y € P. It is also the quotient topology
on PP with respect to the quotient map 7, that is a subset W C P is open if and only
if y~!(W) C H is open in the Hilbert space topology.
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Definition 3.2. A bijective map 7 : P — P with the property

6(To,Ty)=6(p.y) for @,y P,
is called a projective transformation or projective automorphism.

Furthermore, we define the group Aut(IP) of projective transformations to be
the set of all projective transformations where the group structure is again given by
composition. Hence, Aut(IP) is the group of bijections of P, the quantum mechanical
phase space, preserving the transition probability. This means that Aut(IP) is the full
symmetry group of the quantum mechanical state space.

For every U € U(H) we define amap y(U) : P — P by

~

Y(U)(9) :=v(U(S))

for all ¢ = y(f) € P with f € H. It is easy to show that Y(U) : P — P is well
defined and belongs to Aut(IP). This is true not only for unitary operators, but also
for the so-called anti-unitary operators V, that is for the R-linear bijective maps
V :H — H with

(Vi,Ve)=(f8),V(if) = =iV(f)

forall f,g € H.

Note that 7 : U(H) — Aut(P) is a homomorphism of groups.

The following theorem is a complete characterization of the projective automor-
phisms:

Theorem 3.3. (Wigner [Wig31], Chap. 20, Appendix) For every projective trans-
Sformation T € Aut(IP) there exists a unitary or an anti-unitary operator U with
T =¥(U).

The elementary proof of Wigner has been simplified by Bargmann [Bar64].
Let
U(P) := F(U(H)) C Aut(P).

Then U(PP) is a subgroup of Aut(IP), called the group of unitary projective transfor-
mations. The following result is easy to show:

Lemma 3.4. The sequence

1—U(1) -5 UH) 5 UP) — 1

with 1(A) := Aidy, A € U(1), is an exact sequence of homomorphism and hence
defines a central extension of U(P) by U(1).

Proof. In order to prove this statement one only has to check that kery = U(1)idpy.
Let U € ker?, thatis Y(U) = idp. Then for all f € H, ¢ := y(f),

~

YU)(@)=9=7(f) and Y(U)(p)=7Uf),
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hence y(U f) = y(f). Consequently, there exists A € C with Af = Uf. Since U is
unitary, it follows that A € U(1). By linearity of U, 4 is independent of f, that is U
has the form U = Aidy. Therefore, U € U(1)idy.

Conversely, let A € U(1). Then for all f € H, ¢ := y(f), we have

Y(Aidu) (@) = v(Af) =v(f) =@,
that is 7(Aidy ) = idp and hence, Aidy € ker?. O

Note that this basic central extension is nontrivial, cf. Example 3.21.

The significance of Wigner’s Theorem in quantum theory is the following: The
states of a quantum system are represented by points in P = P(H) for a suitable sep-
arable Hilbert space. A symmetry of such a quantum system or an invariance princi-
ple is a bijective transformation leaving invariant the transition probability 0, hence
it is an element of the automorphism group Aut(P), that is a projective transforma-
tion. Now Wigner’s Theorem 3.3 asserts that such a symmetry is always induced
by either a unitary or an anti-unitary operator on the Hilbert space H. In physical
terms, “Every symmetry transformation between coherent states is implementable
by a one-to-one complex-linear or antilinear isometry of H.”

In the next section we consider the same question not for a single symmetry given
by only one transformation but for a group of symmetries. Note that this means that
the notion of symmetry is extended from a single invariance principle to a group of
symmetry operations.

3.2 Quantization of Symmetries

Examples for classical systems with a symmetry group G are

e G = SO(3) for systems with rotational symmetry;

e G = Galilei group, for free particles in classical nonrelativistic mechanics;

e G = Poincaré group SO(1,3) x R*, for free particles in the special theory of
relativity;

e G = Diff, (S) x Diff, (S) in string theory and in conformal field theory on R!;

e G = gauge group = Aut(P), where P is a principal fiber bundle, for gauge theo-
ries;

e G = unitary group U(H) as a symmetry of the Hilbert space H (resp. U(P) as
a symmetry of P = P (H)) when H (resp. P) is considered as a classical phase
space, for instance in the context of quantum electrodynamics (see below p. 51).

In these examples and in other classical situations the symmetry in question is
manifested by a group homomorphism

7:G— Aut(Y)

with respect to the classical phase space Y (often represented by a manifold Y
equipped with a symplectic form) and a suitable group Aut(Y) of transformations
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leaving invariant the physics of the classical system. (In case of a manifold with
a symplectic form at least the symplectic form is left invariant so that the auto-
morphisms have to be canonical transformations.) In addition, in most cases 7 is
supposed to be continuous for natural topologies on G and Aut(Y). The symmetry
can also be described by the corresponding (continuous) action of the symmetry
group GonY:

GxY —7Y,(gy) — 1(g)(y).

Example: Rotationally invariant classical system with phase space ¥ = R3 x R? and
action SO(3) x Y — Y, (g,(q,p)) — (¢ '¢,&" "' p).

In general, such a group homomorphism is called a representation of GinY.In
case of a vector space ¥ and Aut(Y) = GL(Y), the group of invertible linear maps
Y — Y the representation space Y sometimes is called a G-module. Whether or not
the representation is assumed to be continuous or more (e.g., differentiable) depends
on the context.

Note, however, that the symmetry groups in the above six examples are topolog-
ical groups in a natural way.

Definition 3.5. A ropological group is a group G equipped with a topology, such
that the group operation G x G — G, (g,h) — gh, and the inversion map G — G,
g — g~ !, are continuous.

The above examples of symmetry groups are even Lie groups, that is they are
manifolds and the composition and inversion are differentiable maps. The first three
examples are finite-dimensional Lie groups, while the last three examples are, in
general, infinite dimensional Lie groups (modeled on Fréchet spaces). (The topol-
ogy of Diff, (S) will be discussed briefly at the beginning of Chap. 5, and the unitary
group U(H) has a Lie group structure given by the operator norm (cf. p. 46), but it
also carries another important topology, the strong topology which will be investi-
gated below after Definition 3.6.)

Now, the quantization of a classical system Y means to find a Hilbert space H on
which the classical observables (that is functions on Y) in which one is interested
now act as (mostly self-adjoint) operators on H in such a way that the commutators
of these operators correspond to the Poisson bracket of the classical variables, see
Sect. 7.2 for further details on canonical quantization.

After quantization of a classical system with the classical symmetry 7: G —
Aut(Y) a homomorphism

T:G—-U(P)

will be induced, which in most cases is continuous for the strong topology on U(IP)
(see below for the definition of the strong topology).

This property cannot be proven — it is, in fact, an assumption concerning the
quantization procedure. The reasons for making this assumption are the following.
It seems to be evident from the physical point of view that each classical symmetry
g € G acting on the classical phase space should induce after quantization a trans-
formation of the quantum phase space IP. This requirement implies the existence of
a map



46 3 Central Extensions of Groups

T(g):P—P

for each g € G. Again by physical arguments, 7 (g) should preserve the transition
probability, since & is — at least in the case of classical mechanics — the quantum
analogue of the symplectic form which is preserved by g. Hence, by these consider-
ations, one obtains a map

T :G — Aut(P).

In addition to these requirements it is simply reasonable and convenient to as-
sume that 7 has to respect the natural additional structures on G and Aut(PP), that
is that T has to be a homomorphism since 7 is a homomorphism, and that it is a
continuous homomorphism when 7 is continuous.

This (continuous) homomorphism 7 : G — U(PP) is sometimes called the quan-
tization of the symmetry 7. See, however, Theorem 3.10 and Corollary 3.12 which
yield a (continuous) homomorphism S : E — U(H) of a central extension of G which
is also called the quantization of the classical symmetry 7.

Definition 3.6. Strong (operator) topology on U(H): Typical open neighborhoods
of Up € U(H) are the sets

V5(Uo,r) :={U € UH) : |Uo(f) —U(f)Il <7}

with f € H and r > 0. These neighborhoods form a subbasis of the strong topology:
A subset # C U(H) is by definition open if for each Uy € # there exist finitely
many such 7, (Uo,rj),j=1,...,k, so that the intersection is contained in %, that is

k
Uy C ﬂ %}(U(),rj) c.

j=1

¥ CU(P)open :<= 7 (#) c U(H)open.

We see that the strong topology is the topology of pointwise convergence in both
cases. The strong topology can be defined on any subset

M C $r(H) :={A:H — HJA is R-linear and bounded}
of the space of R-linear continuous endomorphisms, hence in particular on
M, = {U : H — H|Uunitary or anti-unitary }.

Note that a linear map A : H — H is continuous if and only if it is bounded, that
is if its operator norm

1A]] := sup{[|Af]] : /' € B, [ ]| < 1}
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is finite. And with the operator norm the space % (H) is a Banach space, that is
a complete normed space. Evidently, a unitary or anti-unitary operator is bounded
with operator norm equal to 1.

In the same way as above the strong topology on Aut(IP) is defined using &
replacing the norm.

Observe that the strong topology on U(H) and U(P) as well as on M,, and Aut(PP)
is the topology of pointwise convergence. So, in contrast to its name, the strong
topology is rather a weak topology.

Since all these sets of mappings are uniformly bounded they are equicontinuous
by the theorem of Banach-Steinhaus and hence the strong topology also agrees
with the compact open topology, that is the topology of uniform convergence on the
compact subsets of H (resp. of P). We also conclude that in the case of a separable
Hilbert space (which we always assume), the strong topology on U(H) as well as
on U(P) is metrizable.

On subsets M of Pr(H) we also have the natural norm topology induced by
the operator norm. This topology is much stronger than the strong topology in the
infinite dimensional case, since it is the topology of uniform convergence on the unit
ball of H.

Definition 3.7. For a topological group G a unitary representation R of G in the
Hilbert space H is a continuous homomorphism

R:G— U(H)

with respect to the strong topology on U(H). A projective representation R of G is,
in general, a continuous homomorphism

R:G—U(P)
with respect to the strong topology on U(P) (P = P(H)).

Note that U(H) and U(IP) are topological groups with respect to the strong topol-
ogy (cf. 3.11). Moreover, both these groups are connected and metrizable (see be-
low).

The reason that in the context of representation theory one prefers the strong
topology over the norm topology is that only few homomorphisms G — U(H) turn
out to be continuous with respect to the norm topology. In particular, for a com-
pact Lie group G and its Hilbert space H = L?(G) of square-integrable measurable
functions with respect to Haar measure the regular representation

R:G— U(L*(G)),g— (Ry : f(x) — flxg)),

is not continuous in the norm topology, in general. But R is continuous in the strong
topology, since all the maps g — Rg(f) are continuous for fixed f € L?(G). This
last property is equivalent to the action

GxL*(G) = L*(G), (8, f) = Ry(f),

of G on L?(G) being continuous.
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Another reason to use the strong topology is the fact that various related actions,
e.g., the natural action of U(H) on the space of Fredholm operators on H or on the
Hilbert space of Hilbert—Schmidt operators, are continuous in the strong topology.
Hence, the strong topology is weak enough to allow many important representa-
tions to be continuous and strong enough to ensure that natural actions of U(H) are
continuous.

Lifting Projective Representations. When quantizing a classical symmetry group
G the following question arises naturally: Given a projective representation 7', that
is a continuous homomorphism 7 : G — U(P) with P = P(H), does there exist a
unitary representation S : G — U(H), such that the following diagram commutes?

.

1 U(1) U(H) —— U(P) 1

In other words, can a projective representation 7" always be induced by a proper
unitary representation S on H so that 7 = Yo S?

The answer is no; such a lifting does not exist in general. Therefore, it is, in gen-
eral, not possible to take G as the quantum symmetry group in the sense of a uni-
tary representation S : G — U(H) in the Hilbert space H. However, a lifting exists
with respect to the central extension of the universal covering group of the classical
symmetry group. (Here and in the following, the universal covering group of a con-
nected Lie group G is the (up to isomorphism) uniquely determined connected and
simply connected universal covering G of G with its Lie group structure.) This is
well known for the rotation group SO(3) where the transition from SO(3) to the sim-
ply connected 2-to-1 covering group SU(2) can be described in the following way:

Example 3.8. To every projective representation 7’ : SO(3) — U(P) there corre-
sponds a unitary representation S : SU(2) — U(H) such that yoS =T'oP =:T.
The following diagram is commutative:

1 — U(1) — U(1) x SU(2) 22, su(2) —— 1
g T SO(3)
S~ T

1 U(1) U(H) = U(P) 1

S is unique up to a scalar multiple of norm 1.

SU(2) is the universal covering group of SO(3) with covering map (and group
homomorphism) P : SU(2) — SO(3). From a general point of view the lifting
S :SU(2) — U(H) of T :=T'oP (that is T = YoS) in the diagram is obtained
via the lifting of T to a central extension of SU(2) which always exists according
to the subsequent Theorem 3.10. Since each central extension of SU(2) is trivial
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(cf. Remark 4.10), this lifting factorizes and yields the lifting 7' (cf. Bargmann’s
Theorem 4.8).

Remark 3.9. In a similar matter one can lift every projective representation T’ :
SO(1,3) — U(P) of the Lorentz group SO(1,3) to a proper unitary representation
S :SL(2,C) — U(H) in H of the group SL(2,C): T"oP =¥oS.

Here, P : SL(2,C) — SO(1,3) is the 2-to-1 covering map and homomorphism.

Because of these facts — the lifting up to the covering maps — the group SL(2,C)
is sometimes called the quantum Lorentz group and, correspondingly, SU(2) is
called the quantum mechanical rotation group.

Theorem 3.10. Let G be a group and T : G — U(P) be a homomorphism. Then
there is a central extension E of G by U(1) and a homomorphism S : E — U(H), so
that the following diagram commutes:

1 U(1) E—I1—@ 1
id S T
1 U(1) U(H) 5 U(P) 1

Proof. We define
E:={(U,g) € U(H)x G| y(U) =Tg}.

E is a subgroup of the product group U(H) x G, because ¥ and 7 are homomor-
phisms. Obviously, the inclusion

1:U(1) = E, A — (Aidy, 16)

and the projection 7 := pr, : E — G are homomorphisms such that the upper row
is a central extension. Moreover, the projection S := pr; : E — U(H) onto the first
component is a homomorphism satisfying 7 o & = yo S. (]

Proposition 3.11. U(H) is a topological group with respect to the strong topology.

This property simplifies the proof of Bargmann’s Theorem (4.8) significantly.
The proposition is in sharp contrast to claims in the corresponding literature on
quantization of symmetries (e.g., [Sim68]) and in other publications. Since even in
the latest publications it is repeated that U(H) is not a topological group, we provide
the simple proof (cf. [Scho95, p. 174]):

Proof. In order to show the continuity of the group operation (U,U’) — UU’ =
U o U’ it suffices to show that to any pair (U,U’) € U(H) x U(H) and to arbitrary
f € H,r > 0, there exist open subsets ¥, ¥ of U(H) satisfying
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{wWvey vey'}cvUUr).

Because of

T’ () =vv'(Hl
= lUU'(f) - VU’(f)+VU( H=vV'l
< o' () =vU DI+ VU (£) = vV ()
= [UU'(f) = VU A+ V') =V (Pl
=[[U(g) =V (g )||+||U( H=VAI,

where g = U’(f), the condition is satisfied for ¥ = %, (U, 3r) and " = ¥;(U’, 3r).
To show the continuity of U + U~ let g = U~ (f) hence f = U(g). Then

=)=V Dl =llg =V Ul = V() =U(s)ll,

and the condition ||V (g) —U(g)|| < r directly implies

=) =v il <r
0

Note that the topological group U(H) is metrizable and complete in the strong

topology and the same is true for U(P).

Because of Proposition 3.11, it makes sense to carry out the respective investi-

gations in the topological setting from the beginning, that is for topological groups
and continuous homomorphisms. Among others we have the following properties:

1.

U(H) is connected, since U(H) is pathwise connected with respect to the norm
topology. Every unitary operator is in the orbit of a suitable one-parameter group
exp(iAt).

U(P) and Aut(IP) are also topological groups with respect to the strong topology.
7 : U(H) — U(P) is a continuous homomorphism (with local continuous sec-
tions, cf. Lemma 4.9).

U(P) is a connected metrizable group. U(P) is the connected component con-
taining the identity in Aut(PP).

Every continuous homomorphism 7 : G — Aut(IP) on a connected topological
group G has its image in U(P), that is it is already a continuous homomorphism
T : G — U(P). This is the reason why — in the context of quantization of sym-
metries for connected groups G — it is in most cases enough to study continuous
homomorphism 7 : G — U(P) into U(PP) instead of 7 : G — Aut(P)

Corollary 3.12. If, in the situation of Theorem 3.10, G is a topological group and

T :

G — U(P) is a projective representation of G, that is T is a continuous homo-

morphism, then the central extension E of G by U(1) has a natural structure of a
topological group such that the inclusion 1 : U(1) — E, the projection m : E — G
and the lift S : E — U(H) are continuous. In particular, S is a unitary representa-
tion in HL.
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To show this statement one only has to observe that the product group G x U(H)
is a topological group with respect to the product topology and thus E is a topolog-
ical group with respect to the induced topology.

Remark 3.13. In view of these results a quantization of a classical symmetry group
G can in general be regarded as a central extension E of the universal covering group
of G by the group U(1) of phases.

Quantum Electrodynamics. We conclude this section with an interesting example
of a central extension of groups which occurs naturally in the context of second
quantization in quantum electrodynamics. The first quantization leads to a separa-
ble Hilbert space H of infinite dimension, sometimes called the one-particle space,
which decomposes according to the positive and negative energy states: We have
two closed subspaces H,H_ C H such that H is the orthogonal sum of H, that
is H = H., ¢ H_. For example, H is given by the positive resp. negative or zero
eigenspaces of the Dirac hamiltonian on H = L?(IR3,C*).

An orthogonal decomposition H = H & H_ with infinite dimensional compo-
nents H is called a polarization.

Now, the Hilbert space H (or its projective space P = IP(H)) can be viewed as a
classical phase space with the imaginary part of the scalar product as the symplectic
form and with the unitary group U(H) (or U(P)) as symmetry group. In this context
the observables one is interested in are the elements of the CAR algebra </ (H) of
H. Second quantization is the quantization of these observables.

The CAR (Canonical Anticommutation Relation) algebra 7 (H) = & of a
Hilbert space H is the universal unital C*-algebra generated by the annihilation
operators a(f) and the creation operators a*(f), f € H, with the following commu-
tation relations:

a(fa*(g) +a*(ga(f) = (f,&)1,
a’(f)a*(g) +a(g)a’(f) =0=a(f)a(g) +a(g)a(f).

Here, a* : H — & is a complex-linear map and a : H — &/ is complex antilinear
(other conventions are often used in the literature). The CAR algebra o7 (H) can be
described as a Clifford algebra using the tensor algebra of H.

Recall that a Banach algebra is an associative algebra B over C which is a com-
plex Banach space such that the multiplication satisfies ||ab|| < ||al|||b|| for all a,b €
B. A unital Banach algebra B is a Banach algebra with a unit of norm 1. Finally,
a C*-algebra is a Banach algebra B with an antilinear involution * : B — B,b — b*
satisfying (ab)* = b*a* and ||aa*|| = ||a||? for all a,b € B.

Let us now assume to have a polarization H = H, & H_ induced by a (first)
quantization (for example the quantization of the Dirac hamiltonian). For a gen-
eral complex Hilbert space W the complex conjugate W is W as an abelian group
endowed with the “conjugate” scalar multiplication (1,w) — Aw and with the con-
jugate scalar product.
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The second quantization is obtained by representing the CAR algebra </ in
the fermionic Fock space (which also could be called spinor space) S(H) =S
depending on the polarization. S is the Hilbert space completion of

AHy © AH-,

with the induced scalar product on AH; ® AH_, where

A= DAW

is the exterior algebra of the Hilbert space W equipped with the induced scalar
product on AW.

In order to define the representation 7 of </ in S, the actions of a*(f),a(f) on
S are given in the following using a*(f) = a*(f1) +a*(f-),a(f) = a(f+) +a(f-)
with respect to the decomposition f= f, + f- e Hy G H_.

For fi,fa,... fn€H,,81,82,-..,gm€H_,and & € AH,n € AH_, one defines

m(@)(fr)§@n = (frAE)®n,
j=n _
1(@) () (E D81 Aeogm) i= 3 (DM ED (g1, £ g1 A A
j=1
j=n . —~
w(@)(f) (AN Af@n) = D (=D)L AN A oo,
j=1
n(a)(f-)(E@n) = (~1)'¢@ f- An.
Lemma 3.14. This definition yields a representation
w:o — B(S)

of C*-algebras satisfying the anticommutation relations.

Here, %(H) C EndH is the C*-algebra of bounded C-linear endomorphisms of H.

The representation induces the field operators @ : H — %(S) by ®@(f) = n(a(f))
and its adjoint @*, @* = woa™.

One is interested to know which unitary operators U € U(H) can be carried over
to unitary operators in S in order to have the dynamics of the first quantization
implemented in the Fock space (or spinor space) S, that is in the second quantized
theory. To “carry over” means for a unitary U € U(H) to find a unitary operator
U™~ € U(S) in the Fock space S such that

U~ o®(f) = DUf) o U™, f € H,

with the same condition for @*. In this situation U" is called an implementation
of U.
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A result of Shale and Stinespring [ST65%*] yields the condition under which U is
implementable.

Theorem 3.15. Each unitary operator U € U(H) has an implementation U™ € U(S)
if and only if in the block matrix representation of U

Uiy Uy
U= <U+_ U :H+@H7%H+@H,

the off-diagonal components
U+_ : H+ — H_,U_+ "H_ — H+

are Hilbert—Schmidt operators. Moreover, any two implementations U™, 'U”~ of
such an operator U are the same up to a phase factor A € U(1): 'U~ = AU"™.

Recall that a bounded operator T : H — W between separable Hilbert spaces
is Hilbert—Schmidt if with respect to a Schauder basis (e,) of H the condition

Y ||Te,||* < oo holds.
1T [[us = \/ 2| Tex]?

Definition 3.16. The group Uyes = Uyes(H ) of all implementable unitary operators
on H is called the restricted unitary group.

is the Hilbert—Schmidt norm.

The set of implemented operators
Uz, = Uy (Hy) = {V € U(S)[3U : U~ = V)
is a subgroup of the unitary group U(S), and the natural “restriction” map

7 Urgg — Ures

is a homomorphism with kernel {Aids : A € U(1)} = U(1).
As aresult, with (A1) := Aids,A € U(1), we obtain an exact sequence of groups
1 —U() 5 Uy, 5 Upg — 1, (3.1)
and therefore another example of a central extension of groups appearing naturally
in the context of quantization. This is the example we intended to present, and we
want briefly to report about some properties of this remarkable central extension in
the following.

We cannot expect to represent Uy in the Fock space S, that is to have a homo-
morphism p : Uy — U(S) with o p =idy,,, because this would imply that the
extension is trivial: such a p is a splitting, and the existence of a splitting implies
triviality (see below in the next section). One knows, however, that the extension is
not trivial (cf. [PS86*] or [WurO1*], for example).
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As a compensation we obtain a homomorphism p : Uy — U(P(S)). The exis-
tence of p follows directly from the properties of the central extension (3.1).

In what sense can we expect p : Ups — U(P(S)) to be continuous? In other
words, for which topology on Uy is p a representation? The strong topology on
Uses 1s not enough. But on U, there is the natural topology induced by the norm

[Us |+ U~ + U+~ s + U=+ ]| s,

where || ||z is the Hilbert-Schmidt norm. With respect to this topology the group
U, becomes a real Banach Lie group and p is continuous.

Moreover, on U one obtains a topology such that this group is a Banach Lie
group as well, and the natural projection is a Lie group homomorphism (cf. [PS86*],
[WurO1*]). Altogether, the exact sequence (3.1) turns out to be an exact sequence
of Lie group homomorphisms and hence a central extension of infinite dimensional
Banach Lie groups.

According to Theorem 3.15 the phase of an implemented operator U™ for
U € Ui is not determined, and the possible variations are described by our exact
sequence (3.1). In the search of a physically relevant phase of the second quantized
theory, it is therefore natural to ask whether or not there exists a continuous map

§:Ups — Uy with  mos=idy,,.

We know already that there is no such homomorphism since the central exten-
sion is not trivial. And it turns out that there also does not exist such a continuous
section s.

The arguments which prove this result are rather involved and do not have their
place in these notes. Nevertheless, we give some indications.

First of all, we observe that the restriction map

Uy

res - Ures

in the exact sequence (3.1) is a principal fiber bundle with structure group U(1)
(cf. [Diec91*] or [HJJS08*] for general properties of principal fiber bundles). This
observation is in close connection with the investigation leading to Bargmann’s The-
orem, cf. Lemma 4.9. Note that a principal fiber bundle 7 : P — X is (isomorphic
to) the trivial bundle if and only if there exists a global continuous section s : X — P
satisfying wos = idy.

The existence of a continuous section s : Uy — Up, in our situation, that is
7 os = idy,,, would imply that the principal bundle is a trivial bundle and thus
homeomorphic to Uges x U(1). Although we know already that Uy cannot be iso-
morphic to the product group Uyes x U(1) as a group, it is in principle not excluded
that these spaces are homeomorphic, that is isomorphic as topological spaces.

But the principal bundle 7 cannot be trivial in the topological sense. To see this,
one can use some interesting universal properties of another principal fiber bundle

T:8 — GL?es(H+)7

which is in close connection to 7 : U — Uyes.

res
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Here GL,s(H. ) is the group of all bounded invertible operators H — H whose
off-diagonal components are Hilbert-Schmidt operators, so that Uy = U(H) N
GLes(H ). GLyes(H) will be equipped with the topology analogous to the topol-
ogy on Uy respecting the Hilbert—Schmidt norms, and GL?es (H,.) is the connected
component of GL;s(H.; ) containing the identity. The group & is in a similar relation
to U as GLyes(HLt) to Uyes. In concrete terms

& :={(T,P) € GLY(H,) x GL(H,): T —P € %},

where .#| is the class of operators having a trace, that is being a trace class operator.
(We refer to [RS80*] for concepts and results about operators on a Hilbert space.) &
obtains its topology from the embedding into GL,(H, ) x .#; (H., ). The structure
group of the principal bundle 7 : & — GLY(H., ) is the Banach Lie group & of
invertible bounded operators having a determinant, that is of operators of the form
14T with T having a trace.

T is simply the projection into the first component and we obtain another exact
sequence of infinite dimensional Banach Lie groups as well as a principal fiber
bundle

1 —9 - & - 5oL0

res

(H,) — 1. 3.2)

& is studied in the book of Pressley and Segal [PS86*] where, in particular, it
is shown that & is contractible. This crucial property is investigated by Wurzbacher
[Wur06*] in greater detail. The main ingredient of the proof is Kuiper’s result on the
homotopy type of the unitary group U(H) of a separable and infinite dimensional
Hilbert space H: U(H) with the norm topology is contractible and this also holds
for the general linear group GL(H) with the norm topology (cf. [Kui65*]).

By general properties of classifying spaces the contractibility of the group &
implies that 7 is a universal fiber bundle for & (see [Diec91%*], for example). This
means that every principal fiber bundle P — X with structure group & can be ob-
tained as the pullback of T with respect to a suitable continuous map X — GLY (H).
Since there exist nontrivial principal fiber bundles with structure group & the bun-
dle 7: & — GLY cannot be trivial, and thus there cannot exist a continuous section
GL(r)es (H+) —&.

One can construct directly a nontrivial principal fiber bundle with structure group
2. Or one uses another interesting result, namely that the group 2 is homotopy
equivalent to U(ee) according to a result of Palais [Pal65*]. U(eo) is the limit of
the unitary groups U(n) C U(n+ 1) and the above exact sequence (3.2) realizes the
universal sequence

1 — U(OO)—>EU(°°)—>BU(°°) — 1.

Since there exist nontrivial fiber bundles with structure group U(n) it follows that
there exist nontrivial principal fiber bundles with structure group U(eo) as well, and
hence the same holds for & as structure group.
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The closed subgroup 2 :={P € 2 : detP = 1} of 2 induces the exact sequence

1— 9 9 cx

With the quotient GLYY (H., ) := &/ Z; one obtains another universal bundle

res

GLON (H+) - GLres ( )

Tes

now with the multiplicative group C* as structure group. We have the exact se-

quence
l

1 — C* -5 GLY (H, ) 5 GLyes(H, ) — 1,

res
which is another example of a central extension. Using the universality of this se-
quence one concludes that GLY%Y (H ) — GLY, (H, ) again has no continuous sec-
tion. It follows in the same way that eventually our original bundle 7 : Uy, —
Uses (3.1) cannot have a continuous section. In summary we have

Proposition 3.17. The exact sequence of Banach Lie groups

is a central extension of the restricted unitary group U,.s and a principal fiber bundle
which does not admit a continuous section.

In the same manner the basic central extension

1—U(1) -5 UH) S UP) — 1

introduced in Lemma 3.4 has no continuous section when endowed with the norm
topology. Since U(H) is contractible [Kui65*] the bundle is universal. But we know
that there exist nontrivial U(1)-bundles, for instance the central extensions

1—U(1) -5 U») 5 U@(EC?) — 1

are nontrivial fiber bundles for n > 1 (cf. Example 3.21 below).

As will be seen in the next section the basic central extension also has no sec-
tions which are group homomorphisms (that is there exists no splitting map, cf.
Example 3.21).

3.3 Equivalence of Central Extensions

We now come to general properties of central extensions beginning the discussion
without taking topological questions into account.

Definition 3.18. Two central extensions

l1—wA-SESG—1,1—A-SE 5 6—1
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of a group G by A are equivalent, if there exists an isomorphism v : E — E’ of
groups such that the diagram

id P id

commutes.

Definition 3.19. An exact sequence of group homomorphisms
1—A-SE5G—1

splits if there is a homomorphism ¢ : G — E such that 7o 0 =idg.

Of course, by the surjectivity of @ one can always find a map 7: G — E with
7o T =1idg. But this map will not be a group homomorphism, in general.
If the sequence splits with splitting map o : G — E, then

VIAXG—E, (a.) 1(a)o(g).
is a group isomorphism leading to the trivial extension
1—A—AXG—G—1,

which is equivalent to the original sequence: the diagram

1 A Ax G G 1

id Y id

1 A E G 1

commutes. Conversely, if such a commutative diagram with a group isomorphism
v exists, the sequence
l1—A—F—G—1

splits with splitting map o(g) := y(14,g). We have shown that

Lemma 3.20. A central extension splits if and only if it is equivalent to a trivial
central extension.

Example 3.21. There exist many nontrivial central extensions by U(1). A general
example of special importance in the context of quantization is given by the exact
sequence (Lemma 3.4)
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1 —U(1) -5 Un) -5 UP(C?) — 1

foreachn € N,n > 1, and

1 — U(1) -5 U(H) -~ UP) — 1

for infinite dimensional Hilbert spaces H. These extensions are not equivalent to
the trivial extension. They are also nontrivial as fiber bundles (with respect to both
topologies on U(H), the norm topology or the strong topology).

Proof. All these extensions are nontrivial if this holds for n = 2 since this extension
is contained in the others induced by the natural embeddings C? < C” resp. C? —
H. The nonequivalence to a trivial extension in the case n = 2 follows from well-
known facts.

In particular, we have the following natural isomorphisms:

U(2) = U(1) x SU(2) and PU(2) = U(P(C?)) = SO(3)

as groups (and as topological spaces). If the central extension

1 —U(1) -5 U@2) - PUQR) — 1

would be equivalent to the trivial extension then there would exist a splitting homo-
morphism
0 :S0O(3) = PU(2) — U(2) @ U(1) x SU(2).

The two components of ¢ are homomorphisms as well, so that the second compo-
nent 6, : SO(3) — SU(2) would be a splitting map of the natural central extension

1 — {+1,-1} == SU(2) 5 SO(3) — 1,

which also is the universal covering. This is a contradiction. For instance, the stan-
dard representation p : SU(2) < GL(C?) cannot be obtained as a lift of a represen-
tation of SO(3) because of #(+1) = 1.

In the same way one concludes that there is no continuous section. (I

Note that the nonexistence of a continuous section has the elementary proof just
presented above without reference to the universal properties which have been con-
sidered at the end of the preceding section. One can give an elementary proof for
Proposition 3.17 as well, with a similar ansatz using the fact that the projection
Upss — Upes corresponds to the natural projection 7 : U(S) — U(P(S)).

On the other hand, the basic exact sequence

1 —U(1) 4 UH) 5 UP) — 1
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is universal also for the strong topology (not only for the norm topology as men-
tioned in the preceding section), since the unitary group U(H) is contractible in the
strong topology as well whenever H is an infinite dimensional Hilbert space.

In the following remark we present a tool which helps to check which central
extensions are equivalent to the trivial extension.

Remark 3.22. Let

1—A-SE5G—1
be a central extension and let 7 : G — E be a map (not necessarily a homomorphism)
with mo 7 =1idg and 7(1) = 1. We set 1, := 7(x) for x € G and define a map
0:GxG— A=1(A)CE,
(%) — o1,
(Here, ‘@1 = (Ty) ! = (7(xy)) ! denotes the inverse element of T, in the group
E.) This map w is well-defined since ‘L’x‘L’yT)&l € kerm, and it satisfies
o(l,1)=1 and o(x,y)o(xy,z) = o(x,yz)©0(y,2) (3.3)
for x,y,z € G.

Proof. By definition of ® we have

O(x,Y)0(xy,2) = TTy Ty Ty T Ty

—1
= TxTyTZTxyz

_ 1. -1
= LT Ty, Tyl

=T (y s Z) Tyz Tx};

= qu,zr;yéa)(y, z) (A is central)

= o(x,y7)0(y,z). O

Definition 3.23. Any map @ : G x G — A having the property (3.3) is called a
2-cocycle, or simply a cocycle (on G with values in A).

The central extension of G by A associated with a cocycle ® is given by the exact
sequence

1 — A5 AxeGEEG—1,

a— (a,1).
Here, A X 4 G denotes the product A x G endowed with the multiplication defined by
(@,x)(b,y) := (@(x,y)ab,xy)

for (a,x),(b,y) e Ax G.
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It has to be shown that this multiplication defines a group structure on A X G
for which 7 and pr, are homomorphisms. The crucial property is the associativity of
the multiplication, which is guaranteed by the condition (3.3):

((a,x)(b,y))(¢,2) = (@(x,y)ab,xy)(c,z)

= (o

= (o(xy,z)o(x,y)abc, xyz)
= (0(x,yz)@(y,z)abc,xyz)
= (a,x)(o(y,2)bc,yz)

= (

a,x)
)(B,y)(¢;2)).

(
a,x)(
The other properties are easy to check.

Remark 3.24. This yields a correspondence between the set of cocycles on G with
values in A and the set of central extensions of G by A.

The extension E in Theorem 3.10
1 —U(1)—E-"5G—1

is of the type U(1) x4 G. How do we get a suitable map @ : G x G — U(1) in this
situation? For every g € G by Wigner’s Theorem 3.3 there is an element U, € U(H)
with ¥(U,) = Tg. Thus we have a map 7, := (U, g), g € G, which defines a map
o : G x G— U(1) satisfying (3.3) given by

o(g,h) = 1T, = (UUhUy', 16)-

Note that g — Uy is not, in general, a homomorphism and also not continuous (if
G is a topological group and T is continuous); however, in particular cases which
turn out to be quite important ones, the Ugs can be chosen to yield a continuous
homomorphism (cf. Bargmann’s Theorem (4.8)).

If G and A are topological groups then for a cocycle @ : G x G — A which is con-
tinuous the extension A X G is a topological group and the inclusion and projection
in the exact sequence are continuous homomorphisms. The reverse implication does
not hold, since continuous maps 7 : G — E with w o T = idg need not exist, in gen-
eral. The central extension p : 7 — z°

1 — {+1,-1}—U1) L u@) —1

provides a simple counterexample. A more involved counterexample is (cf. Propo-
sition 3.17)

1 —U(1l) 5 U 5 Ugg — 1.

Lemma 3.25. Let @ : G X G — A be a cocycle. Then the central extension A X ¢ G
associated with ® splits if and only if there is a map A : G — A with
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A(xy) = @(x,y)A(x)A(y)-

Proof. The central extension splits if and only if there isamap 0 : G — A X4, G
with pry o 6 = idg which is a homomorphism. Such a map o is of the form o(x) :=
(A(x),x) for x € G with amap A : G — A. Now, o is a homomorphism if and only
if for all x,y € G:

o(xy) = o(x)o(y)
= (A(xy),xy) = (A(x),%)(A(),¥)
(

= (A(xy),xy) = ((0(x,y)A(X)A(y)),xy)
<= A(xy) = 0(x,y)A(X)A(y). O

Definition 3.26.
H*(G,A):={w:Gx G — Alwis acocycle}/ ~,

where the equivalence relation @ ~ @’ holds by definition if and only if there is a
A : G — A with
Alxy) = 0(x,y)0' (x,y) " A(x)A()-

H?(G,A) is called the second cohomology group of the group G with coefficients
in A.

H?(G,A) is an abelian group with the multiplication induced by the pointwise
multiplication of the maps ® : G X G — A.

Remark 3.27. The above discussion shows that the second cohomology group
H?(G,A) is in one-to-one correspondence with the equivalence classes of central
extensions of G by A.

This is the reason why in the context of quantization of classical field theories
with conformal symmetry Diff, (S) x Diff (S) one is interested in the cohomology
group H?(Diff, (S),U(1)).
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Chapter 4

Central Extensions of Lie Algebras
and Bargmann’s Theorem

In this chapter some basic results on Lie groups and Lie algebras are assumed to be
known, as presented, for instance, in [HN91] or [BR77]. For example, every finite-
dimensional Lie group G has a corresponding Lie algebra Lie G determined up to
isomorphism, and every differentiable homomorphism R : G — H of Lie groups
induces a Lie algebra homomorphism Lie R = R : Lie G — Lie H. Conversely, if
G is connected and simply connected, every such Lie algebra homomorphism p :
Lie G — Lie H determines a unique smooth Lie group homomorphism R : G — H
with R = p.

In addition, for the proof of Bargmann’s Theorem we need a more involved result
due to Montgomory and Zippin, namely the solution of one of Hilbert’s problems:
every topological group G, which is a finite-dimensional topological manifold (that
is every x € G has an open neighborhood U with a topological map ¢ : U — R"), is
already a Lie group (cf. [MZ55]): G has a smooth structure (that is, it is a smooth
manifold), such that the composition (g,h) — gh and the inversion g — g~ ! are
smooth mappings.

4.1 Central Extensions and Equivalence

A Lie algebra a is called abelian if the Lie bracket of a is trivial, that is [X,Y] =0
forall X,Y € a.

Definition 4.1. Let a be an abelian Lie algebra over K and g a Lie algebra over K
(the case of dimg = o< is not excluded). An exact sequence of Lie algebra homo-
morphisms

O*}ﬂ*}hL}gHO

is called a central extension of g by a, if [a,h] =0, that is [X,Y] =0forall X € a
and Y € fh. Here we identify a with the corresponding subalgebra of f.

For such a central extension the abelian Lie algebra a is realized as an ideal in f
and the homomorphism 7 : h — g serves to identify g with b /a.

Schottenloher, M.: Central Extensions of Lie Algebras and Bargmann’s Theorem. Lect. Notes
Phys. 759, 63-73 (2008)
DOI 10.1007/978-3-540-68628-6_5 (© Springer-Verlag Berlin Heidelberg 2008
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Examples:

o [et J R
l—A—F—G—1
be a central extension of finite-dimensional Lie groups A, E, and G with differen-
tiable homomorphisms I and R. Then, for / = Lie I and R = Lie R the sequence

0—LieA - Lie E - LieG—0

is a central extension of Lie algebras.
e In particular, every central extension E of the Lie group G by U(1)

1—U(l)—EG6—1

with a differentiable homomorphism R induces a central extension

0-—R-—Lie E 5 LieG—0

of the Lie algebra Lie G by the abelian Lie algebra R =i R 2 Lie U(1).

e This holds for infinite dimensional Banach Lie groups and their Banach Lie al-
gebras as well. For example, when we equip the unitary group U(H) with the
norm topology it becomes a Banach Lie group as a real subgroup of the com-
plex Banach Lie group GL(H) of all bounded and complex-linear and invertible
transformations H — HI. Therefore, the central extension

1—U(1) — UH) L UP) —1
in Lemma 3.4 induces a central extension of Banach Lie algebras
0— R — u(H)—u(P) — 0,

where u(H) is the real Lie algebra if bounded self-adjoint operators on H, and
u(PP) is the Lie algebra of U(PP)
In the same manner we obtain a central extension

O—>R—>ures

(H)— s (H) — 0

by differentiating the corresponding exact sequence of Banach Lie groups
(cf. Proposition 3.17).

e A basic example in the context of quantization is the Heisenberg algebra H which
can be defined as the vector space

H:=C[T,T '|eCz

with central element Z and with the algebra of Laurent polynomials C[T,T~'].
(This algebra can be replaced with the algebra of convergent Laurent series C(7T')
or with the algebra of formal series C [[T,7~']] to obtain the same results as for
CI[T,T~'].) H will be equipped with the Lie bracket
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[f ®AZ, gD uZ) =Y kfig i Z,

f,8 €C[T, T ',A,u € C, where f =3 f,T",g = ¥ g,T" for the Laurent poly-
nomials f,g € C[T,T~'] with f,,g, € C. (All the sums are finite and therefore
well-defined, since for f =Y f,T" € C[T,T~'] only finitely many of the coeffi-
cients f, € C are different from zero.)

One can easily check that the maps

i:C—oH A—AZ,

and
pri:H—C[T,T7"], f&AZ— f,

are Lie algebra homomorphisms with respect to the abelian Lie algebra structures
on C and on C[T,T~']. We thus have defined an exact sequence of Lie algebra
homomorphisms

0—C-SHX i, —0 “.1)

with [AZ, g] = 0. As a consequence, the Heisenberg algebra H is a central exten-
sion of the abelian Lie algebra of Laurent polynomials C[T,7~!] by C.
Note that the Heisenberg algebra is not abelian although it is a central exten-
sion of an abelian Lie algebra.
The map
©:C[T,T | x C[T,T"']| - C,(f,8) — T kfig—+.

is bilinear and alternating. © is called a cocycle in this context (cf. Definition 4.4),
and the significance of the cocycle lies in the fact that the Lie algebra structure
on the central extension H is determined by © since [f +AZ, g+ uZ] = O(f,g)Z.
The cocycle © can also be described by the residue of fg’ at 0 € C:

O(f,8)=—Res.—f(2)¢'(2).

This can be easily seen by using the expansion of the product fg’:

4GED <Z(nk+ 1)fkgn—k+1> T".

neZ \kezZ

To describe H in a slightly different way observe that the monomials a, :=T",n €
7, form a basis of C[T,T~']. Hence, the Lie algebra structure on the Heisenberg
algebra H is completely determined by

[, an) = MmO nZ, [Z,am] = 0.

Here, & is used as an abbreviation of Kronecker’s 5,? .

e Another example which will be of interest in Chap. 10 in order to obtain relevant
examples of vertex algebras is the affine Kac—Moody algebra or current algebra
as a non-abelian generalization of the construction of the Heisenberg algebra. We



4 Central Extensions of Lie Algebras and Bargmann’s Theorem

begin with a Lie algebra g over C. For any associative algebra R the Lie algebra
structure on R® g is given by

[r®a,s®b] =rs®|a,b] or [ra,sb| = rs[a,b].

Two special cases are R = C[T,T '], the algebra of complex Laurent poly-
nomials, and R = C(T), the algebra of convergent Laurent series. The follow-
ing construction and its main properties are valid for both these algebras and in
the same way also for the algebra of formal Laurent series of C(7'), which is
used in Chap. 10 on vertex algebras. Here, we treat the case R = C[T,T '] with
the Lie algebra g[T,7~!] = C[T,T~!] ® g which is sometimes called the loop
algebra of g.

We fix an invariant symmetric bilinear form on g, that is a symmetric bilinear

(,):gxg—C, a,b (a,b),
on g satisfying
([aab]vc) = (a’ [b>CD'
The affinization of g is the vector space
g:=g[l, T JoCz

endowed with the following Lie bracket

T"®a,T"®b]:=T"" @ [a,b] +m(a,b)dn 7,
[T"®a,Z]:=0,

for a,b € g and m,n € Z. Using the abbreviations
ap :=T"a, b, :=T"Db,
this definition takes the form
[@m,bn) = [a,b)msn +m(a,b)OpinZ.

It is easy to check that this defines a Lie algebra structure on § and that the two
natural maps

i:C—g, A—AZ,
pri:§— g, T, f@a+uZ— f@a,

are Lie algebra homomorphisms. We have defined an exact sequence of Lie

algebras

0—C-5g2hgr,7 ' —0. (4.2)
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This exact sequence provides another example of a central extension, namely
the affinization § of g as a central extension of the loop algebra g[T, 7~ !].

In the case of the abelian Lie algebra g = C we are back in the preceding
example of the Heisenberg algebra. As in that example there is a characterizing
cocycle on the loop algebra

O:g[T, T x o[, T"!] - C,
(T"a,T"b) — m(a,b)8pimZ,

determining the Lie algebra structure on §.

In the particular case of a simple Lie algebra g there exists only one nonvan-
ishing invariant symmetric bilinear form on g (up to scalar multiplication), the
Killing form. In that case the uniquely defined central extension § of the loop
algebra g[T, T '] is called the affine Kac—Moody algebra of g.

e In a similar way the Virasoro algebra can be defined as a central extension of the
Witt algebra (cf. Chap. 5).

Definition 4.2. An exact sequence of Lie algebra homomorphisms
0—a—bh-"5g—0

splits if there is a Lie algebra homomorphism f8 : g — h with wo 8 =idg. The ho-
momorphism f is called a splitting map. A central extension which splits is called
a trivial extension, since it is equivalent to the exact sequence of Lie algebra homo-
morphisms

0—a—abg—g—0.

(Equivalence is defined in analogy to the group case, cf. Definition 3.18.)

If, in the preceding examples of central extensions of Lie groups, the exact se-
quence of Lie groups splits in the sense of Definition 3.19 with a differentiable
homomorphism S : G — E as splitting map, then the corresponding sequence of
Lie algebra homomorphisms also splits in the sense of Definition 4.2 with splitting
map S. In general, the reverse implication holds for connected and simply connected
Lie groups G only. In this case, the sequence of Lie groups splits if and only if the
associated sequence of Lie algebras splits. All this follows immediately from the
properties stated at the beginning of this chapter.

Remark 4.3. For every central extension of Lie algebras
0—a—bH SN g—0,

there is a linear map 8 : g — h with mo 8 =idg (B is in general not a Lie algebra
homomorphism). Let

O(X,Y):=[B(X),B(Y)]-B(X,Y]) for X,Yeg.

Then f is a splitting map if and only if ©® = 0.
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It can easily be checked that the map © : g X g — a (depending on f3) always has
the following properties:

1° ©: g x g — ais bilinear and alternating.
2° 0(X,[¥,Z]) +0(Y,[Z,X])+6(Z,[X,Y]) = 0.

Moreover, h = g @ a as vector spaces by the linear isomorphism
vigxa—bh XaY=(X,Y)— B(X)+Y.
Finally, with the Lie bracket on g ® a given by
XaZY®DZy:=[X.,Y]g+0O(X,Y)

for X,Y € gand Z,Z’ € a the map y is a Lie algebra isomorphism.
The Lie bracket on h can also be written as

[BX)+Z,B(Y)+Z]=B(X,Y]) +O(X.Y).
Here, we treat a as a subalgebra of ) again.

Definition 4.4. A map © : g x g — a with the properties 1° and 2° of Remark 4.3
will be called a 2-cocycle on g with values in a or simply a cocycle.

The discussion in Remark 4.3 leads to the following classification.

Lemma 4.5. With the notations just introduced we have

1. Every central extension ) of g by a comes from a cocycle © : g x g — a as in 4.3.

2. Every cocycle © : g X g — a generates a central extension ) of g by a as in 4.3.

3. Such a central extension splits (and this implies that it is trivial) if and only if
there is a L € Homg (g, a) with

O(X,Y) = pu([x.Y])
forall XY € g.

Proof.

1. is obvious from the preceding remark.
2. Let b be the vector space ) : = g @ a. The bracket

XaZYDZy:=[X.Y];®0(X,Y)

for X,Y € gand Z,Z' € ais a Lie bracket if and only if © is a cocycle. Hence, b
with this Lie bracket defines a central extension of g by a.

3. Let 6 : g — h = gda a splitting map, that is a Lie algebra homomorphism
with 7o o =idg. Then o has to be of the form o(X) =X+ u(X), X € g,
with a suitable u € Homg(g,a). From the definition of the bracket on b,
[0(X),0(Y)] =[X,Y]+O(X,Y) for X,Y € g. Furthermore, since o is a Lie al-
gebra homomorphism, [0(X),o(Y)] = o([X,Y]) = [X,Y]+u([X,Y]). It follows
that ©(X,Y) = u([X,Y]). Conversely, if © has this form, it clearly satisfies 1°
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and 2°. The linearmap 6 : g — h = gPadefined by 6(X) :=X+u(X), X € g,
turns out to be a Lie algebra homomorphism:

o([X,Y]) = [X,Y]g +u([X,Y])

Y]
JY]g+0O(X,Y)

[
X
= [X+u(X),Y +u¥)ly
= [0(X),0(Y)]p-

Hence, o is a splitting map.

Examples of Lie algebras given by a suitable cocycle are the Heisenberg algebra
and the Kac—-Moody algebras, see above, and the Virasoro algebra, cf. Chap. 5.

As in the case of groups, the collection of all equivalence classes of central ex-
tensions for a Lie algebra is a cohomology group.

Definition 4.6.
Alt’(g,a) := {©: g x g — a|O satisfies condition /°}.
7%(g,a) := {© € Alt*(g,a)|O satisfies condition 2°}.
B*(g,a) := {O©:gxg— a]3u € Homg(g,a) : © = fi}.
H?(g,0) := Z*(g,0)/B*(g, ).

Here, fI is given by fi(X,Y) := u([X,Y]) for X,Y € g.

72 and B? are linear subspaces of Alt> with B> C Z2. The above vector spaces
are, in particular, abelian groups. Z is the space of 2-cocycles and H?(g, a) is called
the second cohomology group of g with values in a. We have proven the following
classification of central extensions of Lie algebras.

Remark 4.7. The cohomology group H? (g, a) is in one-to-one correspondence with
the set of equivalence classes of central extensions of g by a.

Cf. Remark 3.27 for the case of group extensions.

4.2 Bargmann’s Theorem

We now come back to the question of whether a projective representation can be
lifted to a unitary representation.

Theorem 4.8 (Bargmann [Bar54]). Let G be a connected and simply connected,
finite-dimensional Lie group with

H?*(Lie G,R) = 0.
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Then every projective representation T : G — U(P) has a lift as a unitary repre-
sentation S : G — U(H), that is for every continuous homomorphism T : G — U(P)
there is a continuous homomorphism S : G — U(H) with T = Yo S.

Eroof By Theorem 3.10, there is a central extension E of G and a homomorphism
T : E — U(H), such that the following diagram commutes:

1 U(1) E—I—¢G 1
id T T
1 U(1) U(E) ——~U(P) 1

Here, E = {(U,g) € U(H) x G|y(U) = Tg}, ® = pr,, and T = pr,. E is a topological
group as a subgroup of the topological group U(H) x G (cf. Proposition 3.11) and T
and 7 are continuous homomorphisms. The lower exact sequence has local contin-
uous sections, as we will prove in Lemma 4.9: For every A € U(P) there is an open
neighborhood W C U(P) and a continuous map v : W — U(H) with Yo v = idy.
Let now V :=T"!(W). Then u(g) := (voT(g),g), g €V, defines a local contin-
uous section it : V — E of the upper sequence because (v oT(g)) = Tg, that is
(voT(g),g) € E for g € V. u is continuous because v and T are continuous. This
implies that

v:U()xV—=rn ' (V)CE, (4,8~ (AvoT(g).g),
is a bijective map with a continuous inverse map

v '(U,g) = (A(U),g),

where A (U) € U(1) for U € ¥~ 1(W) is given by the equation U = A(U)v o J(U).
Hence, the continuity of y~! is a consequence of the continuity of the multiplication

U(1) x U(H) — U(H), (A,U)+— AU.

We have shown that the open subset 7~ (V) = (T o)~ !(W) C E is homeomor-
phic to U(1) x V. Consequently, E is a topological manifold of dimension 1 +dimG.
By using the theorem of Montgomory and Zippin mentioned above, the topological
group E is even a (1 + dim G)-dimensional Lie group and the upper sequence

1—U(l)—E—G—1

is a sequence of differentiable homomorphisms.
Now, according to Remark 4.7 the corresponding exact sequence of Lie algebras

0 —LieU(l) — LieE — Lie G—0
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splits because of the condition H?(Lie G,R) = 0. Since G is connected and simply
connected, the sequence

1—U(l)—E—G—1

splits with a differentiable homomorphism ¢ : G — E as splitting map: 700 =
idg. Finally, §:= T oo is the postulated lift. S is a continuous homomorphlsm and
}/OT T o it implies Yo S = ’)/OTOO' Tomoo =Toidg =

U(H) —~ U(P).

O

Lemma 4.9. 7 : U(H) — U(PP) has local continuous sections and therefore can be
regarded as a principal fiber bundle with structure group U(1).

Proof. (cf. [Sim68, p. 10]) For f € H let

Vi i={U € U(H): (UF. ) #0}.
Then Vy is open in U(H), since U +— U f is continuous in the strong topology. Hence,

U (Uf,f) is continuous as well. (For the strong topology all maps U — U f are
continuous by definition.) The set

Wy :=7(Vy) ={T € U(P): 6(T'p,9) #0}, ¢ =7(f),
is open in U(P) since 7 !(W) = V; is open. (The open subsets in U(P) are, by

Definition 3.6, precisely the subsets W C U(PP), such that 7' (W) C U(H) is open.)
(W¢) em is, of course, an open cover of U(P). Let

Br:Vy = U(), U S

By is continuous, since U — (Uf,f) is continuous. Furthermore, Br(eU) =
e ®B;(U) for U € Vy and 6 € R, as one can see directly. One obtains a contin-
uous section of ¥ over Wy by

v Wy > UH), Y(U) = Br(U)U
vy is well-defined, since U’ € V; with Y(U') = ¥(U), that is U’ = €U, implies

Br(UNU' = Bs(®U)e®U = Br(U)U
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Now yo vy =idw,, since

Yovr(Y(U)) = ¥(Bs(U)U) =Y(U) for UeVy.

Eventually, v; is continuous: let V; € Wy and U; = vy(Vi) € v¢(Wr). Then
Br(Uy) = 1. Every open neighborhood of U; contains an open subset

B={UeVy:||Ug;j—Ugj|| <eforj=1,...,m}

with € >0and g; € H, j=1,...,m. The continuity of By on Wy implies that there
are further g, 11,...,8, € H, ||g;]| = 1, so that |B;(U) — 1| < § for

€
UeB = {UEVfI ||Ugj—U1gj|| < 3 forj=1,...,m,...,n}.
The image D := ¥(B') is open, since

o~ € .
7'D)= | {UeVy:|Ugj—AUgjll < 5 for j=1,....n}
Aeu(1)

is open. (We have shown that the map 7 : U(H) — U(P) is open.) Hence, D is an
open neighborhood of V;. vy is continuous since v¢(D) C B: for P € D there is a
U € B' with P =¥(U), that is v(P) = B#(U)U. This implies

Ivi(P)gj—Urgjll < B (U)Ug; = Br(U)Uig,ll
HIBr(U) = 1Uig)ll

< £ i €
2 2
for j=1,...,m, thatis v¢(P) € B. Hence, the image v;(D) of the neighborhood D
of V; is contained in B.

In spite of this nice result no reasonable differentiable structure seems to be
known on the unitary group U(H) and its quotient U(P) with respect to the strong
topology in order to prove a result which would state that U(H) — U(P) is a differ-
entiable principal fiber bundle. The difficulty in defining a Lie group structure on the
unitary group lies in the fact that the corresponding Lie algebra should contain the
(bounded and unbounded) self-adjoint operators on H. In contrast to this situation,
with respect to the operator norm topology the unitary group is a Lie group.

E is by construction the fiber product of ¥ and T. Since 7 is locally trivial by
Lemma 4.9 with general fiber U(1), this must also hold for E — G. Exactly this was
needed in the proof of Theorem 4.8, to show that E actually is a Lie group.

Remark 4.10. For every finite-dimensional semi-simple Lie algebra g over K one
can show H? (g,K) = 0 (cf. [HN91]). As a consequence of the above discussion we
thus have the following result which can be applied to the quantization of certain
important symmetries: if G is a connected and simply connected finite-dimensional
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Lie group with semi-simple Lie algebra Lie(G) = g, then every continuous repre-
sentation T : G — U(P) has a lift to a unitary representation. In particular, to every
continuous representation 7 : SU(N) — U(P) (resp. T : SL(2,C) — U(P)) there
corresponds a unitary representation S : SU(N) — U(H) (resp. SL(2,C) — U(H))
with oS =T.

Note that SL(2,C) is the universal covering group of the proper Lorentz group
SO(3,1) and SU(2) is the universal covering group of the rotation group SO(3).
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Chapter 5
The Virasoro Algebra

In this chapter we describe how the Witt algebra and the Virasoro algebra as its es-
sentially unique nontrivial central extension appear in the investigation of conformal
symmetries. This result has been proven by Gelfand and Fuks in [GF68]. The last
section discusses the question of whether there exists a Lie group whose Lie algebra
is the Virasoro algebra.

5.1 Witt Algebra and Infinitesimal Conformal
Transformations of the Minkowski Plane

The quantization of classical systems with symmetries yields representations of
the classical symmetry group in U(PP) (with P = P(H), the projective space of a
Hilbert space H, cf. Chap. 3), that is the so-called projective representations. As
we have explained in Corollary 2.15, the conformal group of R"! is isomorphic to
Diff  (S) x Diff, (S) (here and in the following S := S' is the unit circle). Hence,
given a classical theory with this conformal group as symmetry group, one studies
the group Diff ; (S) and its Lie algebra first. After quantization one is interested in
the unitary representations of the central extensions of Diff, (S) or Lie (Diff . (S))
in order to get representations in the Hilbert space as we have explained in the pre-
ceding two sections.

The group Diff, (S) is in a canonical way an infinite dimensional Lie group
modeled on the real vector space of smooth vector fields Vect(S). (We will discuss
Vect(S) in more detail below.) Diff, (S) is equipped with the topology of uniform
convergence of the smooth mappings ¢ : S — S and all their derivatives. This topol-
ogy is metrizable. Similarly, Vect (S) carries the topology of uniform convergence
of the smooth vector fields X : S — T'S and all their derivatives. With this topology,
Vect(S) is a Fréchet space. In fact, Vect(S) is isomorphic to C(S,RR), as we will
see shortly. The proof that Diff , (S) in this way actually becomes a differentiable
manifold modeled on Vect(S) and that the group operation and the inversion are
differentiable is elementary and can be carried out for arbitrary oriented, compact
(finite-dimensional) manifolds M instead of S (cf. [Mil84]).

Schottenloher, M.: The Virasoro Algebra. Lect. Notes Phys. 759, 75-85 (2008)
DOI 10.1007/978-3-540-68628-6_6 (© Springer-Verlag Berlin Heidelberg 2008



76 5 The Virasoro Algebra

Since Diff, (S) is a manifold modeled on the vector space Vect(S), the tan-
gent space Ty, (Diff  (S)) at a point ¢ € Diff , (S) is isomorphic to the vector space
Vect(S). Hence, Vect(S) is also the underlying vector space of the Lie algebra
Lie(Diff (S)). A careful investigation of the two Lie brackets on Vect(S) — one
from Vect(S), the other from Lie(Diff | (S)) — shows that each Lie bracket is exactly
the negative of the other (cf. [Mil84]). However, this subtle fact is not important for
the representation theory of Lie(Diff , (S)). Consequently, it is usually ignored. So
we set

Lie(Diff (S)) := Vect(S).

The vector space Vect(S) is — like the space Vect(M) of smooth vector fields
on a smooth compact manifold M — an infinite dimensional Lie algebra over R
with a natural Lie bracket: a smooth vector field X on M can be considered to be a
derivation X : C*(M) — C=(M), that is a R-linear map with

X(fg) =X(f)g+fX(g) for f,geC™(M).
The Lie bracket of two vector fields X and Y is the commutator
[X,Y]:=XoY—YoX,

which turns out to be a derivation again. Hence, [X,Y] defines a smooth vector field
on M. For M = S the space C*(S) can be described as the vector space C57(R) of
2m-periodic functions R — R. A general vector field X € Vect(S) in this setting has
the form X = f %, where f € C5; (R) and where the points z of S are represented as

z=¢", 6 being a variable in R. For X = f% andY = g% it is easy to see that

d d d
X,Y]=(f¢—fg)— with g=—gandf =—F. 5.1
X.Y]=(f¢'~fg)5g with ¢=_ggandf =—0f (5.1)
The representation of f by a convergent Fourier series
f(8) =ao+ Y, (aycos(n6) + bysin(nh))

n=1

leads to a natural (topological) generating system for Vect(S):

cos(ne)i sin(n@)i

4
6’ 6’ 6’

Of special interest is the complexification
Vect®(S) := Vect(S) @ C

of Vect(S). To begin with, we discuss only the restricted Lie algebra W C Vect®(S)
of polynomial vector fields on S. Define
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nd - . _ing d
L=z "d—z =—iz "% = —ie ”’GE € Vect™(S),
forn € Z. L, : C*(S,C) — C=(S,C), f +— z!~"f". The linear hull of the L, over C
is called the Witt algebra:
W:=C{L,:neZ}.

It has to be shown, of course, that W with the Lie bracket in Vect®(S) actually
becomes a Lie algebra over C. For that, we determine the Lie bracket of the L,,
L,,, which can also be deduced from the above formula (5.1). For n,m € Z and

fec=(S,C),

d d
Lan — 1-n . 1-m .
f=z dz <Z dzf>

d

d2
_ (1 o m)zl—n—mdizf_zl—nzl—mdizzf.

This yields
[LmLm}f = Lanf*Lanf
= ((1=m)— (1 =m) L g
= (n—m)Lyymf-

In a theory with conformal symmetry, the Witt algebra W is a part of the com-
plexified Lie algebra Vect®(S) x Vect®(S) belonging to the classical conformal
symmetry. Hence, as we explained in the preceding chapter, the central extensions
of W by C become important for the quantization process.

5.2 Witt Algebra and Infinitesimal Conformal
Transformations of the Euclidean Plane

Before we focus on the central extensions of the Witt algebra in Theorem 5.1, an-
other approach to the Witt algebra shall be described. This approach is connected
with the discussion in Sect. 2.4 about the conformal group for the Euclidean plane.
In fact, in the development of conformal field theory in the context of statistical
mechanics mostly the Euclidean signature is used. This point of view is taken, for
example, in the fundamental papers on conformal field theory in two dimensions
(cf., e.g., [BPZ84], [Gin89], [GO8I]).

The conformal transformations in domains U C C 22 R?? are the holomorphic or
antiholomorphic functions with nowhere-vanishing derivative (cf. Theorem 1.11).
We will treat only the holomorphic case for the beginning. If one ignores the ques-
tion of how these holomorphic transformations can form a group (cf. Sect. 2.4) and
investigates infinitesimal holomorphic transformations, these can be written as
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22+ Y and",
ne

with convergent Laurent series Y, a,z". In the sense of the general relation be-
tween Diff (M) and Vect(M), the vector fields representing these infinitesimal
transformations can be written as

d
}: n+1
anl 7dz

in the fictional relation between the “conformal group” (see, however, Sect. 5.4) and
the vector fields. The Lie algebra of all these vector fields has the sequence (Ly,),cz,

L,= zl’”d%, as a (topological) basis with the Lie bracket derived above:

[anLm] = (” - m)Ln+m~

Hence, for the Euclidean case there are also good reasons to introduce the Witt
algebra W = C{L,, : n € Z} with this Lie bracket as the conformal symmetry al-
gebra. The Witt algebra is a dense subalgebra of the Lie algebra of holomorphic
vector fields on C\ {0}. The same is true for an annulus {z € C: r < |z] < R},
0 < r < R < . However, only the vector fields L, with n < 1 can be continued
holomorphically to a neighborhood of 0 in C, the other L, s are strictly singular at 0.
As a consequence, contrary to what we have just stated the vector fields L,, n > 1,
cannot be considered to be infinitesimal conformal transformations on a suitable
neighborhood of 0. Instead, these meromorphic vector fields correspond to proper
deformations of the standard conformal structure on R>? 2 C,

Without having to speak of a specific “conformal group” one can require — as
it is usually done in conformal field theory a la [BPZ84] — that the primary field
operators of a conformal field theory transform infinitesimally according to the L,
(a condition which will be explained in detail in Sect. 9.3). This symmetry condi-
tion yields an infinite number of constraints. This viewpoint explains the claim of
“infinite dimensionality” in the citations of Sect. 2.4.

Let us point out that there is no complex Lie group H with Lie H = VectC(S) as
is explained in Sect. 5.4.

The antiholomorphic transformations/vector fields yield a copy W of W with
basis L,, so that

L,Lw) = (n—m)Lyim and  [Ly,Ln] = 0.

For the Minkowski plane one has a copy of the Witt algebra as well, which in
this case originates from the second factor Diff. (S) in the characterization

Conf(R"!) = Diff  (S) x Diff, (S).

In both cases there is a natural isomorphism ¢ : W — W of the Witt algebra,
defined by #(L,) := —L_, on the basis. 7 is a linear isomorphism and respects the
Lie bracket:
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[t(Ln),t(Ln)] = [L-n, L] = —(n _m)Lf(n+m) = (n—m)t(Lyim).-

Hence,  is a Lie algebra isomorphism. Since 2 = idy, 7 is an involution. These
facts explain that in many texts on conformal field theory the basis

d d
L =— n+17:t 1-n %
" © a4z (Z dz
1-nd

instead of L, = z' "7 is used. Incidentally, the involution 7 induced on W by the
biholomorphic coordinate change z +— w = % of the punctured plane C\ {0}: dz =
—w™2dw implies

d _ n+1d
w0 adw

5.3 The Virasoro Algebra as a Central Extension
of the Witt Algebra

After these two approaches to the Witt algebra W we now come to the Virasoro
algebra, which is a proper central extension of W. For existence and uniqueness
we need

Theorem 5.1. [GF68] H*(W,C) = C.

Proof. In the following we show: the linear map @ : W x W — C given by

n 1 fork=0
Loy L) i= 8y (02— 1), 8 :=
(L, L) "+m12(n ) O {0 fork #0

defines a nontrivial central extension of W by C and up to equivalence this is the
only nontrivial extension of W by C. In order to do this we prove

1. weZ*(W,C).
2. o¢B*(W,C).
3. 0eZ*(W,C) =31 eC: 0~ Ao.

Remark: The choice of the factor ﬁ in the definition of @ is in accordance with the
zeta function regularization using the Riemann zeta function, cf. [GSW8&7, p. 96].

1. Evidently, ® is bilinear and alternating. In order to show w € Z*>(W,C), that is
2° of Remark 4.3, we have to check that

O (Lg, [Lymy Ln)) + @ (L, [Ly, L)) + & (Ly, [Li, Ly ]) = 0
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for k,m,n € 7. This can be calculated easily:

12(w(Ly, [Li, Ly)) + © (L, [Lny Ly])
+@ (L, [Li, Li]))

= Sermin((m—n)k(K* = 1) + (n—k)ym(m*> — 1)

2. Assume that there exists 4 € Homc(W,C) with o(X,Y) = u([X,Y]) for all
X,Y € W. Then for every n € N we have

w(LnaL—n) = ﬂ(LnaL—n)
= {5(n* =1) = p((Ln, L))
S B —1) = 2nu(L)
= ulo) = gH-1).

The last equation cannot hold for every n € N. So the assumption was wrong,
which implies ® ¢ B*(W,C).
3. Let © € Z2(W,C). Then for k,m,n € Z we have

0= G(Lka [LmaLn]) + G(th [Lthk]) + G(Lna [Lk;Lm])
= (m - n)e(Lk7Lm+n) + (l’l - k)®<LMaLn+k)
+(k_m)®(Ln,Lk+m).
For k = 0 we get
(m - n)e(L07Lm+n) +n®(LmaLn) - mG(LnaLm) =0.

Hence

m-—n

O(Ly,Ly) = i

O(Lo,Lip+n) for mne€Z; m+#—n.
We define a homomorphism g € Home (W, C) by
1
u(Ly,): = ;@(LO,L,,) for neZ\{0},

1
u(Lo) : = —59(L1,L—1),

and let @ := O+ fi. Then ©'(L,,L,) =0 for m,n€ Z,m# —n, since
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© (L, L) = O(Ln, L) + 1 ([Ln, Lin])

m—n
= et ne(LOaLn+m) +u((n—m)Lyim)

m-—n n—m
= O(Ly, L ——0O(Ly, L
m+tn ( 0 n+m)+m+n ( 05 n+m)

=0.

So there is a map h : Z — C with
O (Ly,Lin) = 8uymh(n) for n,me Z.

Since @' is alternating, it follows:

h(0)=0 and  h(—k)=—h(k) forall ke Z.

By definition of u we have

h(1) = ©'(Ly,Ly)

ZG(L]’ )+.u([l‘|’ ])
= O(Ly,L-1) + u(2Lo)

= O(L1,L-1) —O(Ly,L-1)
—0.

It remains to be shown that there is a A € C with ® = A, that is

h(n) = 1%n(n2 —1) for neNlN.

Since @ € Z?(W,C), we have for k,m,n € N,
0 = ©'(Li, (L, Ln]) +©' (L, [Ln, Li])
+0' (L, [Li, L))
= (m—n)O (L, Lipsn) + (n—k)O (L, Ly i)
+(k—m)® (Ly, L)
For k4+m-+n =0 we get
0= (m— mYH(K)-+ (n — () + (k— m(o)

= —(m—n)h(m+n)+ 2n+m)h(m)
—(2m+n)h(n).

The substitution n = 1 yields the equation

—(m—1)h(m+ 1)+ (2+m)h(m) — 2m+ 1)h(1) =0,

81

(5.2)
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for m € N. Combined with (1) = 0 this implies the recursion formula

2
h(m+1) = m—ﬂh(m) for meN\{1}.
m—
Consequently, the map 4 is completely determined by /(2) € C. We now show
by induction n € N that for A := 2k(2) the relation (5.2) holds. The cases n = 1
and n = 2 are obvious. Solet m € N, n > 1, and h(m) = 1%m(m2 —1). Then

hom-+1) = 222 hm)
= Lmim 1) (m+2)
= At (1), 0

Definition 5.2. The Virasoro algebra Vir is the central extension of the Witt algebra
W by C defined by w, that is

Vir=W@CZ as acomplex vector space,

n
(L, Lin] = (n—m)Lyim + 6n+mﬁ (nz -1)z,

[Ly,Z] =0 for n,meZ.

5.4 Does There Exist a Complex Virasoro Group?

In Sect. 2.3 we have shown that the conformal group Conf(R??) of the Euclidean
plane is not infinite dimensional. Instead, it is isomorphic to the familiar finite-
dimensional group Mb of Mdbius transformations which in turn is isomorphic to
the Lorentz group SO(3, 1). Here, the conformal group is defined to be the group of
global conformal transformations defined on open dense subsets M C R0,

It is, however, a fact and an essential feature that in conformal field theory the
infinite dimensional Lie algebra Vir is used as the fundamental set of (infinitesimal)
symmetries. Even if it is impossible to interpret these symmetries as generators of
conformal transformations on open subsets of the euclidean plane (cf. Sect. 2.3) it
is in principle not excluded that there exists an infinite dimensional complex Lie
group ¢ such that the Virasoro algebra Vir is essentially the Lie algebra of ¢. Such
a Lie group would be called a Virasoro group. Such a group would play the role
of an abstract infinite dimensional conformal group related to the Euclidean plane
embodying all conformal symmetries.
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We are thus led to discuss the following questions:

1. Question: Does there exist a complex Lie group ¢ with the Virasoro algebra Vir
as its Lie algebra?
Closely related to this question are the following two questions.

2. Question: Does there exist a complex Lie group 7 with the Witt algebra W as
its Lie algebra?

3. Question: Does there exist a real Lie group .% such that the Lie algebra of .#
is the central extension Vir® of the real version WX of the Witt algebra given by
the same cocycle w as in Theorem 5.1?

The questions have to be formulated in a more precise manner, but the answer to
the first question in its most natural setting is no, as we report in the following.

The questions are not clearly stated in the infinite dimensional setting because an-
swering them requires to specify a topology on Vir since there is no natural topology
on an infinite dimensional complex vector space in contrast to the finite-dimensional
case. Since Vir can be equipped with many different topologies compatible with its
structure of a complex Lie algebra we obtain a series of questions depending on
the topologies considered. The topology to be chosen should be at least a locally
convex topology since there exists a reasonable theory of Lie groups and Lie alge-
bras (cf. [Mil84]) with models in locally convex spaces. However, only for Banach
Lie groups one has an exponential mapping which is a local embedding and thus
gives coordinates. In fact, the nonexistence of a Virasoro group is closely related to
deficiencies of the exponential mapping.

If one considers locally convex topologies on Vir, it is quite natural to require
that the corresponding Lie group has its models in the completion Vir of Vir. Con-
sequently, the questions 1-3 have to be refined by asking for Lie groups such that
their Lie algei)ias are isomorphic as topological Lie algebras to the completions
\//i\r, W resp. Vir®.

What is the right topology on Vir and on the other two related Lie algebras?
Regarding the definition of Vir as the central extension of the Witt algebra W and
taking into account the origin of W as a Lie algebra of complex vector fields on S it
is natural to start with the topology on W which is induced from Vect(S)(C where on
Vect(S) the natural Fréchet topology on compact convergence of the vector fields
and all its derivatives is considered. The completion W of W is Vect(S)®, and the
second question reduces to the existence of a complexification of the real Lie group
Diff (S). By a result of Lempert [Lem97*],

Theorem 5.3. Diff  (S) has no complexification. In particular, there even does not
exist a real Lie group 7 with Lie # = W = Vect(S)C.

Of course, the notion of a complexification has to be made precise, in particu-
lar, since in the literature different concepts are used. A (universal) complexification
of a real Lie group G is a complex Lie group G* together with a homomorphism
j: G — GC such that any homomorphism v : G — H into a complex Lie group
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H factors uniquely through j, that is there exists a unique complex analytic mor-
phism ¥ : GC — H with y = o j. Finite-dimensional Lie groups always have a
complexification although the homomorphism need not be injective.

Note that Theorem 5.3 would follow from the conjecture that every homomor-
phism y into a complex Lie group H is necessarily trivial. This conjecture is stated
in [PS86*] (3.2.3) using the fact that Diff, (S) is simple according to [Her71]. But
in [PS86*] it is implicitly used that H has a reasonable exponential mapping which
is not true in general.

Therefore, the proof of Theorem 5.3 in [Lem97%*] is based on completely differ-
ent methods and the result holds for arbitrary compact and connected manifolds M
of finite dimension > 1 instead of S.

With the same arguments as in [Lem97%] it can be shown that there is no Virasoro
group with respect to the natural topology on Vir induced by the embedding Vir —
Vect(S)(C @ C as vector spaces over C (cf. [Nit06*]):

Theorem 5.4. There does not exist a complex Lie group &4 with Lie ¢ = Vir.

In other words, there does not exist an abstract Virasoro group. On the other
hand, the third question can be answered in the affirmative. There is a real Lie group
F whose Lie algebra is the (real) nontrivial central extension of Vect(S). .# is a
nontrivial central extension of Diff  (S) by S'.

To construct the extension group .%# we can use the restricted unitary group
Upes(H.; ) introduced in Definition 3.16. With a suitable choice of H, C H = L?(S)
(the space of functions f € LZ(S) without negative Fourier coefficients) one obtains
a natural embedding of Diff , (S) into Ues (H 1) (cf. [PS86*]) and differentiating this
sequence yields a nontrivial central extension

0 — R — Vect(S)~ — Vect(S) — 0

of Vect(S) = WE,
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Chapter 6
Representation Theory of the Virasoro Algebra

Most of the results in this chapter can be found in [Kac80]. A general treat-
ment of the Virasoro algebra and its significance in geometry and algebra is given
in [GRO5*].

6.1 Unitary and Highest-Weight Representations

Let V be a vector space over C.

Definition 6.1 (Unitary Representation). A representation p : Vir — End¢V (that
is a Lie algebra homomorphism p) is called unitary if there is a positive semi-
definite hermitian form H : V x V — C, so that for all v,w € V and n € Z one has

H(p(L)v.w) = H(v.p(L_y)w),
H(p(Z)v,w) = H(,p(Z)w).

Note that this notion of a unitary representation differs from that introduced in
Definition 3.7 where a unitary representation of a topological group G was defined
to be a continuous homomorphism G — U(H) into the unitary group of a Hilbert
space. This is so, because we do not consider any topological structure in Vir.

One requires that p(L,) is formally adjoint to p(L_,), to ensure that p maps the
generators %, cos(n@)%, sin(n@)% (cf. Chap. 5) of the real Lie algebra Vect(S)
to skew-symmetric operators. Since

d . d i

E = lL(), COS(”G)E = _E(Ln +L—n)a and
. d 1
sm(n@)% = _E(Ln —L_p),

it follows from H(p (L, )v,w) = H(v,p(L_,)w) that
H(p(D)v.w) +H(v,p(D)w) = 0
Schottenloher, M.: Representation Theory of the Virasoro Algebra. Lect. Notes Phys. 759, 91-102

(2008)
DOI 10.1007/978-3-540-68628-6_7 (© Springer-Verlag Berlin Heidelberg 2008
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for all
d d d
D e —,cos(nf)——,sin(nf)— .
{ 2gcosta) 2. sinne) 2 |
So, in principle, these unitary representations of Vir can be integrated to pro-

jective representations Diff  (S) — U(IP(H)) (cf. Sect. 6.5), where H is the Hilbert
space given by (V,H).

Definition 6.2. A vector v € V is called a cyclic vector for a representation p : Vir —
End(V) if the set

{p(X1)...p(Xm)v:X;€Vir for j=1,...m,meN}
spans the vector space V.

Definition 6.3. A representation p : Vir — End(V) is called a highest-weight repre-
sentation if there are complex numbers /,c¢ € C and a cyclic vector vy € V, so that

p(Z)vy = vy,
p(l@)VO = hvo,and
p(Ly)vo=0 forneZ,n>1.

The vector v is then called the highest-weight vector (or vacuum vector) and V
is called a Virasoro module (via p) with highest weight (c,h), or simply a Virasoro
module for (c,h).

Such a representation is also called a positive energy representation if h > 0.
The reason of this terminology is the fact that Ly often has the interpretation of
the energy operator which is assumed to be diagonalizable with spectrum bounded
from below. With this assumption any representation p respecting this property sat-
isfies p(Ly)vo =0 for all n € Z,n > 0, if v is an eigenvector of p(Ly) with lowest
eigenvalue i € R. This follows from the fact that w = p(L,)(vo) is an eigenvec-
tor of p(Ly) with eigenvalue & —n or w = 0 as can be seen by using the relation
L()Ln = LnL() - I’anZ

P(Lo)(W) = P(La)P(Lo)vo —np (Lu)vo = p(Ly) (vo) —mw = (h—m)w.

Now, since A is the lowest eigenvalue of p(Lg), w has to vanish for n > 0.
The notation often used by physicists is |4) instead of vy and L,|h) instead of
p(Ln)vo so that, in particular, Lo|h) = h|h).

6.2 Verma Modules

Definition 6.4. A Verma module for ¢,h € C is a complex vector space M (c,h) with
a highest-weight representation
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p : Vir — End¢(M(c,h))
and a highest-weight vector vo € M(c,h), so that
{p(L_p)...p(Lp)vo:ny >...>2n >0, ke N} U{w}
is a vector space basis of M(c,h).

Every Verma module M(c, h) yields a highest-weight representation with highest
weight (c, h). For fixed ¢,h € C the Verma module M(c, k) is unique up to isomor-
phism. For every Virasoro module V with highest weight (c, ) there is a surjective
homomorphism M(c,h) — V, which respects the representation. This holds, since

Lemma 6.5. For every h,c € C there exists a Verma module M(c,h).
Proof. Let
M(c,h) := Cvo@@((f{v,,],_nk m>...>2m>0,keZ, k>0}

be the complex vector space spanned by v and v,
a representation

na 112 ... 2> ng > 0. We define

p : Vir — Endc(M(c, h))
by

p(Z) = cidycn),
p(Ly)vo:=0 for neZ,n>1,

p(Lo)vo := hvy,
P(Lo)Vny ..y = (21;:1nj+h> Vi o
p(L_p)vo:=v, for n€Zn>1,
P(L_p)Vny..ny = Vn,.., for n>ny.
For all other vy, .., with 1 <n < n; one obtains p(L_n)vnl,,,nk by permutation,

taking into account the commutation relations [L,, L] = (n — m)Ly4,, for n # m,
e.g.,forny >n>ny:

P(L=n)Vny..n,
= p(Ln)p(L-ny)Vny..
=(p (L,,,] )P (L) + (*nJF”I)p(L—(n+n1)))Vn2~-~"k
= Vaynng.me T (01 =)V Ly, -
So
P(Ln)Vny.my = Vaynny..mg + (01 =)V nins .y

Similarly one defines p(Ln)v,,] .. for n € N taking into account the commutation
relations, e.g.,
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0 for n>n
P(Ln)vn, =3 (2nh+ 35 (n* —1)c)vg for n=n,
(n+n1)vp,—n for 0<n<n.

Hence, p is well-defined and C-linear. It remains to be shown that p is a repre-
sentation, that is

[P (Ln)ap(Lm)] = p([anLm])'

For instance, for n > n; we have

[p(L0>7p(L—n>]Vn1.‘.nk
= p(LO)Vnnl...nk —p(L-y) (2111 + h) Viy .y
= (an tn +h) Vany..n — (Zfl] +/’l) Viny..ng

= MVnn,..n;
np (Lfn)vnl g
= p([Lo,L-n])vn;..n,

and forn > m > n;

(o (L), p(Ln)]Vny..m
= p(L—m)Vnnl...nk — Vamny...ny,
= Vamny..m t (n— m)v(n+m)n] g~ Vamny ..y (s.0.)
= (R =1m)V(imin, ..ny
=(n—m)p (Lf(m+n))vn1 .
= p([L—m7L—n])Vn1...nk~

The other identities follow along the same lines from the respective definitions. [

M(c,h) can also be described as an induced representation, a concept which is
explained in detail in Sect. 10.49. To show this, let

BY:=C{L,:n€Z,n>0}&CZ.

BT is a Lie subalgebra of Vir. Let 0 : Bt — End¢(C) be the one-dimensional
representation with 6(Z) := ¢, 6(Lg) := h, and 6(L,) = 0 for n > 1. Then the rep-
resentation p described explicitly above is induced by o on Vir with representation
module

U(Vir) Qu(B+) C=M(c,h).

(U(g) is the universal enveloping algebra of a Lie algebra g, see Definition 10.45.)

Remark 6.6. Let V be a Virasoro module for ¢, 7 € C. Then we have the direct sum
decomposition V = Py Vv, where Vy := Cvg and Vy for N € N is, N > 0, the
complex vector space generated by
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P(Lony)---p(Ln)vo
k
with ny>...>m >0, Y nj=N,keN, k>0.
j=1
The Vy are eigenspaces of p(Lo) for the eigenvalue (N + &), that is
p(Lo) lvy= (N +h)idyy.

This follows from the definition of a Virasoro module and from the commutation
relations of the L,,.

Lemma 6.7. Let V be a Virasoro module for ¢,h € C and U a submodule of V. Then

U= (WwnU).

NeNy

A submodule of V is an invariant linear subspace of V, that is a complex-linear
subspace U of V with p(D)U C U for D € Vir.

Proof. Letw =wo®...®ws € U, where w; € V; for j € {1,...,s}. Then

w = w + ...+ Wy,
p(Lo)w = hwy + ...+ (s+h)ws,

p(Lo)'w=nm"Twy + ... + (s+h)twy.

This is a system of linear equations for wy, . .., w, with regular coefficient matrix.
Hence, the wy, ..., wy are linear combinations of the w, ..., p(Lo)*"'w € U. So w; €
Vj NU. [l

6.3 The Kac Determinant

We are mainly interested in unitary representations of the Virasoro algebra, since the
representations of Vir appearing in conformal field theory shall be unitary. To find a
suitable hermitian form on a Verma module M(c, ), we need to define the notion of
the expectation value (w) of a vector w € M(c,h): with respect to the decomposition
M(c,h) = @ Vy according to Lemma 6.7, w has a unique component w’ € Vj. The
expectation value is simply the coefficient (w) € C of this component w' for the basis
{vo}, that is w' = (w)vp. ({w) makes sense for general Virasoro modules as well.)

Let M = M(c,h), ¢,h € R, be the Verma module with highest-weight represen-
tation p : Vir — Endc(M(c,h)) and let vo be the respective highest-weight vector.
Instead of p(L,) we mostly write L, in the following. We define a hermitian form
H : M x M — C on the basis {v,,..,, } U{vo}:
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H(an...nkavml...mj) = <Lnk .. ~Ln1Vm1...mj>
= <Lnk coi Ly Loy .. .L,mjV()>.

In particular, this definition includes
H(vo,v0):=1 and H(vo,vn,..n) :=0=:H(vn,..,0)-
The condition ¢,z € R implies H(v,v') = H(V',v) for all basis vectors
v,V € B:= vngome i > > >0 U{wo}.

The elementary but lengthy proof of this statement consists in a repeated use of
the commutation relations of the L,s. Now, the map H : B x B — R has an R-bilinear
continuation to M x M, which is C-antilinear in the first and C-linear in the second
variable:

For w,w" € M with unique representations w = Y A;jw;, w' = ¥ w, relative to
basis vectors w ]-7w§c € B, one defines

H(w,w') := EZIJ'[J](H(W]',W;().

H : M x M — Cis a hermitian form. However, it is not positive definite or positive
semi-definite in general. Just in order to decide this, the Kac determinant is used. H
has the following properties:

Theorem 6.8. Let h,c € R and M = M(c,h).

1. H: M x M — C is the unique hermitian form satisfying H(vo,vo) = 1, as well as
H(L,v,w) =H(v,L_,w) and H(Zv,w) = H(v,Zw) for all vyw € M and n € Z.

2. H(vyw) =0 for v € Vy, w € Viy with N # M, that is the eigenspaces of Ly are
pairwise orthogonal.

3. ker H is the maximal proper submodule of M.

Proof.

1. That the identity
H(L,v,w) = H(v,L_,w)

holds for the hermitian form introduced above can again be seen using the com-
mutation relations. The uniqueness of such a hermitian form follows immedi-
ately from

H(an...nkavml...rnj) = H("OaLnk .- -Ln1 le...mj)~

2. For ny +...+n > my +...+m; the commutation relations of the L, imply
that Ly, ... Ly Loy, ...Lom;vo can be written as a sum Y P;vg, where the op-
erator P, begins with an L, s € Z, s > 1, that is P, = Q;L;. Consequently,
H(an ey Vmy .. m,) =0.

3. kerH :={veM:H(wv)=0Vwe M} is a submodule, because v € kerH
implies L,v € kerH since H(w,L,v) = H(L_,w,v) = 0. Naturally, M # kerH
because vy ¢ ker H. Let U C M be an arbitrary proper submodule. To show U C
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kerH,letw € U.Forny >...>n;>0onehas H(vy, . ,w) =H(vo,Ly, ... Ly, w).
Assume H (v, n,,w) # 0. Then (L,, ...L,, w) # 0. By Lemma 6.7 this implies
vo € U (because L, ...L, w € U), and also Vimy..m; € U, in contradiction to
M # U. Similarly we get H(vg,w) =0, sow € kerH. O

Remark 6.9. M(c,h) / kerH is a Virasoro module with a nondegenerate hermitian
form H. However, H is not definite, in general.

Corollary 6.10. If H is positive semi-definite then ¢ > 0 and h > 0.
Proof. Forn € N, n> 0, we have
H(van) = H(V07LnL—nV0)

= H(vo, p([Ln;L-n])0)

=2nh+ %(n2 —1e.
H(vi,v1) >0 implies & > 0. Then, from H (v,,v,) > 0 we get 2nh+ 15 (n* —1)c > 0
for all n € N, hence ¢ > 0. (I

Definition 6.11. Let P(N) := dimcVy and {b1,...,bp(y)} be a basis of Viy. We
define matrices AN by A := H(b;,b;) for i, j € {1,...,P(N)}.

Obviously, H is positive semi-definite if all these matrices AV are positive semi-
definite. For N = 0 and N = 1 one has A” = (1) and A' = (h) relative to the bases
{vo} and {v;}, respectively. V» has {v2,vi 1} (vo = L_ovp and v; | = L_;L_jvp) as
basis. For instance,

2
H(VQ,VQ) = <L2L_2V0> = <L_2L2V() +4Lovo + E3 CVO>

1
= 4h+ EC,

H(V1’1,V171) = 8h2+4h,
H(V27V171) = 6/1.

Hence, the matrix A? relative to {v,, Vii}is

2 (4h+ ke 6h
A _< 6h  8h*+4h.

A? is (for ¢ > 0 and h > 0) positive semi-definite if and only if
detA? = 2h(16h> — 10h + 2hc +¢) > 0.

This condition restricts the choice of 2 > 0 and ¢ > 0 even more if H has to be
positive semi-definite. In the case ¢ = %, for instance, 7 must be outside the interval

]1—167 %[ (Taking into account the other AN h can only have the values 0, %, %; for
these values H is in fact unitary, see below.)
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Theorem 6.12. [Kac80] The Kac determinant det AN depends on (c,h) as follows:

det A (c,h) = Ky H (h— hp.,q(c))P(N_pq)a
P.9EN
Pq<N

where Ky > 0 is a constant which does not depend on (c,h), the P(M) is an in
Definition 6.11, and

hngle) = 3 (13— +4) + vl e D)0 )
—24pg—2+2c).

A proof can be found in [KR87] or [CdG94], for example.
To derive detAN (c,h) > 0 for all ¢ > 1 and h > 0 from Theorem 6.12, it makes
sense to define

$gq :=h—hgq(c),
Opg = (h—hpg(c))(h—hgp(c)), pF#aq.

Then by Theorem 6.12 we have

detAN(c,n) =Ky [ (¢pg)"™ 7.
p,geN
Pa<N,p<q

For 1 < p,g <N andc > 1, h> 0 one has

_ 1 2
®gq(c) =h+ ﬂ(c 1)(g"—1) > 0,
2

2
Onale) = (h— (757) ) + 54002+ =201

1

+576 (PP = 1)@ = 1)(c—1)°

toe (e D(p—aP(pat1) > 0,

Hence, det AN (c,h) >0 forall c > 1, h > 0.

So the hermitian form H is positive definite for the entire region ¢ > 1, A > 0 if
there is just one example M(c,h) with ¢ > 1, h > 0, such that H is positive definite.
We will find such an example in the context of string theory (cf. Theorem 7.11).

The investigation of the region 0 < ¢ < 1, & > 0 is much more difficult. The
following theorem contains a complete description:

Theorem 6.13. Let c,h € R.

1. M(c,h) is unitary (positive definite) for ¢ > 1,h > 0.
la. M(c,h) is unitary (positive semi-definite) for ¢ > 1,h > 0.
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2. M(c,h) is unitary for 0 < ¢ < 1,h > 0 if and only if there exists some m €
N, m >0, so that ¢ = c¢(m) and h = hp, 4(m) for 1 < p < g < m with

((m+1)p—mq)*—1

hyq(m) == dm(m+1) ,meN,
c(m) = l—ﬁ,meN\{l}.

For the proof of 2: Using the Kac determinant, Friedan, Qiu, and Shenker have
shown in [FQS86] that in the region 0 < ¢ < 1 the hermitian form H can be unitary
only for the values of ¢ = ¢(m) and h = h,, ,(m) stated in 2. Goddard, Kent, and Olive
have later proven in [GKO86], using Kac—-Moody algebras, that M(c,h) actually
gives a unitary representation in all these cases.

If M(c,h) is unitary and positive semi-definite, but not positive definite, we let

W(c,h) := M(c,h)/kerH.
Now W (c,h) is a unitary highest-weight representation (positive definite).

Remark 6.14. Up to isomorphism, for every ¢, € R there is at most one positive
definite unitary highest-weight representation, which must be W (c, k). If p : Vir —
Endc(V) is a positive definite unitary highest-weight representation with vacuum
vector v, € V and hermitian form H’, the map

/
Vo — V()» vnl...nk = p(Lfnl .. .L,nk)V()?

defines a surjective linear homomorphism ¢ : M(c,h) — V, which respects the her-
mitian forms H and H':

H'(@(v),(w)) = H(v,w).

Therefore, H is positive semi-definite and ¢ factorizes over W (c, k) as a homomor-
phism @ : W(c,h) — V.

6.4 Indecomposability and Irreducibility of Representations

Definition 6.15. M is indecomposable if there are no invariant proper subspaces
V,W of M, so that M =V @& W. Otherwise M is decomposable.

Definition 6.16. M is called irreducible if there is no invariant proper subspace V' of
M. Otherwise M is called reducible.
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Theorem 6.17. For each weight (c,h) we have the following:

1. The Verma module M(c,h) is indecomposable.

2. If M(c, h) is reducible, then there is a maximal invariant subspace I(c,h), so that
M(c,h)/I(c,h) is an irreducible highest-weight representation.

3. Any positive definite unitary highest-weight representation (that is W(c,h), see
above) is irreducible.

Proof.

1. Let V,W be invariant subspaces of M = M(c,h),and M =V @W. By Remark 6.7,
we have the direct sum decompositions

V=EPWm;nv) and W=EPM;nW).

Since dimMj = 1, this implies (MpNV) =0 or (Mp "W) = 0. So the highest-
weight vector vy is contained either in V or in W. From the invariance of V and
W it follows that V. =M or W = M.

2. Let I(c,h) be the sum of the invariant proper subspaces of M. Then I(c,h) is
an invariant proper subspace of M and M(c,h) / I(c,h) is an irreducible highest-
weight representation.

3. Let V be a positive definite unitary highest-weight representation and U ; V be
an invariant subspace. Then

={veV:H(u,v)=0YueU}
is an invariant subspace as well, since
H(u,L,v) =H(L_,u,v) =0

and U@ UL =V. So 3 follows from 1. O

6.5 Projective Representations of Diff, (S)

We know the unitary representations p.j : Vir — End(W, ) for ¢ > 1,h > 0 or
¢ = c(m), h = hy, 4(m) from the discrete series, where W, ,, := W(c, ) is the unique
unitary highest-weight representation of the Virasoro algebra Vir described in the
preceding section. Let H := 1A . be the completion of W, with respect to its her-
mitean form. It can be shown that there is a linear subspace WC R CH, W, C WC s
so that p,.;(€) has a linear continuation p,, ,,(€) on W, for all & € VirN (Vect(S)),
where p_. ,(&) is an essentially self-adjoint operator. The representation p,., is inte-
grable in the following sense:

Theorem 6.18. [GW85] There is a projective unitary representation U, j, : Diff  (S)
— U(P(H)), so that
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Y(exp(P,.4(§))) = Ucn(exp(&))

Sor all & € Vect(S), that is for all real vector fields & in S. Furthermore, for X €
Vect(S) @ C and ¢ € Diff . (S) one has

Ue(@)pen(X) = (pen(TOX) +co(X,9))Ucn(@)

with a map o, on Vect(S) x Diff_(S). Here, the U, ;,(¢) are suitable lifts to H of the
original U, j,(@) (cf. Chap. 3).

Further investigations in the setting of conformal field theory lead to representa-
tions of

e “chiral” algebras .7 x </ with Vir C &7, Vir C &/ (here Vir is an isomorphic
copy of Vir and .7 as well as <7 are further algebras), e.g., &/ = U(g) (univer-
sal enveloping algebra of a Kac—-Moody algebra), but also algebras, which are
neither Lie algebras nor enveloping algebras of Lie algebras. (Cf., e.g., [BPZ84],
[MS89], [FFK89], [Gin89], [GO89].)

e Semi-groups & x & with Diff, (S) C &, Diff (S) C &. One discusses semi-group
extensions Diff, (S), because there is no complex Lie group with Vect®(S) as
the associated Lie algebra (cf. 5.4). Interesting cases in this context are the semi-
group of Shtan and the semi-group of Neretin which are considered, for instance,
in [GRO5*].

We just present a first example of such a semi-group here (for a survey cf.
[Gaw89]):

Example 6.19. Let g € C, 1 € C, g = exp(2miT), |¢| < 1, and X, = {z € C||¢| <
|z] <1} be the closed annulus with outer radius 1 and inner radius |g|. Let g1,82 €
Diff | (S) be real analytic diffeomorphisms on the circle S. Then one gets the fol-
lowing parameterizations of the boundary curves of X:

pi(e®) :=qg1(e),  pa(e):=ga(e).

The mentioned semi-group & is the quotient of &y, where & is the set of pairs
(X, p') of Riemann surfaces ¥ with exactly two boundary curves parameterized by
P = (p},ph), for which there is a ¢ € C and a biholomorphic map ¢ : X, — X
(where py,p, is a parameterization of dX, as above), so that p o p; = p’j. As a
set one has & = &) / ~, where ~ means biholomorphic equivalence preserving the
parameterization. The product of two equivalence classes [(X, p')], [(X',p")] € & is
defined by “gluing” X and X', where we identify the outer boundary curve of X with
the inner boundary curve of X’ taking into account the parameterizations.

The ansatz

Aci([Zq.pl) = const Ues(83")qexp(P4(Lo))Ue(g1)

leads to a projective representation of & using Theorem 6.18.
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More general semi-groups can be obtained by looking at more general Riemann
surfaces, that is compact Riemann surfaces with finitely many boundary curves,
which are parameterized and divided into incoming (“in”’) and outgoing (“out”)
boundary curves. The semi-groups defined in this manner have unitary representa-
tions as well (cf. [Seg91], [Seg88b], and [GWS85]). Starting with these observations,
Segal has suggested an interesting set of axioms to describe conformal field theory
(cf. [Seg88a]).
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Chapter 7
String Theory as a Conformal Field Theory

We give an exposition of the classical system of a bosonic string and its quantization.
In bosonic string theory as a classical field theory we have the flat semi-
Riemannian manifold

(RP,n) with n = diag(—1,1,...,1)
as background space and a world sheet in this space, that is a C”-parameterization
x:0—RP

of a surface W = x(Q) C RP, where Q C R? is an open or closed rectangle. This
corresponds to the idea of a one-dimensional object, the string, which moves in the
space R? and wipes out the two-dimensional surface W = x(Q). The classical fields
(that is the kinematic Variables of the theory) are the components x* : O — R of the
parameterization x = (x%,x!,... x?~1) : 0 — RP of the surface W = x(Q) C RP.

7.1 Classical Action Functionals and Equations
of Motion for Strings

In classical string theory the admissible parameterizations, that is the dynamic vari-
ables of the world sheet, are those for which a given action functional is stationary.
A natural action of the classical field theory uses the “area” of the world sheet. One
defines the so-called Nambu—Goto action:

SnG(x) == /\/—det dq’dq",

with a constant k¥ € R (the “string tension”, cf. [GSW8&7]). Here,
g=x"n, (x*n)uv = nijauxi()vxja

is the metric on Q induced by x : Q — R? and the variation is taken only over those
parameterizations x, for which g is a Lorentz metric (at least in the interior of Q),
that is

Schottenloher, M.: String Theory as a Conformal Field Theory. Lect. Notes Phys. 759, 103-120
(2008)
DOI 10.1007/978-3-540-68628-6_8 (© Springer-Verlag Berlin Heidelberg 2008
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det(guv) <O.

Hence, (Q, g) is a two-dimensional Lorentz manifold, that is a two-dimensional
semi-Riemannian manifold with a Lorentz metric g.
From the action principle

d
A Sva(x+ev)len = 0

with suitable boundary conditions, one derives the equations of motion. Since it is
quite difficult to make calculations with respect to the action Syg, one also uses a
different action, which leads to the same equations of motion. The Polyakov action

Sp(x, h) ::—g/Q\/—det I b gy dgP dg!

depends, in addition, on a (Lorentz) metric 4 on Q. A separate variation of Sp with
respect to / only leads to the former action Syg:

Lemma 7.1.

d
%Sp(x7h+€f)‘e=0 =0

holds precisely for those Lorenizian metrics h on Q which satisfy g = Ah, where
A 1 Q — Ry is a smooth function. Substitution of h = % g into Sp yields the original
action Syg.

Proof. In order to show the first statement let (E’j ) be the matrix satisfying
2deth = hh;j,  h = (deth)™"h'.
Then 7% = Ky, h'! = hoo, and K0! = —hy. Hence,

— ij

V—det(h+ef)(h+ef) = —(\/—det(h+ef)) " (h+ef)

for symmetric f = (fi;) with det(h+ €f) <0, and it follows
Sp(x,h+ef) =5 /Q( “det(htef)) (i +ef')gidq dq" .
Since hi/ = —(—deth)'hi/ and Z“ﬁfaﬁ = fob hop, we have

d
%SP(x7h+8f)

e=0

_ / fi h”faﬁhli 2:dq’dq’
2 —deth 2v/—deth Y

K fii 1
=~ L (g:—=h"Bg oh;:)dq®dq .
2 Jo V=deth <glj ) 8op 1/) qaq
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This implies that §Sp(x, ) = 0 for fixed x leads to the “equation of motion”
1 o B
8ij—§h gaﬂhij_o (7.1)
for h. Equivalently, the energy—momentum tensor
1 p
Tj = 8ij = 5h"" 8aphij (7.2)
has to vanish. The solution & of (7.1) is g = Ah with
L g

(A > 0 follows from detg < 0 and deth < 0).
Substitution of the solution & = % g of the equation 7 = 0 in the action Sp(x,h)
yields the original action Sy (x). O

Invariance of the Action. It is easy to show that the action Sp is invariant with
respect to

e Poincaré transformations,
e Reparameterizations of the world sheet, and
e Weyl rescalings: h — h' := Q?h.

Sng 1s invariant with respect to Poincaré transformations and reparameteriza-
tions only.

Because of the invariance with respect to reparameterizations, the action Sp can
be simplified by a suitable choice of parameterization. To achieve this, we need the
following theorem:

Theorem 7.2. Every two-dimensional Lorentz manifold (M, g) is conformally flat,
that is there are local parameterizations , such that for the induced metric g
one has

vig=0Qn =07 <_01 ?) (7.3)

with a smooth function Q. Coordinates for which the metric tensor is of this form
are called isothermal coordinates.

For a positive definite metric g (on a surface) the existence of isothermal coor-
dinates can be derived from the solution of the Beltrami equation (cf. [DFN84, p.
110]). In the Lorentzian case the existence of isothermal coordinates is much easier
to prove. Since the issue of existence of isothermal coordinates has been neglected in
the respective literature and since it seems to have no relation to the Beltrami equa-
tion, a proof shall be provided in the sequel. A proof can also be found in [Dic89].
Proof. ' Let x € M and let w : R? D U — M be a chart for M with x € y(U).
We denote the matrix representing y*g by g, € C*(U,R). If we choose a suitable
linear map A € GL(R?) and replace y with yoA : A=!(U) — M, we can assume that

I By A. Jochens
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-1 0
@ =n= (3" 7).
where & := y~!(x). We also have

det(guv) = g11822 — g%z <0

since g is a Lorentz metric. We define

a:= \/g%zfg“gzz GCOO(U,]R).

By our choice of the chart y we have g2;(&) = 1. The continuity of g, implies
that there is an open neighborhood V C U of & with g (&) > 0for &' € V.

Now, there are two positive integrating factors A, € C*(V’,R™) and two func-
tions F,G € C*(V’,R) on an open neighborhood V' C V of &, so that

“+a
HF =AJem, OF = ;nggz :
—da
G = /g0, G =821 =

The existence of F and A can be shown as follows: we apply to the function
f € C=(V,R) defined by

f(t,2) = (g12(x,1) +alx,1)) /g2 (x,1)

a theorem of the theory of ordinary differential equations, which guarantees the
existence of a family of solutions depending differentiably on the initial conditions
(cf. [Die69, 10.8.1 and 10.8.2]). By this theorem, we get an open interval J C R
and open subsets Uy, U C R with € € Uy xJ C U xJ C V, as well as a map ¢ €
C=(J xJ xUy,U), so that for all ¢, s € J and x € Uy we have

%w,s,x) L 0(nsx)  and  6(n6x) = x. 74)

Using the uniqueness theorem for ordinary differential equations, it can be shown
that 03¢ is positive and that

o(t,t,x) €Uy = 0(s,7,0(7,2,%)) = ¢(s,7,x)
fort,s, 7 € J and x € Uy. Defining

I\ F (x,1)

F(x,1) := ¢(to,,x) and A(x,t) =
g (x,1)
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for (x,1) € Up x J and a fixed 1y € J we obtain functions F,A € C*(Up x J,R) with
the required properties. By the same argument we also obtain the functions G and
(L. The open subset V/ C V is the intersection of the domains of F and G.

1
_(® - F-G oo (Y7 T2
For the map ¢ = ((p2> = <F+G> € C*(V',R*) we have

+a gnn—a
o' =(A—u)En, e =220 ,
19 =(A—1)V/gn X0 NG u\/@
+a grn—a
ho*=(A+u)yvEm  apr=282"0 .
19 ( 1)v/822 X N ”\/gE

After a short calculation we get
Iu9P @ Mpo = Aup' I’ — dug’dy o> =44 uguy.
that is @*1n = 4A L y*g. Furthermore,
detDo = 0,0 020 — 91 9?drp' = —4Aa # 0.

Hence, by the inverse mapping theorem there exists an open neighborhood
W CV of & so that ¢ := @|ly : W — @(W) is a C diffeomorphism. ¢*n =
42 uy*g implies

n=(¢") e n=4au(@ ") ye=24p(yop ') e
Now ¥ :=yo ¢ !: (W) — M is a chart for M with x € y(¢(W)) and we have
Vg=0"
with Q :=1/(21/Au). O

By Theorem 7.2 one can choose a local parameterization of the world sheet in

such a way that
A2 2 —1 0
h=QMn=Q (0 1)

This fixing of & is called conformal gauge. Even after conformal gauge fixing a
residual symmetry remains: it is easy to see that Sp(x) in conformal gauge is invari-
ant with respect to conformal transformations on the world sheet. In this manner,
the conformal group Conf(R""!) = Diff, (S) x Diff (S) turns out to be a symmetry
group of the system, even if this holds only on the level of “constraints”. In any
case, the classical field theory of the bosonic string can be viewed as a conformally
invariant field theory.

To simplify the equations of motion and, furthermore, to present solutions as cer-
tain Fourier series, we need a generalization of Theorem 7.2, stating that (in the case
of closed strings, to which we restrict our discussion here) there exists a conformal
gauge not only in a neighborhood of any given point, but also in a neighborhood
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of a closed injective curve (as a starting curve for the “time 7 = 0”). The existence
of such isothermal coordinates can be shown by the same argumentation as Theo-
rem 7.2. Finally, for the variation in the conformal gauge, it can be assumed that
isothermal coordinates exist on the rectangle

0 =[0,27] x [0,27]

and that 0 — x(0,0), o € [0,2n] describes a simple closed curve. This is possible
at least up to an irrelevant distortion factor (cf. [Dic89]).

Theorem 7.3. The variation of Syg or Sp in the conformal gauge leads to the equa-
tions of motion on Q = [0,2x] x [0,27]: These are the two-dimensional wave equa-

tions 5 5
dyx—dix=0 resp. Xrr—Xg6 =0

with the constraints
<x0;xr> =0= <-x67-x6> + <x17x1>, <x17x1> <0,
imposed by the conformal gauge.

By x5 we denote the partial derivative of x = x(7,0) with respect to ¢ (that is
7:=¢° 0 :=¢"), and (v,w) is the inner product (v, w) = vwYnyy forv,w € RP.

Proof. To derive the equations of motion and the constraints we start by writing Sp
in the conformal gauge h = Q1 with \/—deth = Q? and h'/g;; = Q*(—goo + &11):

K
Sp(x) = Sp(x, @%n) = 5 /Q ((dox, Aox) — (A1x, 1x))dg’dq’
For y : Q — RP and suitable boundary conditions y| 20 = 0 we have

d
gsl’(x"' Ey)

=K / ((Gox, doy) — (d1x,91y))dq"dq’
0

e=0
= | (@110 au.y) g’
(integration by parts). This yields
aux — 800x =0
as the equations of motion in the conformal gauge.

Because of the description of the metric & by h = % g with A > 0, that is

A= Ahy) = <<xf,xf> <xa,x1>> |

<xr>xc> <x67-x6>
the gauge fixing 7 = Q21 implies the conditions

<xo,xr> =0, <xc77xcr> = _<'xT7xT> > 0. O
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The constraints are equivalent to the vanishing of the energy—momentum 7,
which is given by

1 .
Tl‘j:<X[,Xj>—§hijhkl<Xk,_X1>, l?.],kJE{T’G}

(see (7.2) and cf. [GSW87, p. 62ff]).
The solutions of the two-dimensional wave equations are

x(1,0) =xg(t—0) +x.(1+0)

with two arbitrary differentiable maps xg and x; on Q with values in R”. For the
closed string we get on Q := [0,27] x [0,27] (that is x(7,0) = x(1,0 + 27)) the
following Fourier series expansion:

1 1
xp(t—0)=-xb +—ph(t—0

ole —in(t—0)
270 " 4xx \/477;1(%

\/m z f/.Lefm T+U) (75)
n;éO

xo and pg can be interpreted as the center of mass and the center of momentum,
respectively, while oy, @ are the oscillator modes of the string. x; and xz are
viewed as “left movers” and “right movers” We have xO , po € R and oy, ,H,‘fl e C.
«,, is not the complex conjugate of ¢,),, but completely independent of ¢, For xg
and xr, to be real, it is necessary that

1
drx

xg+ p§(17+6

N =

x(t+o)=

(af) = (a",) and (at)" = (a",) (7.6)

hold for all u € {0,...,D—1} and n € Z \ {O} where ¢ — ¢* denotes the com-
plex conjugation. We let (x(‘)‘ = ch : \/7 po The x = x7, +xg with (7.5) can be
written as

x(o,7) =x0+

i .
T+ ( —m T—0) +ane—m(‘r+6)) )
vark gb

2
Vark

Hence, arbitrary o,, 0, x0, po With (7.6) yield solutions of the one-dimensional
wave equation. In order that these solutions are, in fact, solutions of the equations
of motion for the actions Syg or Sp, they must, in addition, respect the conformal
gauge. Using

l1 =

I\JM—‘
l\)\'—‘

Y (o, ) and L,:= = (O, Cpy) forne, (7.7)
keZ ez

the gauge condition can be expressed as follows:
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Lemma 7.4. A parameterization x(7,0) = x.(T — 0) +xg(7 + 0) of the world
sheet with xg,xy, as in (7.5) and (7.6) gives isothermal coordinates if and only if
L,=L,=0forallncZ.

Proof. We have isothermal coordinates if and only if
<xr +Xg, X7 +x0'> = <xr —Xo, X1 *x6> =0.

Using the identities

) 4
ae MT=0)  and
Varnk ,gi

2 .
XrtXg = —— Y 0, ¢~in(Tto)
T Vare 5"

Xt —Xo =

we get
<xr —Xo, Xt _xc> =0
— 0= z anefin(rfa), Z anefin('cfa)
nez nez
= 0= Y g, o)
neZkeZ
=0=3 Y ™0, o)
meZn+k=m
= VmeZ: Y (o) =0
n+k=m
= VmeZ: Y (O, 0x) =0
kez
<~ VmeZ:L,=0.
The same argument holds for x; + x5 and L,,. [l

Altogether, we have the following:

Theorem 7.5. The solutions of the string equations of motion are the functions

0T+ (ane—in(r—c) +ane—in(i'-s—cf)) ’

2
varx

for which the conditions (7.6) and L, = L, = 0 hold.

x(t,0) =x0+

[ 1
\/4m<,§6n

For a connection of the energy—momentum tensor 7" of a conformal field theory
with the Virasoro generators L, and L, we refer to (9.3) and to Sect. 10.5 in the
context of conformal vertex operators.

The oscillator modes ¢, and @, are observables of the classical system. Obvi-

ously, they are constants of motion. Hence, one should try to quantize the oz} N
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In order to quantize the classical field theory of the bosonic string one needs the
Poisson brackets of the classical system:

{ogy, 00} = imn*Y 80y = {Oth,, 00}, (7.8)
{o. o} =0, (7.9)
{po.x0} =n*", (7.10)
{020} = {5, o} = {x5. 00} =0, (7.11)

forall u,v €{0,...,D—1} and m,n € Z (here and in the following we set 4wk = 1).

Observe that for each single index v the collection of the observables o) ,n € Z,
define a Lie algebra with respect to the Poisson bracket which is isomorphic to the
Heisenberg algebra.

Lemma 7.6. For n,m € Z one has
{Ln,Ly} =i(n—m)Lyyn, {Ln,Ly} =i(n—m)Lyip,
and {Ly,L,} =0.
This follows from the general formula
{AB,C} = A{B,C}+{A,C}B

for the Poisson bracket.

7.2 Canonical Quantization

In general, quantization of a classical system shall provide quantum models reflect-
ing the basic properties of the original classical system. A common quantization
procedure is canonical quantization. In canonical quantization a complex Hilbert
space H has to be constructed in order to represent the quantum mechanical states
as one-dimensional subspaces of H and to represent the observables as self-adjoint
operators in [H. (The notion of a self-adjoint operator is briefly recalled on p. 130.)
Thereby the relevant classical observables f,g,... have to be replaced with opera-
tors f, g such that the Poisson bracket is preserved in the sense that it is replaced
with the commutator of operators in H

{'a } — _i['v']'

Hence, for the relevant f,g,... the following relations should be satisfied on a
common domain of definitions of the operators

7.8 = ~i{/.g}.
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In addition, some natural identities have to be satisfied. For example, in the sit-
uation of the classical phase space R?" with its Poisson structure on the space of
observables f : R — C induced by the natural symplectic structure on R it is
natural to require the Dirac conditions:

1. 1=idg, o
2. [qﬂaﬁ;] = 15\'1/17 [q#’q"] = []/7/:’[/7;] =0,
with respect to the standard canonical coordinates (¢, py) of R,

In general, one cannot quantize all classical observables (due to a result of van
Hove) and one chooses a suitable subset .2/ which can be assumed to be a Lie
algebra with respect to the Poisson bracket. The canonical quantization of this sub-
algebra o7 of the Poisson algebra of all observables means essentially to find a
representation of .27 in the Hilbert space H.

The Harmonic Oscillator. Let us present as an elementary example a canonical
quantization of the one-dimensional harmonic oscillator. The classical phase space
is R? with coordinates (g, p). The Poisson bracket of two classical observables f, g,
that is smooth functions f,g: R> — C, is

The hamiltonian function (that is the energy) of the harmonic oscillator is
h(g,p) = %(q2 + p?). The set of observables one wants to quantize contains at
least the four functions 1, p, g, . Because of {1, f} =0,{q,p} =1,{h,p} = ¢, and
{h,q} = —p the vector space o generated by 1,q, p,h is a Lie algebra with respect
to the Poisson bracket.

As the Hilbert space of states one typically takes the space of square integrable
functions H := L?(R) in the variable g. The quantization of 1 is prescribed by the
first Dirac condition. As the quantization of g one then chooses the position oper-
ator ¢ = Q defined by ¢(gq) — g@(q) with domain of definition Dy = {¢ € H :
J=lg9(q)|?dg < =}. Q is an unbounded self-adjoint operator. This holds also for
the momentum operator P which is the quantization of p: P = p. P is defined as
P(o) = za(g( 9 for ¢ in the space D of all smooth functions on R with compact
support and can be continued to Dp such that the continuation is self-adjoint. Ob-
serve that D is dense in H. The second Dirac condition is satisfied on D, i.e

[Q,Plo =ip,p D

Finally, the quantization 71 of the hamiltonian function # is the hamiltonian oper-
ator H, given by

o) =5 (52 +ota)

on D with domain Dy such that H is self-adjoint. It is easy I« to verify [H,Q] =

—iP,[H,P] = iQ on D from which we deduce [a,b] = —z{a b} for all a,b € o
onD.
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Note that p(a) := ia defines a representation of .o in H.

A different realization of a canonical quantization of the harmonic oscillator
is the following. The Hilbert space is the space H = (> of complex sequence
z = (zv)ven Which are square summable ||z||> = X5_|zv|* < . Let (e,)ven be
the standard (Schauder) basis of £2, that is e, = (/). By

H(ey) := (n+ %)en,

A¥(ey) := V2n+2ep41,
Aleg) := 0,A(en+1) :=V2n+2ey,,

we define operators H,A,A* on the subspace D C H of finite sequences, that is finite
linear combinations of the e,s. H is an essentially self-adjoint operator and A* is the
adjoint of A as the notation already suggests. (More precisely, A and A* are the
restrictions to D of operators which are adjoint to each other.)

With Q := J(A+A*) and P := }(A —A*) the operators idg, Q, P, H satisfy in D
the same commutation relations

[Q,P] =iidg, [H,Q] = —iP,[H,P| = iQ

as before, and therefore constitute another canonical quantization of .. The two
quantizations are equivalent.

Note that D can be identified with the space of complex-valued polynomials C[T]
by e, — T". This opens the possibility to purely algebraic methods in quantum field
theory by restricting all operations to the vector space D = CI[T] as, e.g., in the
quantization of strings (see below), in the representation of the Virasoro algebra
(cf. Sect. 6.5), or in the theory of vertex operators (cf. Chap. 10).

For obvious reasons, A is called the annihilation operator and A* is called the
creation operator.

Returning to the question of quantizing a string one observes immediately that for
any fixed index u the Poisson brackets of the (oc,ﬁ) are those of an infinite sequence
of one-dimensional harmonic oscillators (up to a constant). The corresponding os-
cillator algebra </ generated by (g, ) (with fixed p) can therefore be interpreted as
the algebra of an infinite dimensional harmonic oscillator. For a fixed index p > 0
(which we omit for the rest of this section) the relevant Poisson brackets of the
oscillator algebra 7 are, according to (7.8),

{0, 0} = imSyym, {1, 0,} =0.

After quantization the operators a, := 0, generate a Lie algebra which is the
complex vector space generated by a,,n € Z, and Z (sometimes denoted Z = 1)
with the Lie bracket given by

[am;an] = m6n+mZ7 [Zyam} =0.

We see that this Lie algebra is nothing else than the Heisenberg algebra H
(cf. (4.1)).
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We conclude that constructing a canonical quantization of the infinite dimen-
sional harmonic oscillator is the same as finding a representation p : H — End D of
the Heisenberg algebra H in a suitable dense subspace D C H of a Hilbert space H
with p(Z) = idy.

Fock Space Representation. As the appropriate Fock space (that is representation
space) we choose the complex vector space

S:=C[T},D,.. ] (7.12)

of polynomials in an infinite number of variables. We have to find a representation
of the Heisenberg algebra in End¢S. Define

p(an for n > 0,

)= aT,

p(ao) := pids  where u € C,
pla_y) = Tn forn>0, and
p(Z)

Then the commutation relations obviously hold and the representation is irre-
ducible. Moreover, it is a unitary representation in the following sense:

Lemma 7.7. For each L € R there is a unique positive definite hermitian form on
S, so that H(1,1) = 1 (1 stands for the vacuum vector) and

H(p(an)f.g) =H(f,p(a-n)g)
forall f,geSandneZ,n+#0.

Proof. First of all one sees that distinct monomials f,g € S have to be orthogonal
for such a hermitian form H on S. (The monomials are the polynomials of the form
T,,kl1 Tnkz2 . Tnkrf withn;,k; € Nfor j=1,2,...,r.) Given two distinct monomials f,g
there exist an index n € N and exponents k # [, k,I > 0, such that f = T*f},g =
T,f g1 for suitable monomials f7,g; which are independent of 7,,. Without loss of
generality let k < [. Then

H((plan) 1T ) = H(

= H(0,T' " 1g)
=0

)k+lka Tl k—1 )

and
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imply H(f,g) = 0. Moreover,

H(f.f) =H(f,n *(p(an) f1)
=n"*H(p(an)"T} f1, 1)

k!
= EH(fhfl)
Using H(1,1) = 1, it follows for monomials f = Tnkll 7}1](22...Tnkr’ with n; < np
<...<n,
kilky!. . k!
H(fvf)—m- (7.13)

Since the monomials constitute a (Hamel) basis of S, H is uniquely determined
as a positive definite hermitian form by (7.13) and the orthogonality condition. Re-
versing the arguments, by using (7.13) and the orthogonality condition H(f,g) =0
for distinct monomials f,g € S as a definition for H, one obtains a hermitian form
H on S with the required properties. (I

Note that p(a,)* = p(a_,) by the last result and for each n > 0 the operator
p(ay) is an annihilation operator while p(a,)* is a creation operator.

7.3 Fock Space Representation of the Virasoro Algebra

In order to obtain a representation of the Virasoro algebra Vir on the basis of the
Fock space representation p : H — End(S) of the Heisenberg algebra described in
the last section it seems to be natural to use the definition of the Virasoro observables
L, in classical string theory, cf. (7.7),

L,= % Y ook = % Y ot ioy,
keZ keZ
which satisfy the Witt relations (up to the constant i, see Lemma 7.6).

In a first naive attempt one could try to define the operators L, : S — S by
L, = % Yiez arn—i resp. Ly = £ Yiez p(ax) p(an—r). But this procedure is not well-
defined on S, since

p(ar)p(an—i) # plan—i)p(ar),
in general.

However, the normal ordering

(@) p(an):  JPlaplas) fori<
:p(ai)p(aj): : {p(aj)p(a,-) fori> j

defines operators

p(L):S—S, plLy) = ;}%zp(ak)p(an_o:.
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The p(L,,) are well-defined operators, since the application to an arbitrary poly-
nomial P € S = C[T},T5,...] yields only a finite number of nonzero terms. The
normal ordering constitutes a difference compared to the classical summation for
the case n = 0 only. This follows from

plai)p(a;) = plaj)p(a;) for i+ j#0,
tp(ap)pla—i): = pla_g)p(ax) for keN.

Consequently, the operators p(L,) can be represented as

p(Lo) = %p(ao)2+ 2, plai)p(a),
ke,

pLan) = 5 (plan)+ 3, plan-0p(anss)
keN;

p(Lom+1) = z P (am—k)P (@mti+1),
keNg

forme Ny (here Ny ={n€Z:n>k}).

We encounter normal ordering as an important tool in a more general context in
Chap. 10 on vertex algebras.

Theorem 7.8. In the Fock space representation we have

n .
[Ln,Lm] = (I’l — m)L,H_m + E (f’lz — 1)6n+mld

(with L, instead of p(L,)). Hence, it is a representation of the Virasoro algebra.
Proof. First of all we show
[Lmam} = —Mdp+n, (7.14)

where m,n € Z, using the commutation relations for the a,s. (Here and in the fol-
lowing we write L, instead of p(L,) and a, instead of p(a,).) Let n # 0.

1

L,a,, = >

Z An—kAkm
keZ

1
= E Z Ap—k (amak + k6k+m)
keZ
1
) Z ((amanfk + (n - k) 6n+m7k)ak + k5k+man7k)
kel

= apyLy+ D) (_man+m - maner)

= apmL, —may, .



7.3 Fock Space Representation of the Virasoro Algebra 117
The case n = 0 is similar. From [L,, a,,]) = —may_,, one can deduce
[[Ln, L], ax] = —k(n—m)aymik- (7.15)
In fact,

LanClk = Ln (akLm — kam+k)
= axLnLy — kayy gk Lin — kLyGpyy g-

Hence,

[LmLm]ak = ak[LmLm} +k[Lmaan+k] - k[Lnyam+k]
ag [Ln , Lm] - k(l’l + k)am+n+k + k(m + k)am+n+k

ag[Ln, L] — k(n—m)ay k-

It is now easy to deduce from (7.14) and (7.15) that for every f € S with
n
[Ln;Lm]f = (” - m)Ln+;nf+ E (”2 - 1)5n+mf
and every k € Z we have

[Ls L@ f) = (n=m)Lysm(anf) + 15 (0% = 1)rsm(aif).

As a consequence, the commutation relation we want to prove has only to be
checked on the vacuum vector Q = 1 € S. The interesting case is to calculate
[Ly,L_,;]Q. Let n > 0. Then L,Q = 0. Hence [L,,L_,]Q = L,L_,Q. In case of
n=2m+ 1 we obtain

1
L,nQ = E kz a_n_kakQ
€7

D appra
ke

n
Y a_yira_i L
k=0

1
)
1
2

n—1

1
= unT, + 3 N k(n— k)T,
k=1

= unTy+ Y k(n— k)T =: Py
k=1

Now, a;a,_;P, # 0 holds for [ € {0,1,...n} only and we infer a;a,_;P, =
I(n—1),1<1<n—1,and qa, ;P, = u’n for | = 0,1 = n. It follows that
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m
Ly, L_,)Q = u’n+ N k(n—k)
k=1
m m
=2nLoQ+n Y k— Y K
k=1 k=1

1
:2nLOQ+n%(m+1)—8m(m+1)(2m—|—1)
— nLyQ + gm(m—i- 1)

_ o
= 2nLoQ + 12(n 1).

The case n = 2m can be treated in the same manner. Similarly, one checks that
[Ly,Ly] Q2 = (n—m)L,+, for the relatively simple case n+m # 0. O

Another proof can be found, for instance, in [KR87, p. 15ff]. Here, we wanted
to demonstrate the impact of the commutation relations of the Heisenberg algebra
respectively the oscillator algebra 7.

Corollary 7.9. The representation of Theorem 7.8 yields a positive definite unitary
highest-weight representation of the Virasoro algebra with the highest weight ¢ =
L,h=1u? (cf. Chap. 6).

Proof. For the highest-weight vector vy := 1 let
V :=spanc{L,vo:n € Z}.

Then the restrictions of p(L,) to the subspace V C S of S define a highest-weight
representation of Vir with highest weight (1, % u?) and Virasoro module V. O

Remark 7.10. In most cases one has S = V. But this does not hold for u = 0, for
instance.

More unitary highest-weight representations can be found by taking tensor prod-
ucts: for f®ge VRV let

(p@p)(La)(f@g) = (p(Ln)f) @8+ @ (p(Ln)g)-
As a simple consequence one gets

Theorem 7.11. p ® p : Vir — End¢(V ® V) is a positive definite unitary highest-
weight representation for the highest weight ¢ = 2,h = u>. By iteration of this pro-
cedure one gets unitary highest-weight representations for every weight (c,h) with
ceNjandheR;.

For the physics of strings, these representations resp. quantizations are not suffi-
cient, since only some of the important observables are represented. It is our aim in
this section, however, to present a straightforward construction of a unitary Verma
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module with ¢ > 1 and & > 0 for the discussion in Chap. 6 based on quantization.
Indeed, the starting point was the attempt of quantizing string theory. But for the
construction of the Verma module only the Fock space representation of the Heisen-
berg algebra as the algebra of the infinite dimensional harmonic oscillator was used
by restricting to one single coordinate.

We now come back to strings in taking care of all coordinates x*,u € {0,1,
cod—1}.

7.4 Quantization of Strings

In (non-compactified bosonic) string theory, the Poisson algebra

D—1 D—1
o :=Cle P (Cxy oCpy) o P P(Cak)
u=0 n=0m=£0

of the classical oscillator modes and of the coordinates xg , Py, has to be quantized.
(See (7.8) for their Poisson brackets.) Equivalently, one has to find a representation
of the string algebra

D-1 __ D1
Z:=Clo@(Cxy &Cph) & P P (Cah)
n=0 1=0m=#0

with the following Lie brackets
{ap.ay} = mn" Spin,
(o) = i,
() = (a0,

according to (7.8).
The corresponding Fock space is

S:=C[T} :neNy,u=0,....D—1]

and the respective representation is given by

plam) = n“va’%}{ for m > 0,
Pt :=p(ah) = in“vaioy (o = phy ifdnc=1),
p(a",) :=mT, form >0,
O i=p(xy) =Tp'
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7 String Theory as a Conformal Field Theory

The natural hermitian form on S with H(1,1) =1 and

H(p(o)f.8) =H(f.p(ct,,)g)

is no longer positive semi-definite. For instance,

H(T?,1’) = H(’1,d° 1) =H(1,00 0% 1)
= H(l?[a?’agl]l) :H(lv_l)
=1

Moreover, this representation does not respect the gauge conditions L, = 0.
A solution of both problems is provided by the so-called “no-ghost theorem”
(cf. [GSW8T]). It essentially states that taking into account the gauge conditions
L, =0, n > 0, the representation becomes unitary for the dimension D = 26. This
means that the restriction of the hermitian form to the space of “physical states”

P ={feS:L,f=0foralln>0,Lof = f}

is positive semi-definite (D = 26). A proof of the no-ghost theorem using the Kac
determinant can be found in [Tho84].
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Chapter 8
Axioms of Relativistic Quantum Field Theory

Although quantum field theories have been developed and used for more than
70 years a generally accepted and rigorous description of the structure of quan-
tum field theories does not exist. In many instances quantum field theory is ap-
proached by quantizing classical field theories as for example elaborated in the
last chapter on strings. A more systematic specification uses axioms. We present
in Sect. 8.3 the system of axioms which has been formulated by Arthur Wightman
in the early 1950s. This chapter follows partly the thorough exposition of the subject
in [SW64%*]. In addition, we have used [Simo74*], [BLT75%*], [Haa93*], as well as
[OS73] and [OS75].

The presentation of axiomatic quantum field theory in this chapter serves several
purposes:

e It gives a general motivation for the axioms of two-dimensional conformal field
theory in the Euclidean setting which we introduce in the next chapter.

e [t explains in particular the transition from Minkowski spacetime to Euclidean
spacetime (Wick rotation) and thereby the transition from relativistic quantum
field theory to Euclidean quantum field theory (cf. Sect. 8.5).

e [texplains the equivalence of the two descriptions of a quantum field theory using
either the fields (as operator-valued distributions) or the correlation functions
(resp. correlation distributions) as the main objects of the respective system (cf.
Sect. 8.4).

e [t motivates how the requirement of conformal invariance in addition to the
Poincaré invariance leads to the concept of a vertex algebra.

e [t points out important work which is known already for about 50 years and still
leads to many basic open problems like one out of the seven millennium problems
(cf. the article of Jaffe and Witten [JW06%*]).

e It gives the opportunity to describe the general framework of quantum field the-
ory and to introduce some concepts and results on distributions and functional
analysis (cf. Sect. 8.1).

The results from functional analysis and distributions needed in this chapter can be
found in most of the corresponding textbooks, e.g., in [Rud73*] or [RS80*].

First of all, we recall some aspects of distribution theory in order to present a precise
concept of a quantum field.

Schottenloher, M.: Axioms of Relativistic Quantum Field Theory. Lect. Notes Phys. 759, 121-152
(2008)
DOI 10.1007/978-3-540-68628-6_9 (© Springer-Verlag Berlin Heidelberg 2008
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8.1 Distributions

A quantum field theory consists of quantum states and quantum fields with various
properties. The quantum states are represented by the lines through O (resp. by the
rays) of a separable complex Hilbert space H, that is by points in the associated
projective space P = IP(HH) and the observables of the quantum theory are the self-
adjoint operators in H.

In a direct analogy to classical fields one is tempted to understand quantum fields
as maps on the configuration space R or on more general spacetime manifolds
M with values in the set of self-adjoint operators in H. However, one needs more
general objects, the quantum fields have to be operator-valued distributions. We
therefore recall in this section the concept of a distribution with a couple of results
in order to introduce the concept of a quantum field or field operator in the next
section.

Distributions. Let . (R") be the Schwartz space of rapidly decreasing smooth
functions, that is the complex vector space of all functions f : R” — C with con-
tinuous partial derivatives of any order for which

[flpa = sup sup [9%£(x)|(1+[x*) < oo, (8.1)

lof<p xeR™

for all p,k € N. (9% is the partial derivative for the multi-index ot = (oy,...,0,) €
N" with respect to the usual cartesian coordinates x = (x!,x?,...,x") in R".)

The elements of .7 = . (R") are the test functions and the dual space contains
the (tempered) distributions.

Observe that (8.1) defines seminorms f — |f|, ; on ..

Definition 8.1. A tempered distribution T is a linear functional T : . — C which
is continuous with respect to all the seminorms | | p.k defined in (8.1), p,k € N.

Consequently, a linear T : . — C is a tempered distribution if for each sequence
(f;) of test functions which converges to f € . in the sense that

lim |fj — f|px =0 forall p,k €N,
Jj—oo

the corresponding sequence (7'(f;)) of complex numbers converges to 7'( f). Equiv-
alently, a linear T : . — C is continuous if it is bounded, that is there are p,k € N
and C € R such that

TN <Clf

forall f€.7.

The vector space of tempered distributions is denoted by .%" = ./ (R"). " will
be endowed with the topology of uniform convergence on all the compact subsets
of .. Since we only consider tempered distributions in these notes we often call a
tempered distribution simply a distribution in the sequel.

Some distributions are represented by functions, for example for an arbitrary
measurable and bounded function g on R” the functional
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To(f) = (x).f(x)dx, f € 7,

8
Rn
defines a distribution. A well-known distribution which cannot be represented as a
distribution of the form 7, for a function g on R" is the delta distribution

5y:<5ﬁ_’(cvf’_’f()’)a

the evaluation at y € R". Nevertheless, 0, is called frequently the delta function at y
and one writes 8, = 6(x—y) in order to use the formal integral

8(F)=F0) = [ 8=y
Here, the right-hand side of the equation is defined by the left-hand side.
Distributions T have derivatives. For example

0 0
aTIjT(f) = *T(quf),

and J“T is defined by
I°T(f) = (~1)lIT(9%f), f € 7.

By using partial integration one obtains d*T, = Tye, if g is differentiable and
suitably bounded.
An important example in the case of n = 1 is Ty (f) := [;” f(x)dx, f € .7, with

d PN
ET(f):—/O F'(x)dx = £(0) = &(f).

We observe that the delta distribution &y has a representation as the derivative of a
function (the Heaviside function H(x) = x|...[) although & is not a true function.
This fact has the following generalization:

Proposition 8.2. Every tempered distribution T € .’ has a representation as a fi-
nite sum of derivatives of continuous functions of polynomial growth, that is there
exist g¢ : R" — C such that

T= Y 0°T,.

0<|a|<k

Partial Differential Equations. Since a distribution possesses partial derivatives
of arbitrary order it is possible to regard partial differential equations as equations
for distributions and not only for differentiable functions. Distributional solutions in
general lead to results for true functions. This idea works especially well in the case
of partial differential equations with constant coefficients.

For a polynomial P(X) = cqX* € C[X],...,X,] in n variables with complex co-
efficients ¢, € C one obtains the partial differential operator
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and the corresponding inhomogeneous partial differential equation
P(—id)u=v,

which is meaningful for functions as well as for distributions. As an example, the
basic partial differential operator determined by the geometry of the Euclidean space
R" = R™0 is the Laplace operator

A=0{+...+9},

with A = P(—id) for P = —(X? +...+X2).

In the same way, the basic partial differential operator determined by the geom-
etry of the Minkowski space R1"P~! is the wave operator (the Laplace-Beltrami
operator with respect to the Minkowski-metric, cf. 1.6)

O=0a0— (03 +...495_,) =2 —A,

and O = P(—id) for P= —XZ +X? +...+ X3 .
A fundamental solution of the partial differential equation P(—id)u = v is any

distribution G satisfying
P(—id)G =6.

Proposition 8.3. Such a fundamental solution provides solutions of the inhomoge-
neous partial differential equation P(—id)u = v by convolution of G with v:

P(—id)(G*v) =w.

Proof. Here, the convolution of two rapidly decreasing smooth functions u,v € .7,
is defined by

wev()i= [ ulpx—y)dy= [ ulx=yv(r)d.

The identity d;(u*v) = (dju) *v =ux d;v holds. The convolution is extended to the
case of a distribution 7' € ./ by T xv(u) := T (v*u). This extension again satisfies

9j(T*v) = (d;T)*v="T%d)v.

Furthermore, we see that

§v(u) = 8(vw) = [ viy)ulr)dy.

n

thus & *v = v. Now, the defining identity P(—id)G = & for the fundamental solution
implies P(—id)(Gxv) =0 v =v. O

Fundamental solutions are not unique, the difference u of two fundamental solu-
tions is evidently a solution of the homogeneous equation P(—id)u = 0.
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Fundamental solutions are not easy to obtain directly. They often can be derived
using Fourier transform.

Fourier Transform. The Fourier transform of a suitably bounded measurable func-
tionu:R" — Cis )
ulp):= / u(x)e™Pdx

for p=(p1,...,pn) € (R") 22 R" whenever this integral is well-defined. Here, x- p
stands for a nondegenerate bilinear form appropriate for the problem one wants to
consider. For example, it might be the Euclidean scalar product or the Minkowski
scalar product in R” = R"P~ with x- p = x#n) py, =x’po—x'p1 —...—x""pp_;.

The Fourier transform is, in particular, well-defined for a rapidly decreasing
smooth function u € . (R") = .% and, moreover, the transformed function .7 (1) =
i is again a rapidly decreasing smooth function % (u) € .. The inverse Fourier
transform of a function v = v(p) is

F () = 2n) " / v(p)e *Pdp.

n

Proposition 8.4. The Fourier transform is a linear continuous map
F S =S
whose inverse is F . As a consequence, .F has an adjoint
F S S T—ToZF.

On the basis of this result we can define the Fourier transform .#(T') of a tem-
pered distribution 7" as the adjoint

F(T)(v):=T(F(v))=F(T)(v),ves,
and we obtain a map .Z : .’ — ./ which is linear, continuous, and invertible. Note

that for a function g € .% the Fourier transforms of the corresponding distribution
T, and that of g are the same:

FE0 =100 = [ [ g0 p)ePdpds =Tz ().

Typical examples of Fourier transforms of distributions are
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The fundamental importance of the Fourier transform is that it relates partial
derivatives in the x* with multiplication by the appropriate coordinate functions py
after Fourier transformation:

F (Ou) = —ipkF (u)

by partial integration

F (Shu)(p) = / Ohuu(x)e™Pdx = —/u(x)ipke"x'pdx = —ipe.F (u)(p),

and consequently,
F(0%) = (—ip)*F (u).

This has direct applications to partial differential equations of the type
P(—id)u=v.

The general differential equation P(—id)u = v will be transformed by .% into the
equation
P(p)i=v.

Now, trying to solve the original partial differential equation leads to a division
problem for distributions. Of course, the multiplication of a polynomial P = P(p)
and a distribution 7 € . given by PT(u) := T(Pu) is well-defined because
Pu(p) = P(p)u(p) is a function Pu € . for each u € .. Solving the division prob-
lem, that is determining a distribution 7 with PT = f for a given polynomial P and
function f, is in general a difficult task.

For a polynomial P let us denote G = Gp the inverse Fourier transform .% ~!(T)
of a solution of the division problem PT = 1, that is PG = 1. Then G is a fundamen-
tal solution of P(—id)u = v, that is

P(—id)G=6
since .7 (P(—id)G) = P(p)G =1 and .Z (1) = 6.

Klein—-Gordon Equation. We study as an explicit example the fundamental solu-
tion of the Klein—Gordon equation. The results will be used later in the description
of the free boson within the framework of Wightman’s axioms, cf. p. 135, in order
to construct a model satisfying all the axioms of quantum field theory.

The dynamics of a free bosonic classical particle is governed by the Klein—
Gordon equation. The Klein—Gordon equation with mass m > 0 is

(O+m*)u=v,

where [J is the wave operator for the Minkowski space R~ as before. A funda-
mental solution can be determined by solving the division problem

(—p2+m2) T=1
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A suitable X
Tis (m*—p*)

as a distribution given by

T(v) :/RD*1 (PVAM@()) dp,

where PV [ is the principal value of the integral. The corresponding fundamental
solution (the propagator) is

CKx):(2%)_Dj%DOn2—pgy43_”pdp.

G can be expressed more concretely by Bessel, Hankel, etc., functions.
We restrict our considerations to the free fields which are the solutions of the
homogeneous equation
(O—m?)¢ =0.

The Fourier transform 5 satisfies
(p2 - mz) $ = 07
where p? = (p, p) = p} — ( 24+...+p3 ). Therefore, ¢ has its support in the mass-

shell {p € (RIP=1Y: p?2 =m?}. C nsequently, ¢ is proportional to 8(p? — m?) as

/\

a distribution, that is ¢ = g(p)8(p*> —m?), and we get ¢ by the inverse Fourier
transform

60 =m " [ s(p)3(p> —m)erap.
Definition 8.5. The distribution

Dyu(x) := 2mi7 " ((sgn(po) 8 (p* —m?)) ()
is called the Pauli—Jordan function.

(sgn(r) is the sign of ¢, sgn(z) = H(t) — H(—t).) D), generates all solutions of the
homogeneous Klein—Gordon equation. In order to describe D,, in detail and to use
the integration

Dy(x) =21i2m) P [ sen(po)3(p? )7 dp
R
for further calculations we observe that for a general g the distribution

¢ =g(p)8(p* —m?)

can also be written as

0 = H(po)g+(p)8(p* —m*) — H(~po)g—(p)8(p* — m?)
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taking into account the two components of the hyperboloid {p € (R"P~1)": p? =

m?}: the upper hyperboloid
= {pec RPN p? =m? py >0}
and the lower hyperboloid
~Tn={pe(®R""):p*=m? py <0}.

Here, the g, g_ are distributions on the upper resp. lower hyperboloid, which in
our situation can be assumed to be functions which simply depend on p € RP~! via
the global charts

e RPN — 4T, p— (+0(p),p),

where ®(p) := \/p>+m2 and p= (p1,...,pp_1), hence p> = p7 +...+p3,_,.
Let A, be the invariant measure on I, given by the integral

[ M@danE) = [ hE P 20p) dp

for functions / defined on T, and analogously on —TI',,. Then for v € .#(RP) the
value of §(p? —m?) is

52 ~m*)) = [ v(@(p)pddnt [ v(-0(p),p)dn.
Here, we use the identity & (t*> —b%) = (2b) ' (8 (¢t —b) + 8(t +b)) in one variable
t with respect to a constant » > 0.
These considerations lead to the following ansatz which is in close connection to

the formulas in the physics literature. We separate the coordinates x € R1?~! into
x = (t,x) witht =x" and x = (x',...,xP~1). Let

00 1=@m) P [ (a(p)e® 00 g (p)e 00l a2, ()

for arbitrary functions a,a* € #(RP~!) in D — 1 variables. Then ¢(,x) satis-
fies (O + m?)¢ = 0 which is clear from the above derivation (because of a(p) =
g+(o(p),p),a*(p) = g-(—(p),p) up to a constant). That ¢(z,x) satisfies ((J+
m?)¢ = 0 is in fact very easy to show directly: With the abbreviation

K(tx,p) = (2) 2 (a(p)ePX—00)) | g (p)eilPH—0(pI)

we have

B0.p) = [ Pop)k(t,x,p)dAn and
Ym

(9]»2¢(t,p) = /y izpik(t,x, p)dA, for j > 0.
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Hence,
D¢(tu P) = _/); (w(p)Z - pz)k(l,x, p)d}'m = _m2¢(tax)'
We have shown the following result:

Proposition 8.6. Each solution ¢ € .7 of (O +m?)¢ = 0 can be represented
uniquely as

600 := @) [ (a(p)e!®* P 1a (p)e X001z, ()

RD-1

with a,a* € . ((RP~1)"). The real solutions correspond to the case a* = a.

8.2 Field Operators

Operators and Self-Adjoint Operators. Let .’ & = . ¢'(H) denote the set of self-
adjoint operators in H and ¢ = ¢'(H) the set of all densely defined operators in H.
(A general reference for operator theory is [RS80*].) Here, an operator in H is a pair
(A, D) consisting of a subspace D = D4 C H and a C-linear mapping A : D — H, and
A is densely defined whenever Dy is dense in H. In the following we are interested
only in densely defined operators. Recall that such an operator can be unbounded,
that is sup{||Af]| : f € D,||f|| < 1} = e, and many relevant operators in quantum
theory are in fact unbounded. As an example, the position and momentum operators
mentioned in Sect. 7.2 in the context of quantization of the harmonic oscillator are
unbounded.

If a densely defined operator A is bounded (that is sup{||Af]| : f € Da, ||f]| <1} <
o), then A is continuous and possesses a unique linear and continuous continuation
to all of H.

Let us also recall the notion of a self-adjoint operator. Every densely defined
operator A in H has an adjoint operator A* which is given by

Dy :={f cH|3h€ HVg € Dy : (h,g) = (f,Ag)}
(A"f,g) = (f,Ag).f € Da+,8 € Dy.

A*f for f € Dy~ is thus the uniquely determined & = A* f € H with (h,g) = (f,Ag)
forall g € Dy.

It is easy to show that the adjoint A* of a densely defined operator A is a closed
operator. A closed operator B in H is defined by the property that the graph of B,
that is the subspace

T'(B) = {(f,B(f)): f € Dp} C Hx H

of H x H, is closed, where the Hilbert space structure on H x H = H & H is defined
by the inner product
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(£, 1):(8,8)) = (f.8) +(f,&)-

Hence, an operator B is closed if for all sequences (f,,) in Dg such that f, — f €
H and Bf,, — g € H it follows that f € Dp and Bf = g. Of course, every continuous
operator defined on all of H is closed. Conversely, every closed operator B defined
on all of H is continuous by the closed graph theorem. Note that a closed densely
defined operator which is continuous satisfies Dg = H.

Self-adjoint operators are sometimes mixed up with symmetric operators. For
operators with domain of definition Dp = H the two notions agree and this holds
more generally for closed operators also. A symmetric operator is a densely defined
operator A such that

(Af,8) =(f,Ag).f.8 € Da.

By definition, a self-adjoint operator A is an operator which agrees with its ad-
joint A* in the sense of D4 = D4+ and A*f = Af for all f € D4. Clearly, a self-adjoint
operator is symmetric and it is closed since adjoint operators are closed in general.
Conversely, it can be shown that a symmetric operator is self-adjoint if it is closed.
An operator B is called essentially self-adjoint when it has a unique continuation to
a self-adjoint operator, that is there is a self-adjoint operator A with Dp C D4 and
B=A|p,.

For a closed operator A, the spectrum 6(A) = {1 € C: (A— Aidy) ' does not exist
as a bounded operator} is a closed subset of C. Whenever A is self-adjoint, the spec-
trum o (A) is completely contained in R.

For a self-adjoint operator A there exists a unique representation U : R — U(H)
satisfying

lim vins-f =—IiAf

t—0 t
for each f € D, according to the spectral theorem. U is denoted U(t) = ¢4 and
A (or sometimes —iA) is called the infinitesimal generator of U (t). Conversely (cf.
[RS80*]),

Theorem 8.7 (Theorem of Stone). Ler U(t) be a one parameter group of unitary
operators in the complex Hilbert space H, that is U is a unitary representation of
R. Then the operator A, defined by

Af :=limi
Sl

v f-r
t

in the domain in which this limit exists with respect to the norm of H, is self-adjoint
and generates U(t) : U(t) =e " t € R.

With the aid of (tempered) distributions and (self-adjoint) operators we are now
in the position to explain what quantum fields are.

Field Operators. The central objects of quantum field theory are the quantum fields
or field operators. A field operator is the analogue of a classical field but now in
the quantum model. Therefore, in a first attempt, one might try to consider a field
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operator ® to be a map from M to . € assigning to a point x € M = R"P~1 a self-
adjoint operator ®(x) in a suitable way. However, for various reasons such a map is
not sufficient to describe quantum fields (see also Proposition 8.15). For example,
in some classical field theories the Poisson bracket of a field ¢ at points x,y € M
with x° =y (at equal time) is of the form

{9(x),0(»)} = d(x—y),

where x := (x!,...,xP~1), the space part of x = (x°,x',...,xP~1). This equation has
arigorous interpretation in the context of the theory of distributions.
As a consequence, a quantum field will be an operator-valued distribution.

Definition 8.8. A field operator or quantum field is now by definition an operator-
valued distribution (on R"), that is a map

®: S (R")— O

such that there exists a dense subspace D C H satisfying

1. For each f € . the domain of definition D) contains D.

2. The induced map . — End(D), f — ®(f)|p, is linear.

3. For each v € D and w € H the assignment f — (w,®(f)(v)) is a tempered
distribution.

The concept of a quantum field as an operator-valued distribution corresponds
better to the actual physical situation than the more familiar notion of a field as a
quantity defined at each point of spacetime. Indeed, in experiments the field strength
is always measured not at a point x of spacetime but rather in some region of space
and in a finite time interval. Therefore, such a measurement is naturally described
by the expectation value of the field as a distribution applied to a test function with
support in the given spacetime region. See also Proposition 8.15 below.

As a generalization of the Definition 8.8, it is necessary to consider operator-
valued tensor distributions also. Here, the term tensor is used for a quantity which
transforms according to a finite-dimensional representation of the Lorentz group L
(resp. of its universal cover).

8.3 Wightman Axioms

In order to present the axiomatic quantum field theory according to Wightman we
need the notion of a quantum field or field operator ®@ as an operator-valued dis-
tribution which we have introduced in Definition 8.8 and some informations about
properties on geometric invariance which we recall in the sequel.

Relativistic Invariance. As before, let M = R'"P~! D_dimensional Minkowski
space (in particular the usual four-dimensional Minkowski space M = R!3 or the
Minkowski plane M = RY1Y with the (Lorentz) metric
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D1
X = (x,x) =x%0— z X x=00. .. P Hem.
j=1

Two subsets X,Y C M are called to be space-like separated if for any x € X and
any y € Y the condition (x —y)? < 0 is satisfied, that is

D—1
(=" < Y (o =y
=1

The forward cone is C+ :={x € M : ¥ =<x,x>>0,x > 0} and the causal
orderis givenby x > y<=x—y € Cy.

Relativistic invariance of classical point particles in M = R~ or of classical
field theory on M is described by the Poincaré group P :=P(1,D — 1), the identity
component of the group of all transformations of M preserving the metric. P is
generated by the Lorentz group L, the identity component L := SOy(1,D — 1) C
GL(D,R) of the orthogonal group O(1,D — 1) of all linear transformations of M
preserving the metric. (L is sometimes written SO(1,D — 1) by abuse of notation.)
In fact, the Poincaré group P is the semidirect product (see Sect. 3.1) L x R" = P of
L and the translation group M = RP.

The Poincaré group P preserves the causal structure and the space-like separate-
ness. Observe that the corresponding conformal group SO(2,D) (cf. Theorem 2.9)
which contains the Poincaré transformations also preserves the causal structure, but
not the space-like separateness.

The Poincaré group acts on . = .#(RP), the space of test functions, from the
left by - f(x) := f(h~'x) with g- (h- f) = (gh) - f and this left action is continuous.
It is mostly written in the form

(¢, A)f(x) = f(A"" (x—q)),

where the Poincaré transformations 4 are parameterized by (¢,A) € Lx M,q € M,
AeL.

The relativistic invariance of the quantum system with respect to Minkowski
space M = R1"P~! is in general given by a projective representation P — U(PP(H))
of the Poincaré group P, a representation in the space P(H) of states of the quantum
system as we explain in Sect. 3.2. By Bargmann’s Theorem 4.8 such a represen-
tation can be lifted to an essentially uniquely determined unitary representation of
the 2-to-1 covering group of P, the simply connected universal cover of P. This
group is isomorphic to the semidirect product Spin(1,D — 1) x R? for D > 2 where
Spin(1,D — 1) is the corresponding spin group, the universal covering group of the
Lorentz group L= SO(1,D — 1). In the sequel we often call these covering groups
the Poincaré group and Lorentz group, respectively, and denote them simply again
by P and L.
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Note that in the two-dimensional case, the Lorentz group L is isomorphic to the
abelian group R of real numbers (cf. Remark 1.15) and therefore agrees with its
universal covering group.

We thus suppose to have a unitary representation of the Poincaré group P which
will be denoted by

U P — U(H), (q.A) — U(q,A),

(g, A)eEMXxL=LxM.

Since the transformation group M C P is abelian one can apply Stone’s Theo-
rem 8.7 in order to obtain the restriction of the unitary representation U to M in
the form

U(g,1) = expigP = expi(¢"Py—q' Py — ... —¢" ' Pp_y), (8.2)

g € RVP~1 with self-adjoint commuting operators Py, ...,Pp_| on H. Py is inter-
preted as the energy operator Fy = H and the P;, j > 0, as the components of the
momentum.

We are now in the position to formulate the axioms of quantum field theory.

Wightman Axioms. A Wightman quantum field theory (Wightman QFT) in dimen-
sion D consists of the following data:

— the space of states, which is the projective space P(H) of a separable complex
Hilbert space Hi,

— the vacuum vector € H of norm 1,

— a unitary representation U : P — U(H) of P, the covering group of the Poincaré

group,
— acollection of field operators ®@,,a € I (cf. Definition 8.8),

®,: 7 RP) - 0,
with a dense subspace D C H as their common domain (that is the domain D, (f)
of @, contains D for all a € A, f € .¥) such that Q is in the domain D.

These data satisfy the following three axioms:

Axiom W1 (Covariance)

1. Q is P-invariant, that is U(q,A)Q = Q for all (q,A) € P, and D is P-invariant,
that is U(q,A)D C D for all (q,A) € P,

2. the common domain D C H is invariant in the sense that ®,(f)D C D for all
feS andacl,

3. the actions on H and .7 are equivariant where P acts on End(D) by conjugation.
That is on D we have

Ulg,M)®a()U(q,A)" = D((g,A)f) (8.3)

forall f € . and for all (q,A) € P.
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Axiom W2 (Locality) ®,(f) and ®,(g) commute on D if the supports of f,g € S
are space-like separated, that is on D

@u(f) P (8) = Pp(8)Pa(f) = [Pu(f), Pr(8)] = 0. (8.4)

Axiom W3 (Spectrum Condition) The joint spectrum of the operators P; is con-
tained in the forward cone C.

Recall that the support of a function f is the closure of the points x with f(x) # 0.
If one represents the operator-valued distribution @, symbolically by a function
@, = D,(x) € O the equivariance (8.3) can be written in the following form:

U(q, A)@a(x)U(q,A)" = Dy(Ax+q).

This form is frequently used even if @, cannot be represented as a function, and the
equality is only valid in a purely formal way.

Remark 8.9. The relevant fields, that is the operators ®,(f) for real-valued test
functions f € ., should be essentially self-adjoint. In the above axioms this has
not been required from the beginning because often one considers a larger set of
field operators so that only certain combinations are self-adjoint. In that situation it
is reasonable to require @ to be in the set of quantum fields, that is @} = @, for a
suitable @’ € A (where a = ' if ®,(f) is essentially self-adjoint).

Remark 8.10. Axiom W1 is formulated for scalar fields only which transform un-
der the trivial representation of L. In general, if fields have to be considered which
transform according to a nontrivial (finite-dimensional) complex or real representa-
tion R : L — GL(W) of the (double cover of the) Lorentz group (like spinor fields,
for example) the equivariance in (8.3) has to be replaced by

U@ A,V (@A) = 3 Riu(A)@u((g,A)): 8.5)
k=1

Here, W is identified with R™ resp. C™, and the R(A) are given by matrices
(R ik (A)) Moreover, the fields @, are merely components and have to be grouped
together to vectors (®@q,..., D).

Remark 8.11. In the case of D = 2 there exist nontrivial one-dimensional represen-
tations R : L — GL(1,C) = C* of the Lorentz group L, since the Lie algebra Lie L
of L is R and therefore not semi-simple. In this situation the equivariance (8.3) has
to be extended to

U(q,A)®.(f)U(q,A)* = R(A™")®qu((q,A)f). (8.6)

Remark 8.12. Another generalization of the axioms of a completely different na-
ture concerns the locality. In the above axioms only bosonic fields are considered.
For the fermionic case one has to impose a grading into even and odd (see also Re-
mark 10.19), and the commutator of odd fields in Axiom W2 has to be replaced with
the anticommutator.
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Remark 8.13. The spectrum condition (Axiom W3) implies that for eigenvalues p
of P, the vector p = (po, ..., pp—1) satisfies p € C.. In particular, with the interpre-
tation of Py = H as the energy operator the system has no negative energy states:
po > 0. Moreover, P> = Po2 - P12 - = P571 has the interpretation of the mass-
squared operator with the condition p?> > 0 for each D—tuple of eigenvalues pu of
P, in case Axiom W3 is satisfied.

Remark 8.14. In addition to the above axioms in many cases an irreducibility or
completeness condition is required. For example, it is customary to require that the
vacuum is cyclic in the sense that the subspace Dy C D spanned by all the vectors

Dy, (f1)Pay (f2) - - Pay, (fin) Q!

is dense in D and thus dense in H.

Moreover, as an additional axiom one can require the vacuum € to be unique:

Axiom W4 (Uniqueness of the Vacuum) The only vectors in H left invariant by
the translations U(q,1), g € M, are the scalar multiples of the vacuum Q.

Although the above postulates appear to be quite evident and natural, it is by no
means easy to give examples of Wightman quantum field theories even for the case
of free theories. For the case of proper interaction no Wightman QFT is known so
far in the relevant case of D =4, and it is one of the millennium problems discussed
in [JWO06*] to construct such a theory. For D = 2, however, there are theories with
interaction (cf. [Simo74%]), and many of the conformal field theories in two dimen-
sions have nontrivial interaction.

Example: Free Bosonic QFT. In the following we sketch a Wightman QFT for
a quantized boson of mass m > 0 in three-dimensional space (hence D = 4, the
considerations work for arbitrary D > 2 without alterations). The basic differential
operator, the Klein-Gordon operator [J+ m? with mass m, has already been studied
in Sect. 8.1. We look for a field operator

®:.7 =7 R — SO(H)

on a Hilbert space H such that for all test function f,g € .

1. @ satisfies the Klein—Gordon equation in the following sense:
O(Of +m*f) =0forall f€.7.

2. @ obeys the commutation relation

@U@ =i [ SDIDn(x—y)gls)dxdy

R4 xR4

! As before, we write the composition B o C of operators as multiplication BC and similarly the
value B(v) as multiplication Bv.
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Here, D,, is the Pauli-Jordan function (cf. Definition 8.5)

D) i=i2m) = [ sen(po)8(p? ~ m)e " dp.

The construction of such a field and the corresponding Hilbert space is a Fock
space construction. Let H; = .%(T,,) = . (IR3). The isomorphism is induced by the
global chart

é R — Lyp— (a)(p),p),

where ®(p) = /p? +m?. We denote the points in I, by & or &; in the following:
Hy is dense in H :=L2(T,,,dA,,), the complex Hilbert space of square-integrable
functions on the upper hyperboloid I';,. Furthermore, let Hy denote the space of
rapidly decreasing functions on the N-fold product of the upper hyperboloid I',
which are symmetric in the variables (p1,...,py) € I'V. Hy has the inner product

() i= [ T oGt GV (E) . PG

The Hilbert space completion of Hy will be denoted by Hy. Hy contains the
N-fold symmetric product of H; and this space is dense in Hy and thus also in Hy.
Now, the direct sum

D:=PHy
N=0

(Hp = C with the vacuum Q := 1 € Hp) has a natural inner product given by

— 1
<f7g> = fogo + z m<fN7gN>7

N>1

where = (fo, f1,--.),8 = (£0,&1,...) € D. The completion of D with respect to this
inner product is the Fock space H. H can also be viewed as a suitable completion of

the symmetric algebra
S(H,) = P HY,
where H;”N is the N-fold symmetric product
HN =H,©...0H,.
The operators ®(f), f € .7, will be defined on g = (go,g1,...) € D by

@umm&wq@r:A}kmmw&aww@wM@>

A

N
+ Y F(=Een-1(&r,.. & En),
=1
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where é ; means that this variable has to be omitted. This completes the construction
of the Wightman QFT for the free boson.

The various requirements and axioms are not too difficult to verify. For example,
we obtain ®(C1f —m?f) = 0 since

F(Of —m*f) = (—p* +m®)f

vanishes on I',,,, and similarly we obtain the second requirement on the commutators
the formula

@U@ =i [, FIDnlx—y)gly)dxdy

R4 xR4

Furthermore, we observe that the natural action of the Poincaré group on R!?
and on .(R!3) induces a unitary representation U in the Fock space H leaving
invariant the vacuum and the domain of definition D. Of course, ® is a field operator
in the sense of our Definition 8.8 with ®(f)D C D and, moreover, it can be checked
that @ is covariant in the sense of Axiom W1 and that the joint spectrum of the
operators P; is supported in I',,, hence in the forward light cone (Axiom W3). Finally,
the construction yields locality (Axiom W2) according to the above formula for
[@(f), ®(g)]-

We conclude this section with the following result of Wightman which demon-
strates that in QFT it is necessary to consider operator-valued distributions instead
of operator-valued mappings:

Proposition 8.15. Let © be a field in a Wightman QFT which can be realized as a
map ® : M — O and where ®* belongs to the fields. Moreover, assume that Q is the
only translation-invariant vector (up to scalars). Then ®(x) = cQ is the constant
operator for a suitable constant ¢ € C.

In fact, it is enough to require equivariance with respect to the transformation
group only and the property that ®(x) and ®(y)* commute if x — y is spacelike.

8.4 Wightman Distributions and Reconstruction

Let ® = @, be a field operator in a Wightman QFT acting on the space . =
Z(RYP=1) of test functions

:.7 — O(H).

We assume @(f) to be self-adjoint for real-valued f € .7 (cf. 8.9), hence

®(f)* = ®(f) in general. Then for fi,..., fy € .7 one can define

Wy (f1,-- o fv) == (Q,@(f1) ... P(fv)Q)

according to Axiom W1 part 2. Since @ is a field operator the mapping
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Wy: %x7..x.%—C

is multilinear and separately continuous. It is therefore jointly continuous and one
can apply the nuclear theorem of Schwartz to obtain a uniquely defined distribution
on the space in DN variables, that is a distribution in .’ ((RP)V) = ./ (RPV). This
continuation of Wy will be denoted again by Wy.

The sequence (Wy) of distributions generated by ® is called the sequence of
Wightman distributions. The Wy € .%'(RPV) are also called vacuum expectation
values or correlation functions.

Theorem 8.16. The Wightman distributions associated to a Wightman QFT satisfy
the following conditions: Each Wy,N € N, is a tempered distribution
Wy € y/(RDN)

with

WD1 (Covariance) Wy is Poincaré invariant in the following sense:

Wn(f) =Wn((q,A)f) forall (q,A)) € P.

WD2 (Locality) For all N € Nand j,1 < j <N,
WN(Xl,---,Xj,Xj.t,_],---,XN) :WN(xl,...,xj+1,xj,...,xN),

if (xj-xj11)* <0.)

WD3 (Spectrum Condition) For each N > 0 there exists a distribution
My € .7 (RPN=1)) supported in the product (C.)N=1 € RPWN=1) of forward cones
such that

Wy (x1,...,x8) = / MN(p)eizpj'("M*xf-)dp’

RD(N-1)

where p=(p1,...,pn_1) € (ROYN"Vand dp=dp; ...dpy_,.

WD4 (Positive Definiteness) For any sequence fy € .7 (RPN)N € N one has for all
m € N:

k
Y, Wan(Fy © f) > 0.
MN=0

f@gfor f € S (RPM) ¢ c .7 (RPV) is defined by
foglr,..,xmin) = Fx, o xm)8(XM+15 - -+ s X4 )-
Proof. WD follows directly from W1. Observe that the unitary representation of

the Poincaré group is no longer visible. And WD2 is a direct consequence of W2.
WD4 is essentially the property that a vector of the form
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k
Y O(fu)QeH
M=1

has a non-negative norm where ®(fjs)Q is defined as follows: The map

(flseenfur) = @(f1) .. P(fu)Q, (f1,-.. . fu) € L (RP)M

is continuous and multilinear by the general assumptions on the field operator ®
and therefore induces by the nuclear theorem a vector-valued distribution @y, :
' (RPM) — H which is symbolically written as @y (x1, ..., xy). Now, ®(fi)Q :=
(I)M (fM)Q and

2
k k
Z (fm)Q < Y (), Y, q’(fN)Q>
M= N=1
2 Q,O(fyr) O(fv)Q ZWM+N (Fu® fn).
MN MN
WD3 will be proven in the next proposition. (]

In the sequel we write the distributions @ and Wy symbolically as functions ®(x)
and Wy (x1,...,xy) in order to simplify the notation and to work more easily with
the supports of the distributions in consideration.

The covariance of the field operator ® implies the covariance

WN(X],...7.X,1> :WN(AXI+Qa7AxN+q)

for every (¢,A) € P. In particular, the Wightman distributions are translation-
invariant:
Wy (x1,..oxn) = Wy (x1 +4¢,....xv + ).

Consequently, Wy depends only on the differences
S =x1—x2,...,EN-1 = XN-—1 —XN-

We define
WN(éla .. .751\/_1) = WN(xl,. .. ,XN).

Proposition 8.17. The Fourier transform Wy has its support in the product (C )N~!
of the forward cone C, € RP. Hence

Wy(x) = 2m) PV |

w —iZpj(xj=xj1)
RD(Nil)wN(p)e T dp.

Proof. Because of U(x,1)* = U(—x,1) = e P for x € RP (cf. 8.2) the spectrum
condition W2 implies

. e PU(x, 1) vdx =0
R
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forevery v e Hif p ¢ Cy. Since wy(&1,....&+x,&j1,...,Env—1) = Wh(x1, ..., x},
Xj+1 —X,...,xy —x) the Fourier transform of wy with respect to §; gives

/RDWN(élv'“7éj+x,€j+1,...,éN,I)eip!"xdx
= <Q,(I>(x1)...d>(xj)/ﬂ%D<D(xj+1 —_x).”q)<xN_x)eipj-Xde>

= <Q,q)(x1)...(l)(xj) /IRD eix‘p-fU*(x,1)®(xj+1)...(l>(xN)de> =0,

where the last identity is a result of applying the above formula to v = ®(x;y1)...
D(xy)Q whenever p; ¢ C... Hence,

WN(plv'-'aprl) =0

if pj ¢ C for at least one index j. O

Having established the basic properties of the Wightman functions we now ex-
plain how a sequence of distributions with the properties WD 1—4 induce a Wight-
man QFT by the following:

Theorem 8.18. (Wightman Reconstruction Theorem) Given any sequence (Wy),
Wy € .7 (RPN), of tempered distributions obeying the conditions WD1-WD4, there
exists a Wightman QFT for which the Wy are the Wightman distributions.

Proof. We first construct the Hilbert space for the Wightman QFT. Let

= éy(RDN)
N=0

denote the vector space of finite sequences f = (fy) with fy € %’ (RPN) =: #y. On
- we define a multiplication

N
Fxg:=(hn)hy =Y felxi,. . 08Nk (X1, - -, xN).
k=0

The multiplication is associative and distributive but not commutative. Therefore,
7 is an associative algebra with unit 1 = (1,0,0,...) and with a convolution y(f) :=

(fy) = f. 7is complex antilinear and satisfies y* = id.

Our basic algebra . will be endowed with the direct limit topology and thus
becomes a complete locally convex space which is separable. (The direct limit
topology is the finest locally convex topology on .# such that the natural inclu-
sions . (RPN) — .7 are continuous.) The continuous linear functionals y : . — C
are represented by sequences (ly) of tempered distributions uy € .#3: u((fv)) =
Y un(fwv)- B

Such a functional is called positive semi-definite if u(f x f) >0 for all f € ./
because the associated bilinear form @ = @, given by @(f,g) := u(f x g) is pos-
itive semi-definite. For a positive semi-definite continuous linear functional u the
subspace
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J={feS u(fx[f)=0}

turns out to be an ideal in the algebra ..

It is not difficult to show that in the case of a positive semi-definite € .’ the
form  is hermitian and defines on the quotient ./ /J a positive definite hermitian
scalar product. Therefore, .//J is a pre-Hilbert space and the completion of this
space with respect to the scalar product is the Hilbert space H needed for the recon-
struction. This construction is similar to the so-called GNS construction of Gelfand,
Naimark, and Segal.

The vacuum Q € H will be the class of the unit 1 € . and the field operator @
is defined by fixing ®(f) for any test function f € . on the subspace D = . /J of
classes [g] of elements of . by

(f)([g]) == g < f1,

where f stands for the sequence (0, f,0,...,). Evidently, ®(f) is an operator defined
on D depending linearly on f. Moreover, for h, g € . the assignment

[ ([B],@(f)([g])) = ulhx (g x f))

is a tempered distribution because u is continuous. This means that @ is a field
operator in the sense of Definition 8.8. Obviously, ®(f)D C D and Q € D.

So far, the Wightman distributions Wy have not been used at all. We consider now
the above construction for the continuous functional y := (Wy). Because of prop-
erty WD4 this functional is positive semi-definite and provides the Hilbert space H
constructed above depending on (Wy) together with a vacuum Q and a field oper-
ator @. The properties of the Wightman distributions which eventually ensure that
the Wightman axioms for this construction are fulfilled are encoded in the ideal

J={f= () €LY Wn(f xf)=0}.

To show covariance, we first have to specify a unitary representation of the
Poincaré group P in H. This representation is induced by the natural action f +—
(g,A)f of Pon .7 given by

(@A) fu(xt, oo xn) = FAT (01 =) AT (o — )

for (¢,A) € L x M = P. This action leads to a homomorphism P — GL(.*) and the
action respects the multiplication. Now, because of the covariance of the Wightman
distributions (property WD1) the ideal J is invariant, that is for f € J and (¢,A) € P

we have (g,A)f € J. As a consequence, U(q,A)([f]) := [(g,A)[f)] is well-defined
on D C H with

(Ulg, M) (11D, Ulg, M([f]) = (If) [fD)-

Altogether, this defines a unitary representation of P in H leaving € invariant
such that the field operator is equivariant. We have shown that the covariance axiom
W1 is satisfied.
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In a similar way, one can show that property WD2 implies W2 and property WD3
implies W3. Locality (property WD2) implies that J includes the ideal J;, generated
by the linear combinations of the form

fN(-xla"'7xN) :g<-x1a"'7-xju-xj+17”'7xN)_g(-xh”'7-xj+17-xj7"‘u-xN)

with g(x1,...,xy) =0 for (x;41 —x;)? > 0. And property WD3 (spectrum condition)
implies that the ideal

o~

Jsp ={(fv): fo=0,f(p1,...,pn) = 0in a neighborhood of Cy },
where Cy = {p:p1+...+p;€Cq,j=1,...,N},is also contained in J. O

As a result of this section, in an axiomatic approach to quantum field theory the
Wightman axioms W1-W3 on the field operators can be replaced by the equivalent
properties or axioms WD1-WD4 on the corresponding correlation functions Wy,
the Wightman distributions. This second approach is formulated without explicit
reference to the Hilbert space.

In the next section we come to a different but again equivalent description of
the axiomatics which is formulated completely in the framework of Euclidean
geometry.

8.5 Analytic Continuation and Wick Rotation

In this section we explain how the Wightman axioms induce a Euclidean field theory
through analytic continuation of the Wightman distributions.

We first collect some results and examples on analytic continuation of holomor-
phic functions. Recall that a complex-valued function F : U — C on an open subset
U C C" is holomorphic or analytic if it has complex partial derivatives %F =0;F
on U with respect to each of its variables z/ or, equivalently, if F can be expanded
in each point a € U into a convergent power series >.cqz* such that

Fla+z)= 2 caz”

acN?

for z in a suitable open neighborhood of 0. The partial derivatives of F in a of any
order exist and appear in the power series expansions in the form d*F (a) = ot!cq.

A holomorphic function F on a connected domain U C C" is completely deter-
mined by the restriction F|y to any nonempty open subset W C U or by any of its
germs (that is power series expansion) at a point a € U. This property leads to the
phenomenon of analytic continuation, namely that a holomorphic function g on an
open subset W C C" may have a so-called analytic continuation to a holomorphic
F:U — C, that is F|y = g, which is uniquely determined by g.
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A different type of analytic continuation occurs if a real analytic function g :
W — C on an open subset W C R” is regarded as the restriction of a holomorphic
F : U — C where U is an open subset in C"” with U NR” = W. Such a holomorphic
function F is obtained by simply exploiting the power series expansions of the real
analytic function g: For each a € W there are ¢, € C and 7/ (a) >0, j=1,...,n, such
that g(a+x) = ¥, cox® for all x with |x/| < 7/(a). By inserting z € C,|z/| < r/(a),
instead of x into the power series we get such an analytic continuation defined on
the open neighborhood U = {a+z€ C":a € W,|z/| < r/(a)} C C" of W.

Another kind of analytic continuation is given by the Laplace transform. As an
example in one dimension let u : R, — C be a polynomially bounded continuous
functionon Ry = {r € R:¢ > 0}.

Then the integral (“Laplace transform”)

LW)(2) =F(2) = / u(t)edt, Im z € R,
0
defines a holomorphic function F on the “tube” domain U = R x R C C such that,
lim F (x +iy) = g(x) where g(x) := / u(t)e™dt.
AANY 0

In this situation the g(x) are sometimes called the boundary values of F(z). The
analytic continuation is given by the Laplace transform.

Of course, the integral exists because of |u(t)e™| = |u(t)e | < |u(x)| for z =
x+iy € U and ¢t € R,. F is holomorphic since we can interchange integration and
derivation to obtain

oo

F(z)=F'(z) = i/ tu(t)e™dr.

J0

a4
dz

We now present a result which shows how in a similar way even a distribution
T € .Z(R") can, in principle, be continued analytically from R” into an open neigh-
borhood U C C" of R” and in which sense T is a boundary value of this analytic
continuation.

Let C C R" be a convex cone with its dual ' := {p € R" : p-x > 0V x € C} and
assume that C’' has a nonempty interior C°. Let .7 := R" x (—C°) be the induced
open tube in C". Here, the dot “-” represents any scalar product on R”, that is any
symmetric and nondegenerate bilinear form.

The particular case in which we are mainly interested is the case of the forward
cone C = C, in RP = R""P~! with respect to the Minkowki scalar product. Here,
the cone C is self-dual C' = C and C° is the open forward cone

C°={xeR"P ¥ =<xx>> 02" >0}

and .7 =R" x (—C?) is the backward tube.

Theorem 8.19. For every distribution T € . (R")" whose Fourier transform has its
support in the cone C there exists an analytic function F on the tube 7 C C" with
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o |F(2)| <c(1+z)*(14+d*(z,0 7))~ for suitable c € R, k,m € N. (Here, d° is
the Euclidean distance in C" = R?".)

o T is the boundary value of the holomorphic function F in the following sense.
Forany f € % andy e —C° C R":

}i\i% - (x)F (x+ity)dx=T(f),

where the convergence is the convergence in ..

Proof. Let us first assume that Tisa polynomially bounded continuous function
g = g(p) with support in C. In that case the (Laplace transform) formula

F() = @m)" [ s(ple " dp,z€ 7,

defines a holomorphic function fulfilling the assertions of the theorem. Indeed, since
the exponent —ip -z = —ip-x+ p -y has a negative real part p-y < 0 for all z =
x+iy € 7 =R" x (—C°) the integral is well-defined. F is holomorphic in z since
one can take derivatives under the integral. To show the bounds is straightforward.
Finally, for y € —C° and f € . (R") the limit of

[ rrtinas= [ 70 (@n) " [elpie Prerap) as

fort \,0is [ f(x).F 'g(x)dx =T (f).
Suppose now that T is of the form P(—id)g for a polynomial P € C[X',... X"]
and g a polynomially bounded continuous function with support in C. Then

FE)=PEE " [ elp)e Pidpie 7.

satisfies all conditions since .7 (P(x).% 'g) = P(—id)g=T.

Now the theorem follows from a result of [BEG67*] which asserts that for any
distribution S € . with support in a convex cone C there exists a polynomial P
and a polynomially bounded continuous function g with support in C and with § =

P(—id)g. ]
We now draw our attention to the Wightman distributions.

Analytic Continuation of Wightman Functions. Given a Wightman QFT with
field operator @ : .7 (R'"P~1) — & (cf. Sect. 8.3) we explain in which sense and
to which extent the corresponding Wightman distributions (cf. Sect. 8.4)

Wy € y/(RDN)

can be continued analytically to an open connected domain Uy C CPV of the com-
plexification
CPN ~ RPN o C
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of RPV,

The Minkowski inner product will be continued to a complex-bilinear form on
CP by (z,w) =z-w =70 — Z?;' Zwi.

An important and basic observation in this context is the possibility of identifying
the Euclidean R” with the real subspace

E:={(it,x",... . xP") eCP: (t,x',... xP~1) e RP}

the “Euclidean points” of CP, since
D-1
((it,xl,...,xDil),(it,xl,...,xD”» =1 2 x/xt.
j=1

The Wightman distributions Wy will be analytically continued in three steps into
open subsets Uy containing a great portion of the Euclidean points EV, so that the
restrictions of the analytically continued Wightman functions Wy to Uy NEY define
a Euclidean field theory.

We have already used the fact that Wy is translation-invariant and therefore depends
only on the differences §; :=x; — x4, j=1,....N—1:

WN(él,...,éNfl) = WN(xl,...,xN).

Each wy is the inverse Fourier transform of its Fourier transform wy, that is

wy (&1, 8vo1) =
(27r)*D<N*')/ WN(wl,...,wN_l)e*"Zk“’k'ékdwl...dwN_1 (8.7)
RD(N-1)
with
WN(a)l sy a)N,]) = / W(gl . .,gN,])eizkwk'ékdél .. .d&]\/,] .
RD(N-1)
By the spectrum condition the Fourier transform wy(wy,...,®y—_1) vanishes if

one of the @, ..., wy_1 lies outside the forward cone C; (cf. 8.17).

If we now take complex vectors §; = & +iny € CP instead of the &, in the above
formula for wy, then the integrand in (8.7) has the form

WN(w)efizk O g2k O T
and the corresponding integral will converge if 1y fulfills >; @y - nx < 0 for all @y in
the forward cone. With the N-fold backward tube Zy = (RP x (—C°))¥ c (CP)N

this approach leads to the following result whose proof is similar to the proof of
Theorem 8.19.

Proposition 8.20. The formula

wy(¢) = (2m) =PV / v(w)e Z % bde, ¢ € Ty,
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provides a holomorphic function in Jy_| with the property

}{%WN(§+itn) =wyn(§)

ifE4+in € Iy_1 and where the convergence is the convergence in . (RPN=1)),

As a consequence, the Wightman distributions have analytic continuations to
{z€ (CP)Y i Im(zj41 —25) € C°}.

This first step of analytic continuation is based on the spectrum condition. In a
second step the covariance is exploited.
The covariance implies that the identity

WN(C],...,CNfl):WN(AC“...,ACN,O (88)

holds for ({i,...,¢v—1) € (RP)M~! and A € L. Since analytic continuation is unique
the identity also holds for ({i,...,8v—1) € Jy_; for those (i,...,{y_1) satisfying
(NG s Aly—1) € In—1.

Moreover, the identity (8.8) extends to transformations A in the (proper) complex
Lorentz group L(C). This group L(C) is the component of the identity of the group
of complex D x D-matrices A satisfying Az- Aw = z-w with respect to the complex
Minkowski scalar product. This follows from the covariance and the fact that

AHWN(Acl,...,ACN_l)

is holomorphic in a neighborhood of idcp in L(C). By the identity (8.8) one obtains
an analytic continuation of wy to (A~'(Zy_1))N 1.
Let

7§ = UIA(F) : A€ L(O))

be the extended tube where A(Ty) = {(AL1,...,Aly) : (C1,...,Cn) € Ty }. We have
shown

Proposition 8.21. wy has an analytic continuation to the extended tube ;.

While the tube Jy has no real points (that is points with only real coordinates
Zj € RP ) as is clear from the definition of the tube, the extended tube contains real
points.

For example, in the case N = 1 let x € R? be a real point with x-x < 0. We can
assume x = x3 = ... = xp_ = 0 with |x!| > [x°| by rotating the coordinate system.
The complex Lorentz transformation w = Az, w0 = iz! , wl =70 produces w = Ax
with Tm w® = x!, Tm w! = x?, thus Im w-Im w = (x')? — (x?)? > 0 and Ax € C° if
x! < 0. In the case x! > 0 one takes the transformation w = A’z w® = —iz!,w! =
—iz. These two transformations are indeed in L(C) since they can be connected

with the identity by A(8) acting on the first two variables by
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A(6) = coshi@ sinhi@\ (cosO isin@
~ \'sinhif coshi® ) ~ \isin® cosO
and leaving the remaining coordinates invariant.
We have proven that any real x with x-x < 0 is contained in the extended tube
Z7¢. Similarly, one can show the converse, namely that a real x point of .7, satisfies

x-x < 0. In particular, the subset R” N J¢ is open and not empty.
For general N, we have the following theorem due to Jost:

Theorem 8.22. A real point ({1,...,Cy) lies in the extended tube ¢ if and only if
all convex combinations

N N
>, Yti=1,1;>0,
j=1 j=1

are space-like, that is (ley:] t;$)? <0.

In the third step of analytic continuation we exploit the locality. For a permutation

O € Sy, that is a permutation of {1,...,N}, let W denote the Wightman distribution
where the coordinates are interchanged by o

WY (X1, xn) 1= W (Xg(1),- - Xa (V)5

and denote wg(E1,-..,Env—1) = Wn(X5(1),- - s Xo(n))s & = Xj — Xjt1-

Proposition 8.23. Let wy and w§, be the holomorphic functions defined on the ex-
tended tube J,; | by analytic continuation of the Wightman distributions wy and
wy according to Proposition 8.21. Then these holomorphic functions wy and wy,
agree on their common domain of definition, which is not empty, and therefore de-
fine a holomorphic continuation on the union of their domains of definition.

This result will be obtained by regarding the permuted tube °.y_, which is
defined in analogy to AZy_. The two domains .7, and °.7;_, have a nonempty
open subset V of real points & with £2 < 0 in common according to Theorem 8.22.
Since all §; = x; — x| are space-like, this implies that wy and w§, agree on this
open subset V and therefore wy and wy agree in the intersection of the domains of
definition.

We eventually have the following result:

Theorem 8.24. wy has an analytic continuation to the permuted extended tube
T =U{°Z¢_| : 0 € Sy} and similarly Wy has a corresponding analytic con-
tinuation to the permuted extended tube 9,\57 ¢. Moreover this tube contains all non-
coincident points of EN.

Here E is the space of Euclidean points, E := {(it,x',...,x?~1) e CP: (t,x',...,
xP~1) € RP}, and the last statement asserts that EV \ A is contained in .7}/ where
A={(x1,...,xy) € EN : x; = x; for some j # k}.
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As a consequence the Wy have an analytic continuation to EV \ A and define the
so-called Schwinger functions

SN = WN|EN\A.

8.6 Euclidean Formulation

In order to state the essential properties of the Schwinger functions Sy we use the
Euclidean time reflection

0:E—E,(it,x',... . xP71 = (—ir,x!,... kP71
and its action © on
S (RPVY = {f:EN — C: f € #(EN) with support in QY },
where

QZX = {(xl,...,xN) 1Xj= (itj,x}-,...,xjp_l),o <n<... <tN} :
0 : .7 (RPY) = Z(RPY), Of(x1,...,xn) := f(Ox1,...,0xy).
Theorem 8.25. The Schwinger functions Sy are analytic functions Sy : EN \ A — C
satisfying the following axioms:

S1(Covariance) Sy(gxi,...,gxn) = Sn(x1,...,xn) for Euclidean motions g =
(¢,R),q € RP R € SO(D) (or R € Spin(D)).

S2 (Locality) Sy(x1,...,xn) = SN (Xg(1): - - - » X5 (w)) Jor any permutation ©.

S3 (Reflection Positivity)

> Sun(©fu® fy) =0
MN

for finite sequences (fy), fx € -7+ (RPN), where, as before,

em @ In(xr, . xpan) = gm (X1, X)) N (XM 1y - - XM ) -

These properties of correlation functions are called the Osterwalder—Schrader
axioms.

Reconstruction. Several slightly different concepts are called reconstruction in the
context of axiomatic quantum field theory when Wightman’s axioms are involved
and also the Euclidean formulation (Osterwalder—Schrader axioms) is considered.
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For example from the axioms S1-S3 one can deduce the Wightman distributions
satisfying WD1-WD4 and this procedure can be called reconstruction. Moreover,
after this step one can reconstruct the Hilbert space (cf. Theorem 8.18) with the rel-
ativistic fields @ as in W1-W3. Altogether, on the basis of Schwinger functions and
its properties we thus have reconstructed the relativistic fields and the corresponding
Hilbert space of states. This procedure is also called reconstruction.

But starting with S1-S3 one could, as well, build a Euclidean field theory by con-
structing a Hilbert space directly with the aid of S3 and then define the Euclidean
fields as operator-valued distributions similar to the reconstruction of the relativistic
fields as described in Sect. 8.4, in particular in the proof of the Wightman Recon-
struction Theorem 8.18. Of course, this procedure is also called reconstruction. In
the next chapter this kind of reconstruction is described with some additional details
in Sects. 9.2 and 9.3 in the two-dimensional case.

8.7 Conformal Covariance

The theories described in this chapter do not incorporate conformal symmetry, so
far. Let us describe how the covariance with respect to conformal mappings can be
formulated within the framework of the axioms. Recall (cf. Theorem 1.9) that the
conformal mappings not already included in the Poincaré group resp. the Euclidean
group of motions are the special conformal transformations

b_ q—1{q,9)b
1—2(q,b) +(q,q)(b,b)

where b € R", and the dilatations

,q €R",

q9—4q

g q" =etq.qeR",

where A € R.

The Wightman Axioms 8.3 are now extended in such a way that one requires U
to be a unitary representation U = U(q,A,b) of the conformal group SO(n,2) or
SO(n,2)/{£1} (cf. Sect. 2.2), resp. of its universal covering, such that in addition
to the Poincaré covariance

U(q, A)@u(x)U(q,A)" = Pa(Ax),
the following has to be satisfied:
U(0,E.b)®y(x)U(0,E,b)" = N(q,b) '@y (x"),

where N(x,b) = 1 —2(q,b) + (q,q){b,b) is the corresponding denominator and
where &, € R is a so-called conformal weight of the field ®,. Moreover, the confor-
mal covariance for the dilatations is
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U(R)@a(x)U (1) = ey (x),

A is the Jacobian of the

with a similar weight d,. Observe that N(x,b) " resp. €"
transformation x” resp. x*.

We now turn our attention to the two-dimensional case. Since the Lorentz
group of the Minkowski plane is isomorphic to the abelian group R (cf. Re-
mark 1.15) and the rotation group of the Euclidean plane is isomorphic to S, the
one-dimensional representations of the isometry groups are no longer trivial (as in
the higher-dimensional case). Consequently, in the covariance condition, in princi-
ple, these one-dimensional representations could occur, see also Remark 8.11. As

an example, one can expect that the Lorentz boosts

[ coshy sinhy
A_<sinh)5 coshx)’xER’

in the two-dimensional case satisfy the following covariance condition:
UMD, (x)U(A)* = e**ad,(Ax),

where s, would represent a spin of the field. Similarly, in the Euclidean case
U(A)®u(x)U(A)" = '@y (Ax),

if ¢ is the angle of the rotation A.

It turns out that in two-dimensional conformal field theory this picture is even
refined further when formulating the covariance condition for the other confor-
mal transformations. The light cone coordinates are regarded separately in the
Minkowski case and similarly in the Euclidean case the coordinates are split into
the complex coordinate and its conjugate.

With respect to the Minkowski plane one first considers the restricted conformal
group (cf. Remark 2.16) only which is isomorphic to SO(2,2)/{=£1} and not the full
infinite dimensional group of conformal transformations. With respect to the light
cone coordinates the restricted conformal group SO(2,2)/{=%1} acts in the form of
two copies of SL(2,IR)/{=£1} (cf. Proposition 2.17). For a conformal transformation
g=(A4,A_),AL € SL(2,R),

_ ay b+ o a_ b_
=) -(00)

aixy+by ax_+b_
cixy+dy cx_+d_ )’

with the action

(A+,A,)(x+,x,)

the covariance condition now reads
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Ueu0ute) = (s d+)2>h‘T (s d_)z)ha @, (g0),

where the conformal weights /), b, are in general independent of each other. Note

that the factor |

(cxy+dy)?

is the derivative of
xp—Ap(x ):7a+x++b+
+ +\A+ Cixy I d+ )

and therefore essentially the conformal factor.
The boost described above is given by g = (A+,A_) with a; = exp % X =
d_,dy =exp f% X = a—_, the bs and cs being zero. By comparison we obtain

sq=h—h,
for the spins s, and, similarly, for the weights d, related to the dilatations:
d, =h}+h,.

In the Euclidean case one writes the general point in the Euclidean plane as z =
x+iyort—+iyandZ = x—iy. The conformal covariance for the rotation w(z) = ¢'%z
will correspondingly be formulated by

UA®,(U(A) = (‘f}:)h (‘jz”)h D, (),

where again h,, h, are independent. Equivalently, one writes

dw\" (dw fa
UND,(z,2)UAN)" = — — | Dy(w,W),
dz dz
emphasizing the two components of z resp. w (cf. the Axiom 2 in the following

chapter). This is the formulation of covariance for other conformal transformations
as well.
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Chapter 9

Foundations of Two-Dimensional Conformal
Quantum Field Theory

In this chapter we study two-dimensional conformally invariant quantum field the-
ory (conformal field theory for short) by some basic concepts and postulates — that
is using a system of axioms as presented in [FFK89] and based on the work of Os-
terwalder and Schrader [OS73], [OS75]. We will assume the Euclidean signature
(+,+) on R? (or on surfaces), as it is customary because of the close connection
of conformal field theory to statistical mechanics (cf. [BPZ84] and [Gin89]) and its
relation to complex analysis.

We do not use the results of Chap. 8 where the axioms of quantum field theory
are investigated in detail and for arbitrary spacetime dimensions nor do we assume
the notations to be known in order to keep this chapter self-contained. However, the
preceding chapter may serve as a motivation for several concepts and constructions.
In particular, the presentation of the axioms explains why locality for the correlation
functions in Axiom 1 below is expressed as the independence of the order of the in-
dices, and why the covariance in Axiom 2 does not refer to the unitary representation
of the Poincaré group. Moreover, in the light of the results of the preceding chapter
the reconstruction used below on p. 158 is a general principle in quantum field the-
ory relating the formulation based on field operators with an equivalent formulation
based on correlation functions.

9.1 Axioms for Two-Dimensional Euclidean
Quantum Field Theory

The basic objects of a two-dimensional quantum field theory (cf. [BPZ84], [1Z80],
[Gaw89], [Gin89], [FFK89], [Kak91], [DMS96*]) are the fields ®;, i € By, subject
to a number of properties. These fields are also called field operators or operators.
They are defined as maps on open subsets M of the complex plane C =2 R>? (or
on Riemann surfaces M). They take their values in the set & = ¢/(H) of (possibly
unbounded and mostly self-adjoint) operators on a fixed Hilbert space H. To be
precise, these field operators are usually defined only on spaces of test functions on
M, e.g. on the Schwartz space (M) of rapidly decreasing functions or on other

Schottenloher, M.: Foundations of Two-Dimensional Conformal Quantum Field Theory. Lect.
Notes Phys. 759, 153-170 (2008)
DOI 10.1007/978-3-540-68628-6_10 (© Springer-Verlag Berlin Heidelberg 2008
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suitable spaces of test functions. Hence, they can be regarded as operator-valued
distributions (cf. Definition 8.8).

The matrix coefficients (v|®;(z)|w) of the field operators are supposed to be well-
defined for v,w € D in a dense subspace D C H. Here, (v,w), v,w € H, denotes the
inner product of H and (v|®;(z)|w) is the same as (v, D;(z)w).

The essential parameters of the theory, which connect the theory with experimen-
tal data, are the correlation functions

Giyoin (215 ,20) 1= QD (21) - Pi, (20) €2).

These functions are also called n-point functions or Green’s functions. Here,
Q € H is the vacuum vector. These correlation functions have to be interpreted as
vacuum expectation values of time-ordered products ®@;, (z1) ... D;,(z,) of the field
operators (fime ordered means Re z, > ... > Re zj, or |z,| > ... > |z1| for the radial
quantization). They usually can be analytically continued to

M, ={(z1,...,2.) € C" 1 z; #z; fori# j},

the space of configurations of n points. (To be precise, they have a continuation to
the universal covering M, of M,, and thus they are no longer single valued on M,,, in
general. In this manner, the pure braid group P, appears, which is the fundamental
group 7y (M,,) of M,.) For simplification we will assume in the formulation of the
axioms that the G;, . ;, are defined on M,,.

The positivity of the hermitian form, that is the inner product of H, can be ex-
pressed by the so-called reflection positivity of the correlation functions. This prop-
erty is defined by fixing a reflection axis — which typically is the imaginary axis in
the simplest case — and requiring the correlation of operator products of fields on
one side of the axis with their reflection on the other side to be non-negative (cf.
Axiom 3 below).

Now, the two-dimensional quantum field theory can be described completely by
the properties of the correlation functions using a system of axioms (Axiom 1-6 in
these notes, see below). The field operators and the Hilbert space do not have to be
specified a priori, they are determined by the correlation functions (cf. Lemma 9.2
and Theorem 9.3).

To state the axioms we need a few notations:

M = {(z1,...,20) EM, :Rez; >0 forj=1,....n},
Sy =C,
= A{f€(C"): Supp(f) C M, }.

Here, .7(C") is the Schwartz space of rapidly decreasing smooth functions, that
is the complex vector space of all functions f € C*(C") for which

sup  sup [0 f(x)|(1+ [x[*)* < oo,
lo|<p  xeR2n
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for all p,k € N. We have identified the spaces C" and R?" and have used the real
coordinates x = (x1,...,xp,) as variables. d* is the partial derivative for the multi-
index o € N with respect to x. Supp(f) denotes the support of f, that is the closure
of the set {x € R?": f(x) # 0}.

It makes sense to write z € C as z =+ iy with#,y € R, and to interpret 7 =t — iy
as a quantity not depending on z. In this sense one sometimes writes G(z,7) instead
of G(z), to emphasize that G(z) is not necessarily holomorphic. In the notation z =
t+1iy, y is the “space coordinate” and 7 is the (imaginary) “time coordinate”.

The group E = E> of Euclidean motions, that is the Euclidean group (which
corresponds to the Poincaré group in this context), is generated by the rotations

ra :C—C, z—e%, ocR,

and the translations
t,:C—C, z+—z+a, acC.

Further Mobius transformations are the dilatations
d;:C—C, z—¢€'z, TER,

and the inversion

i:C—C, z—z ! zeC\{o0}.

These conformal transformations generate the Mobius group Mb (cf. Sect. 2.3). All
other global conformal transformations (cf. Definition 2.10) of the Euclidean plane
(with possibly one singularity) are generated by Mb and the time reflection

0:C—C, z=t+iy——t+iy=-2

(cf. Theorems 1.11 and 2.11 and the discussion after Definition 2.12)

Osterwalder—Schrader Axioms ([OS73], [OS75], [FFK89])

Let By be a countable index set. For multi-indices (iy,...,i,) € Bj we also use the
notation i = iy ...i, = (i1,...,in). Let B = U,en, Bj- The quantum field theory is
described by a family (G;);cp of continuous and polynomially bounded correlation
functions

Gii.i :My—C, Gp=1,

i]ein
subject to the following axioms:
Axiom 1 (Locality) For all (iy,...,iy) € B}, (21,...,2,) € My, and every permuta-
tionw:{1,...,n} = {1,...,n} one has

Gt (@15 520) = Gy i) (En(1) -+ 2n))-

Axiom 2 (Covariance) For every i € By there are conformal weights h;, h; € R (h;
is not the complex conjugate of h;, but completely independent of h;), such that for
allw € E and n > 1 one has
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Gil...in (thlv cee 7Znazn)

o fdw, " aw \"
_H<dz(zj)) <dz(zj)) Gi]...i,l(Wl,Wl,...,W,,,Wn), 9.1)

Jj=1

withwj :=w(z;), Wj = w(zj), hj = hi;.

Here, s; := h; — h; is called the conformal spin for the index i and d; := h; + h; is
called the scaling dimension.
Furthermore, we assume

hi—ﬁi,h[+ﬁ;eZ, i € By.

As a consequence, there do not occur any ambiguities concerning the exponents.
In particular, this is satisfied whenever

1
hishi € 52.

See Hawley/Schiffer [HS66] for a discussion of this condition.

The covariance of the correlation functions formulated in Axiom 2 corresponds
to the transformation behavior of tensors or generalized differential forms under
change of coordinates when extended to more general conformal transformations
(see also p. 164).

The covariance conditions severely restricts the form of 2-point functions and
3-point functions. Because of the covariance with respect to translations, all corre-
lation functions G;, . ;, for n > 2 depend only on the differences z;; :=z; —z;, i # J,
i,j€{1,...,n}. Typical 2-point functions G; ;, = G, which satisfy Axiom 2, are

G = const. with h=h=0,
G(z1,21,22,22) = Czlgzzlgz with h=h=1,
G(z1,22) = Czp5* with h=2h=0.

A general example is
— . _ 1
G(z1,22) = Cz;, 'z, with hhe 5L
Hence, for the case h = h,

G(z1,21,22,22) = Clzia| ™ = Clz1a| .

Typical 2-point functions G = Gj,;, with ij # i, for which Axiom 2 is valid, are

i1iy

hy= —hy

_ _ “hi —hr— —hy— —
G(z1,21,22,22) =Czyy '215 215 'Zpp

All these examples are also Mobius covariant.
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For the function F' = G;,;, with

F(z1,21,22,%2) = —log |z12|?

Axioms 1 and 2 hold as well (with arbitrary &, h, h = h). However, this function
is not Mobius covariant because one has e.g., for w(z) = ez, T # 0, and in the case
h=h+0,

2 h "
dw dw
Jl:[l (dz(zj)) (dz(zj)> F(wi,w2)
= ()" (—loge™|z12]") # —log 2o

In particular, F is not scaling covariant in the sense of Axiom 4 (see below). A
typical 3-point function is

G(21,21,22,72,73,23)
—hy _h2+h3Z —hy—h3+hy z —h3—hy+hy

—L12 23 13
7—E1 —Ez +ng—ﬁz —E3 +El 7—E3 —E] +Ez
212 23 213 ) 9.2)

as can be checked easily. It is not difficult to see that this 3-point function is also
Mobius covariant, hence conformally covariant.
We describe a rather simple example involving all correlation functions.

Example 9.1. Let By = {1} and n := (1,...1) € B} = {n}. The functions G, are
supposed to be zero if n is odd and

k" L 1
27

Gon(21,---,200) = V]
2'n! 585, =1 (Zo(i) ~Zont )
where Sy is the group of permutations of N elements and where k € C is a constant.
The weights are hy = 1, h; =0.

If the exponent “2” in the denominator is replaced with 2m we get another exam-
ple with conformal weight 7 = m instead of 1 and i = 0.

The dependence in z and 7z can be treated independently, as in the example. The
example can be extended by defining F»,(z,2) = G24(2)G2,(Z), and the resulting
theory has the weights 1; = 1 = h;.

Note that the correlation functions in Example 9.1 are covariant with respect
to general Mobius transformations, even if the Z-dependence is included. Mobius
covariance (and hence conformal covariance) holds as well if the exponent 2 is
replaced by 2m.

In the following, we mostly treat only the dependence in z in order to simplify
the formulas. The general case can easily be derived from the formulas respecting
only the dependence on z (see p. 88 for an explanation).
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Next, we formulate reflection positivity (cf. Sect. 8.6). Let . be the space of
all sequences f = (f;)icp With f; € .7, for i € Bj and f; # 0 for at most finitely
many i € B.

Axiom 3 (Reflection Positivity) There is a map * : By — Bg with *2 = idp, and a
continuation * : B— B, i — i*, so that

1. Gi(z) = Gi(0(z)) = Gi+(—2") for i € B, where 7" is the complex conjugate of z.
2. (f.f)=0forall fc.".

Here, (f,f) is defined by

> > | Girj(0(z1),--,0(zn), Wi wm) fi(2)" fi(w)d" zd"w.

i,jeBn.m Myim

In the Example 9.1 for x1 = 1 the two conditions of Axiom 3 are satisfied.

Lemma 9.2 (Reconstruction of the Hilbert Space). Axiom 3 yields a positive
semi-definite hermitian form H on .+ and hence the Hilbert space H as the com-
pletion of / ker H with the inner product  , ).

We now obtain the field operators by using a multiplication in . in the same
way as in the proof of the Wightman Reconstruction Theorem 8.18. Indeed, ®;
for j € By shall be defined on the space .+ = ffr of distributions with values
in a space of operators on H. Given f € yfr and g € AR g= (gi)ie, we define
D;(f)([g]) to be the equivalence class (with respect to ker H) of g x f (the expected
value of @; at f), with B

gx f: ((EX f)il...in+|)i1...in+1€37

where

(& x f)il~~~i)l+l (Zl PR azn-‘rl) = 8iy ...y (Zl 3 ’ZVl)f(Z’1+1)3jirl+l .

It can be shown (cf. [OS73], [OS75]) that this construction yields a unitary repre-
sentation U of the group E of Euclidean motions of the plane in H. Moreover, there
exists a dense subspace D C H left invariant by the unitary representation such that
the maps ®;(f) : [g] = [g x f] are defined on D for all j € By and @;(f)(D) C D.
In addition, with the vacuum Q € H (namely Q = [f], with fp = 1 and fi =0 for
i # 0) the following properties are satisfied:

Theorem 9.3. (Reconstruction of the Field Operators)

1. For all j € By the mapping ®; : ¥+ — End(D) is linear, and ®; is a field oper-
ator. Moreover, ®;(D) C D, Q € D, and the unitary representation U leaves Q
invariant.

2. The fields ®; transform covariantly with respect to the representation U :

hi
U@ Ut = () @0
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3. The matrix coefficients (Q|®;(f)|Q) can be represented by analytic functions
and for Re z, > ... > Re z1 > 0 the correlation functions agree with the given
functions

(Q®; (z1)... Dj, (20)|Q) = Giy iy (21, -, 2n)-

Furthermore, if the dependence on z and 7 is taken into account the corresponding
correlation functions Gj, ., (21,21, -,2n,2x) are holomorphic in M, x M, , where

M, :={z€eM, :Rez, >...>Rez >0}

They can be analytically continued into a larger domain N C C" x C". A general
description of the largest domain (the domain of holomorphy for the G;,. ;,) is not
known.

Similar results are true for other regions in C instead of the right half plane

{we C:Rew> 0},

e.g., for the disc (radial quantization). In this case the points z € C are parameterized
as 7 = "% with the time variable T and the space variable o, which is cyclic. The
time order becomes |z,| > ... > |z1].

The Axioms 1-3 describe essentially a general two-dimensional Euclidian field
theory as in Sect. 8.6 where no conformal invariance is required.

9.2 Conformal Fields and the Energy—Momentum Tensor

A two-dimensional quantum field theory with field operators

((I)i)iEBoa

satisfying Axioms 1-3, is a conformal field theory if the following conditions hold:

e the theory is covariant with respect to dilatations (Axiom 4),
e it has a divergence-free energy—momentum tensor (Axiom 5), and
e it has an associative operator product expansion for the primary fields (Axiom 6).

Axiom 4 (Scaling Covariance) The correlation functions
G;,i €B,
satisfy (34) also for the dilatations w(z) = €*z, T € R. Hence
Gilz1,...\zn) = (ef)h‘+‘“+h”+ﬁl+'“+ﬁ"G,'(erzl7...,eTz,,)

for (z1,....za) €M, i=(i1,...,in) and hj = h;,.

The correlation functions in the Example 9.1 are scaling covariant.
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Lemma 9.4. In a quantum field theory satisfying Axioms 1-4, any 2-point function
Gij has the form

—(hi+hy) _— (i)
Gij(z1,22) = Gijzyy Zn 7 (zn=2-2)

with a suitable constant C;; € C. Hence, for i = j,
Gii(z1,22) = Ciizpy ZIEZh.
Similarly, any 3-point function G is a constant multiple of the function G in (9.1):
Gijx = CijxG, with C;j € C.

In particular, the 2- and 3-point functions are completely determined by the con-
stants Cij, Cijk-

Proof. As a consequence of the covariance with respect to translations, G := G;;
depends only on zi2 =z — 22, thatis G(z1,22) = Gij(z1 —22,0). For z = re'* = e*¢'*
one has G(z,0) = G(¢*7*1,0). From Axioms 2 and 4 it follows

G(I,O) _ (erJria)h,-(e‘cfia)ﬁi(ehtia)h/( T— z(x) JG( r+ia170).

This implies G(z,0) = z~ "i+)z=(ith) G(1,0), C := G(1,0).
A similar consideration leads to the assertion on 3-point functions. O
The 4-point functions are less restricted, but they have a specific form for all the-

ories satisfying Axioms 1-3 where the correlation functions are Mdobius covariant.
To show this, one can use the following differential equations:

Proposition 9.5 (Conformal Ward Identities). Under the assumption that the cor-
relation function G = Gj, _;,(z1,...,2,) satisfies the covariance condition (9.1) for
all Mobius transformations the following Ward identities hold:

n

0= Z asz(Zlvn-;Zl’l)a

=1

= Z(Z/az, +h ) (Z17~--7Zn),

j=1

Il
M=

(Z azj +2hJZ])G(Z1 S )

Il
—

J

Proof. These identities are shown in the same way as Lemma 9.4. We focus on the
third identity. The M6bius covariance applied to the conformal transformation

Z

1-¢z

w=w(z) =
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with a complex parameter { yields

n l 2h;
GZl,...,Zn = ( > Gwl,...,wn
Gz = =g ) 6 )

because of
ow 1

9z (1-C2)7

where w; = w(z;). The derivative of this equality with respect to § is

n 1 2h; n
= 2h; C Wy
0 il_[]<1_czi) z J] G(Wla 7W)

j=1

+H<1—Cz,>2iz (TG00

J=1

from which the identity follows by setting { = 0. (]

It can be seen that the solutions of these differential equations in the case of n =4
are of the following form:

- Btk L —(hiah N+ 17
G(Z] ,Zz,Z3,Z4) = F(F(Z), V(Z)) Hzij(h1+h_/>+3h Hzij(h1+h_/)+ 3h7

i<j i<j

where h = hy + hy + h3 + hyg and correspondingly for h, and where F is a holomor-
phic function in the cross-ratio

r(z) := (z12234) / (z13224)

of the z12,234,213,224 and in r(z).

Analogous statements hold for the n-point functions, n > 5. As an essential fea-
ture of conformal field theory we observe that the form of the n-point functions can
be determined by using the global conformal symmetry. They turn out to be Laurent
monomials in the z;;,Z;; up to a factor similar to F.

Axiom 5 (Existence of the Energy—-Momentum Tensor)
Among the fields (®;)icp, there are four fields Ty, u,v € {0,1}, with the following
properties:

o Ty =Ty Tuv(z)" =Tvu(6(2)),
o 9Tuo+ i Tu1 =0 with dy _ai o = a%
o d(Tyy) = hyy +huy =2, s(Too — Ti1 £2iTp1 ) = £2.
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Theorem 9.6 (Liischer—Mack). [LM76] The Axioms 1-5 imply

o tr(Tyy) =T} =Too+Ti1 =0.
Therefore, T := Ty — iTy = %(Too —Ty1 —2iTyy) is independent of 7, that is
dT =0. Hence, T is holomorphic . In the same way T := Too+iTp) is independent
of z, and therefore antiholomorphic. For the corresponding conformal weights we

have h(T) = h(T) =2 and h(T) = h(T) = 0.
e By
1 ¢ ., - 1 (%)
_ Tm?ffg\zl prtdls L= Tmf[fg\:l pede %)

the operators Ly, L, on D C H are defined, which satisfy the commutation rela-
tions of two commuting Virasoro algebras with the same central charge c € C:

[ ]:(I’l m) n+m+12 (”2_1)5n+m7
[f L) = (n=m)Lypm+ 55n(n* = )81,

0.

L]

o The representations of the Vlmsoro algebra defined by L, and L,, respectively,
are unitary: L,* = L_,, and L =L_,

Incidentally, the proof given in [LM76] is based on the Minkowski signature.
The L, L, can be interpreted as Fourier coefficients of 7', T, since

= 3 Lz ), T(2)= YLz "), 9:4)

nez nez

This is how conformal symmetry in the sense of the representation theory of the
Virasoro algebra (cf. Sect. 6) appears in the axiomatic presentation of conformal
field theory. The operators L,, L, define a unitary representation of Vir x Vir. In
general, this representation decomposes into unitary highest-weight representations
as follows:

Pw(c,h)@W(c,h),

where one has to sum over a suitable collection of central charges ¢ and conformal
weights &, h. The theory is called minimal, if this sum is finite.

An important tool in conformal field theory is the operator product expansion
of two operators A and B of the form A = ®(z;) and B = ¥(z2), where @,V are
field operators. Before we treat operator product expansions in the next section (and
also in the next chapter on vertex algebras) let us briefly note that in the case of
@ =W =T the product 7 (z1)T (z2) has the operator product expansion

¢ | 2T (z2) dT 1

T(zl)T(Zz) ~ B (Z] 722)4 (Zl 712)2 @(Q)m

9.5)

The symbol “~” signifies asymptotic expansion, that is
function R(z1,22).

modulo a regular
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The validity of (9.5) turns out to be equivalent to the commutation relations of
the L,,, L, (see also Theorem 9.6 and the formula (10.2) in Sect. 10.2).

9.3 Primary Fields, Operator Product Expansion, and Fusion

The primary fields are distinguished by the property that their correlation functions
have the covariance property as in Axiom 2 for arbitrary local (that is defined on
open subsets of C) holomorphic transformations w = w(z) as well. This covariance
expresses the full conformal symmetry. However, the covariance property (9.1) for
general w only holds “infinitesimally”. This infinitesimal version of (9.1) leads to
the following concept of a primary field.

Definition 9.7 (Primary Field). A conformal field ®;, i € By, is called a primary
field if

L, @;(2)] = 2" 0Di(2) + hi(n+ 1) ®;(2) 9.6)
for all n € Z, where d = a% (and correspondingly for the Z-dependence, which we
shall not consider in the following).

The primary field property can be characterized in the following way: the primary
fields are precisely those field operators ®;,i € By, which have the following op-
erator product expansion (OPE) with the energy—momentum tensor 7 (cf. Corol-
lary 10.43):

1 0
71 —22 022

T(z1)®@i(z2) ~ 5®@;(22) +

— Di(z2). 9.7
(z1—22) (@) ©-D

(Note that this condition and other formulas used in physics as well as several cal-
culations and formal manipulations become clearer within the formalism of vertex
algebras which we introduce in the next chapter.)

The invariance required by (9.6) can also be interpreted as a formal infinitesimal
version of (9.1) in Axiom 2 for the transformation w = w(z) = z +z"*!. Assume
that there would exist a Virasoro group, that is Lie group for Vir with a reasonable
exponential map (which is not the case, cf. Sect. 5.4), and assume that we would
have a corresponding unitary representation of this symmetry group (or of a central
extension of Diff (S) according to Chap. 3) denoted by U. This would imply the
formal identity

dw, \"
zwwm@mﬂ%:ﬁx>@w@) ©:8)
for wy(z) = z+12"! (here we take L, = —(z""!) 4, cf. Sect. 5.2). Since U is uni-

tary, the globalized formal analogue of (9.8) for holomorphic transformations leads

to (9.1) for wy:
dw, \ "
Q@LZ)QM@)
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Applying % (o to the equation (9.8) we obtain
[Ln, @i(z)]

on the left-hand side and

%(1 +1(n+1)2")"®;(z) |,—0 + %(D,(w,(z)) o

d
= hi(n+ 1)Z"®;(z) + 7 qu)i(z)
on the right-hand side. This discussion motivates the notion of a primary field, and
in particular (9.6).
The correlation functions of primary fields satisfy more than the three identities
in Proposition 9.5.

Proposition 9.8 (Conformal Ward Identities). For every correlation function G =
Gi,..i,(21,-..,2,) where all the fields ®;; are primary the Ward identities

n

2 (110, + (m+ D2 )Gz, 2n)

are satisfied for all m € 7.

To show these identities one proceeds as in the proof of Proposition 9.5, but with
the conformal transformation w(z) = z+ £z,

The energy—momentum tensor 7 is not a primary field, as one can see by com-
paring the expansions (9.5) and (9.7), except for the special case of c =0 and i = 2.
The deviation from 7 being primary can be described by the Schwarzian derivative.

From a more geometrical point of view, a primary field with 7 = 1, 1 = 0 or bet-
ter its matrix coefficient G; = (Q, ®;Q) corresponds to a meromorphic differential
form. In general, it has the transformation property of a quantity like

Gi(2,2)(d2)"(dz)" = G;(w,w) (dw)" (dw)",

where w = w(z) is a local conformal transformation. In geometric terms such a G;

could be understood as a meromorphic section in the vector bundle K ®Fh where
K is the canonical bundle of the respective Riemann surface.

Let ®; = @ be a primary field of conformal weight #; = h and assume that the
asymptotic state v = lim,_,o ®(z)Q exists as a vector in the Hilbert space H of states
(v is often denoted by |A)).

We have [Lo, ®(z)]Q = Lo®(z)Q and [Ly, D(z)]Q = z0P(z)Q + hd(z)€2. There-
fore v is an eigenvector of Ly with eigenvalue h. Moreover, for n > 0 we de-
duce in the same way L,v = 0 by using L,®(z)Q = [L,,®(z)]Q = "1 0D (z)Q +
h(n+1)7"®CQ. Consequently,

Lyv=hv,L,y =0,n>0.
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According to our exposition on Virasoro modules in Chapt. 6 we come to the fol-
lowing conclusion:

Remark 9.9. The asymptotic state v = lim,_,o ®(z)Q of a primary field defines a
Virasoro module
{L_y, ... Ly v:in>0,ke N} CH

with highest-weight vector v.

The states L_,, ...L_p,v can be viewed as excited states of the ground state and
they are called descendants of v.

It is in general required that the collection of all descendants of the asymptotic
states belonging to the primary fields has a dense span in the Hilbert space H of
states. In this case, we obtain a decomposition of H into Virasoro modules as de-
scribed above but more concretely given by the primary fields.

Definition 9.10. In a quantum field theory satisfying Axioms 1-5 let
B :={i € By : ®; is a primary field}.

The associated conformal family [®;] for i € By is the complex vector space gener-
ated by
DY (2) =L, (2) ... L_gpy (z)Pi(z) 9.9)

for oo = (a1y,...,ov) €NV, o > ... > oy > 0, where
1 T(¢)
L_,(z2)i=— ¢ —=—d
(Z) 2ﬂi%(§_z)n+l C

for z € C. The operators ®f(z) are called secondary fields or descendants.

The operators L_,(z) are in close connection with the Virasoro generators L,
because of

La=s ¢ ?f? dl =L ,(0)

(cf. Theorem 9.6). The secondary fields ® can be expressed as integrals as well.
For instance, for CI);‘, keN,

1 T
D (z) = L4 (2)@i(z) = 27”% (C(f)lﬂ(bi(z)dc-

Moreover, the correlation functions of the secondary fields can be determined in
terms of correlation functions of primary fields by means of certain specific linear
differential equations. It therefore suffices for many purposes to know the correla-
tion functions of the primary fields and in particular the constants C; j; for i, j, k € B.

For any fixed z € C the conformal family [®;] of a given primary field ®; de-
fines a highest-weight representation with weight (c;,h;) (cf. Sect. 6) in a natural
manner. v := ®;(z) is the highest-weight vector, Ly(v) = hjv, L,(v) :=0 forn € N,
and L_,(v) := @} (z) forn € N.



166 9 Two-Dimensional Conformal Quantum Field Theory

Remark 9.11 (State Field Correspondence). Assume that the asymptotic states
of the primary fields together with their descendants generate a dense subspace V of
H. Then to each state a € V there corresponds a field @ such that lim,_,o ®(z)Q = a.

To show this property we only have to observe that for a descendant state of the
formw=L_g, ...L_4,®;(0)Q with respect to a primary field ®; one has

W= lm®F()Q = m L, (2). Loy (2)Di(2)2
Of course, the remark does not assert that a field corresponding to a state is already
of the form ®; with i € By. It rather means that there is always a suitable field among
the descendants of the primary fields.

Note that the state field correspondence is one of the basic requirements in the
definition of vertex algebras (see Sect. 10.4). If we denote the field @(z) in the last
remark by Y (a,z) we are close to a vertex algebra, where Y (a,z) is supposed to be a
formal series with coefficients in End V.

Operator Product Expansion. For the primary fields of a conformal field the-
ory it is postulated (according to the fundamental article of Belavin, Polyakov, and
Zamolodchikov [BPZ84]) that they obey the following operator product expansion
(OPE)

Di(21)P@j(z2) ~ Y, Cijilar —z2)" " hidy(z2) (9.10)

keBy

with the constants C; j that occur already in the expression (9.2) of the 3-point func-
tions (cf. Lemma 9.4). Similar expansions hold for the descendants.

The central object of conformal field theory is the determination of

e the scaling dimensions d; = h; + h;,
o the central charge c; for the family [®;], and
e the coefficients C;j (structure constants)

from the operator product expansion (9.10) using the conformal symmetry. When
all these constants are calculated one has a complete solution.

Proposition 9.12 (Bootstrap Hypothesis). This can be achieved if the OPE (9.10)
is required in addition to be associative. (See also Axiom 6 below.)

Some comments are due concerning the use of terms like “operator product”
and its “associativity”. First of all, the expansion (9.10) can only be valid for the
corresponding matrix coefficients or better for the vacuum expectation values. In
particular, we do not have an algebra of operators with a nice expansion of the prod-
uct. Therefore the associativity constraint does not refer to the associativity of a true
multiplication in a ring as the term suggests from the mathematical viewpoint, but
simply means that the respective behavior of the expansions of the product of three
or more primary fields is independent of the order the expansions are executed. And
this equality concerns again only the vacuum expectation values and it is restricted
to the singular terms in the expansions.
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Note that in the language of vertex algebras the “associativity” constraint has a
nice and clear formulation, cf. Theorem 10.36. Furthermore, the associativity is a
consequence of the basic properties of a vertex algebra and not an additional postu-
late.

In any case, the associativity of the OPE (9.10) in this sense is strong enough to
determine all generic 4-point functions

o ... 4
Gi]i2i3i4(Z1,ZZ,Z37Z4,Z],Z27Z3,Z4),(11,12,13714) eBl'

This can be done by using the associativity of the OPE to obtain several expan-
sions of Gj,j,i,;, differing by the order in which we expand. For instance, one can
first expand with respect to the indices i1,iy and i3,is and then expand the result-
ing two expansions to obtain a series Y, 04,G;, or one expands first with respect
to the indices iy,i4 and ip,i3 (here we need locality) and then expand the resulting
expansions to obtain another series Y, 3,,G;,. Associativity means that the resulting
two expansions are the same. This gives infinitely many equations for the structure
constants C;j; of the 3-pointfunctions and allows in turn to determine Gj, i, -

We know already that such a function depends only on the cross-ratios r(z) :=
(z12234) /(213204) and r(z) (see p. 161). Since these ratios are invariant under global
conformal transformations on the extended plane we can set 7; = o0,z = 1,73 =z,
and z4 = 0. The above correlation function reduces under this change of coordi-
nates to

G(z,2) = lim Gjiii,(21,1,2,0,21,1,2,0).

7.2

The associativity of the OPE (9.10) allows to represent G with the aid of so-called
(holomorphic and antiholomorphic, respectively) “conformal blocks” #", # g

B —k
G(z,z)= ), CirikCirik F* (2) .7 (2),
k€B|

where the Cj,j,k, Cis i,k € C are the coefficients of the 3-point functions in Lemma 9.4.
The associativity can be indicated schematically in diagrammatic language:

Em L = Em m

The diagram has a physical interpretation as crossing symmetry.

Note that there is an additional way applying the associativity of the OPE in case
of the 4-point function leading to another diagram and two further equalities.

A conformal field theory can also be defined on arbitrary Riemann surfaces in-
stead of C. Then the .Z', 7 depend only on the complex structure of the sur-
face. Finally, they can be considered as holomorphic sections on the appropriate
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moduli spaces with values in suitable line bundles (cf. [FS87], [TUY89], [KNRY%4],
[Uen95], [Sor95], [Bea95], [Tyu03*] and Chap. 11).

In any case a conformal field theory has to satisfy — in addition to the Axioms
1-5 — the following axiom:

Axiom 6 (Operator Product Expansion) The primary fields have the OPE (9.10).
This OPE is associative.

Concluding Remarks:

1. All n-point functions of the primary fields can be derived from the G; for i € B‘ll.
2. The expansions (9.10) are the fusion rules, which can be written formally as

(@] x [@;] = Y [®],

[€By

or, carrying more information, as

(D,' X (Dj = ZNinq)l,
l

where Nilj € Ny is the number of occurrences of elements of the family [@;] in
the OPE of ®;(z)®;(0). The coefficients Nl-’; define the structure of a fusion ring,
cf. Sect. 11.4.

3. We have sometimes passed over to radial quantization, e.g., by using Cauchy
integrals in Sect. 9.2, for instance

1 T
Lfn(Z) = 271717{({—(5))"“61@

4. To construct interesting examples of conformal field theories satisfying Axioms
1-6 it is reasonable to begin with string theory. On a more algebraic level this
amounts to study Kac—Moody algebras (cf. pp. 65 and 196). This subject is sur-
veyed, e.g., in [Uen95] where an interesting connection with the presentation of
conformal blocks as sections in certain holomorphic vector bundles is described
(cf. also [TUY89] or [BFO1*]). For other examples, see [FFK89].

9.4 Other Approaches to Axiomatization

In order to lay down the foundations of conformal field theory introduced in
[BPZ84], Moore and Seiberg proposed the following axioms for a conformal field
theory in [MS89]:
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A conformal field theory is a Virasoro module
V= W(ci,h) @W (¢, h)
i€B
with unitary highest-weight modules W (c;, ;), W (¢;, ;) (cf. Sect. 6), subject to the
following axioms:

P 1. There is a uniquely determined vacuum vector Q = |0) € V with Q €
W (ciy, hiy) @ W (Ciy, hiy)» hiy = hiy = 0. Qs SL(2,C) x SL(2,C)-invariant.

P 2. To each vector o € V there corresponds a field @, i.e. an operator @ (z)
on V, z € C. Moreover, there exists a conjugate @, such that the OPE of ®,®,/
contains a descendant of the unit operator.

P 3. The highest-weight vectors o = i = v; of W(c;, h;) determine primary fields
®@;. Similarly for the highest-weight vectors of W (¢;, &;).

P4.Gi(z) = (Q|D; (z1) ... D;,(z0)|2), |21] > ... > |z4|, always has an analytical
continuation to M,,.

P 5. The correlation functions and the one-loop partition functions are modular
invariant (cf. [MS89])).

Another axiomatic description of conformal field theory was proposed by Segal
in [Seg91], [Seg88b], [Seg88a]. The basic object in this ansatz is the set of equiv-
alence classes of Riemann surfaces with boundaries, which becomes a semi-group
by defining the product of two such Riemann surfaces by a suitable fusion or sewing
(cf. Sect. 6.5).

Friedan and Shenker introduced in [FS87] a different, interesting system of ax-
ioms, which also uses the collection of all Riemann surfaces as a starting point.

All these approaches can be formulated in the language of vertex algebras which
seems to be the right theory to describe conformal field theory. In the next chapter
we present a short introduction to vertex algebras and their relation to conformal
field theory.

Along these lines, the course of V. Kac [Kac98*] describes the structure of con-
formal field theories as well as the book of E. Frenkel and D. Ben-Zvi [BF01*].
A more general point of view is taken by Beilinson and Drinfeld in their work on
chiral algebras [BD04*] where the theory of vertex algebras turns out to be a special
case of a much wider theory of chiral algebras.

A comprehensive account of different developments in conformal field theory is
collected in the Princeton notes on strings and quantum field theory of Deligne and
others [Del99*].
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Chapter 10
Vertex Algebras

In this chapter we give a brief introduction to the basic concepts of vertex algebras.
Vertex operators have been introduced long ago in string theory in order to describe
propagation of string states. The mathematical concept of a vertex (operator) al-
gebra has been introduced later by Borcherds [Bor86*], and it has turned out to be
extremely useful in various areas of mathematics. Conformal field theory can be for-
mulated and analyzed efficiently in terms of the theory of vertex algebras because
of the fact that the associativity of the operator product expansion of conformal field
theory is already encoded in the associativity of a vertex algebra and also because
many formal manipulations in conformal field theory which are not always easy to
justify become more accessible and true assertions for vertex algebras. As a result,
vertex algebra theory has become a standard way to formulate conformal field the-
ory, and therefore cannot be neglected in an introductory course on conformal field
theory.

In a certain way, vertex operators are the algebraic counterparts of field operators
investigated in Chap. 8 and the defining properties for a vertex algebra have much in
common with the axioms for a quantum field theory in the sense of Wightman and
Osterwalder—Schrader. This has been indicated by Kac in [Kac98*] in some detail.

The introduction to vertex algebras in this chapter intends to be self-contained
including essentially all proofs. Therefore, we cannot present much more than the
basic notions and results together with few examples.

We start with the notion of a formal distribution and familiarize the reader with
basic properties of formal series which are fundamental in understanding vertex al-
gebras. Next we study locality and normal ordering as well as fields in the setting of
formal distributions and we see how well these concepts from physics are described
even before the concept of a vertex algebra has been introduced. In particular, an
elementary way of operator expansion can be studied directly after knowing the
concept of normal ordering. After the definition of a vertex algebra we are inter-
ested in describing some examples in detail which have in parts appeared already at
several places in the notes (like the Heisenberg algebra or the Virasoro algebra) but,
of course, in a different formulation. In this context conformal vertex algebras are
introduced which appear to be the right objects in conformal field theory. Finally,
the associativity of the operator product expansion is proven in detail. We conclude
this chapter with a section on induced representation of Lie algebras because they

Schottenloher, M.: Vertex Algebras. Lect. Notes Phys. 759, 171-212 (2008)
DOI 10.1007/978-3-540-68628-6_11 (© Springer-Verlag Berlin Heidelberg 2008
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have been used implicitly throughout the notes and show a common feature in many
of our constructions.

The presentation in these notes is based mainly on the course [Kac98*] and to
some extent also on the beginning sections of the book [BF01*]. Furthermore, we
have consulted other texts like, e.g., [Bor86*], [FLM88*], [FKRW95*], [Hua97*],
[Bor00*], and [BDO4*].

10.1 Formal Distributions

Let Z={zi,...,2x} be a set of indeterminates and let R be a vector space over C. A
formal distribution is a formal series

J_ J
A Zl’ ,Zn z A]Z Z A]l ----- ]nzl . 'Znn
jezn jezn

with coefficients A; € R. The vector space of formal distributions will be denoted
by R[[zf,...,zf]| =R Hzl,...,zn,Zfl ...z, '] or R[[Z*]] for short. It contains the
subspace of Laurent polynomials

R[zli,...,z,f] ={A GR[[ZT,...,Z,T]]I
Jk,1:Aj =0 except fork < j <1}.

Here, the partial order on Z" is defined by i < j <= i, < j, forallv=1,...,n
Rz, ..,2F]] also contains the subspace

Rlzi,eozall i={A:A= Y Aj 2l 2}
jeNt

of formal power series (here N = {0, 1,2,...}). The space of formal Laurent series
will be defined only in one variable

R((z)={A€R|[["]]|Zk€ZVj€Z: j<k=A;=0}.

When R is an algebra over C, the usual Cauchy product for power series

AB(z) =A(2)B(z) :== Y ( > Ain> 7

jezn \itk=j

is not defined for all formal distributions. However, given A, B € R [[Z*]], the product
is well-defined whenever A and B are formal Laurent series or when B is a Laurent
polynomial. Moreover, the product A(z)B(w) € R[[Z*,W*]] is well-defined.

In case of R = C, the ring of formal Laurent series C((z)) is a field and this
field can be identified with the field of fractions of the ring C[[z]] of formal power
series in z. In several variables we define C ((z1,...,z,)) to be the field of fractions
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of the ring C[[z1,...,24]]. This field cannot be identified directly with a field of
suitable series. For example, C((z,w)) contains f = (z —w)~!, but the following
two possible expansions of f,

% z Z—nwn — z Z—n—lwn — z an—n - _ z an—n—l’

n>0 n>0 n>0 n>0

give no sense as elements of C((z,w)). Furthermore, these two series represent two
different elements in C [[z,w*]]. This fact and its precise description are an essen-
tial ingredient of vertex operator theory. We come back to these two expansions in
Remark 10.16.

Definition 10.1. In the case pf one variable z = z; the residue of a formal distribution
A€R[z*]],A(z) = X AjZ/, is defined to be
JeZ

Res;A(z) =A_;| €R.

The formal derivative d = 9. : R[[zF]] — R[[z*]] is given by

) (ZAJZ’) =Y (j+ DAz

JEZ JEZL
One gets immediately the formulas

Res:A(z)B(z) = Y, AB_—1,
kez

Res.0A(z)B(z) = —Res;A(z)0B(z) = Y, kAxB_
keZ

provided the product AB is defined. The following observation explains the name
“formal distribution”:

Lemma 10.2. Every A € R[[z%]] acts on C[z*] as a linear map
A:C[7*] =R,
given by X(f(z)) := Res;A(z)f(z),¢ € Clz*], thereby providing an isomorphism
R[[z*]] — Hom(C[z*],R).
Proof. Of course, A € Hom(C[z],R), and the map A — A is well-defined and
linear. Due to A(f) = X Ajf_(j.) for f = > fjz/ it is injective. Moreover, any
JEL ’

p € Hom(C[z*],R) defines coefficients A; := p1(z7/~!) € R, and the distribution
A=Y A7 satisfies A(z /') =A; = u(z7/~"). Hence, A = y1 and the map A — A
is surjective. (]

This lemma shows that Laurent polynomials f € C[z*] can be viewed as to be
test functions on which the distributions A € R[[z*]] act.
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Definition 10.3. The formal delta function is the formal distribution § € C [[zF, w™|]
in the two variables z, w with coefficients in C given by

—W) — Z Zn—lw z W 1_ z Z—n—lwn.

nez nez nez

Note that § is the difference of the two above-mentioned expansions of (z—w)~!:

:Zf”*w ( zzn —n— l>.
n>0 n>0
We have

Sz—w)= Y dw'=8w-2)

k+n+1=0

3 Dt € C [
with coefficients Dy, = & _,_1. Hence, for all f € R[[z*]], the product f(z)8(z—

w) is well-defined and can be regarded as a distribution in R [[w*]]) [[z*]]. From the
formula

and

nkEZ keZ \n€zZ

f(2)8(z—w) = 2 fid 7w = 2 (2 fk+n+1wn> Z

for f =Y, fiz* one can directly read off
Lemma 10.4. For every f € R|[[zF]]

Res f(2)6(z—w) = f(w)
and
f(@)é(z—w) = f(w)é(z—w).

The last formula implies the first of the following related identities. We use the
following convenient abbreviation

during the rest of this chapter.
Lemma 10.5.
1. (z—w)é(z—w) =0,

2. (z—w)DF1§(z—w) = D*§(z—w) fork €N,

3. (z—w)"DI§(z—w) =D/""§(z—w) for jn€eN,n< j,

4. (z—w)"D"6(z—w) =8(z—w) forneN,

5. (z—w)""D"3(z—w) =0 for n € N, and therefore
(z—w)" " 1D"§(z—w) =0 for nym € N.
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Proof. 3 and 4 follow from 2, and 5 is a direct consequence of 4 and 1. Hence, it
only remains to show 2. One uses §(z—w) = ¥ z ™ 'w” to obtain the expansion

me7Z
k1§ (z—w)= 3 m...(m—k)z7" 'w" %=1 and one gets
meZ
(Z w)8»'j+16 Z _ z . Z—mwm—k—l _Z—m—lwm—k)
mez
=Y (m+)m...(m—k+1))— (m...(m—k))z " twnk
me”Z
(k+1) Y m...(m—k+1)z " W = (k+1)058(z—w),
meZ
which is property 2 of the Lemma. (]

As a consequence, for every N € N, N > 0, the distribution (z —w)" annihilates
all linear combinations of d¥8(z—w), k=0,...,N — 1, with coefficients in R [[w*]].
The next result (due to Kac [Kac98*]) states that these linear combinations already
exhaust the subspace of R [[zF, w™]] N

annihilated by (z —w)".
Proposition 10.6. For a fixed N € N, N > 0, each
fEeR[[z5,wH]]with (z—w)Nf=0

can be written uniquely as a sum
ZCJ )DLS8(z—w) , ¢/ € R[[wF]].

Moreover, for such f the formula

c"(w) = Res;(z—w)"f(z,w)

holds for 0 <n < N.

N accord-

Proof. We have stated already that each such sum is annihilated by (z —w)
ing to the last identity of Lemma (10.5).
The converse will be proven by induction. In the case N = 1 the condition

(z—w)f(z,w) = 0for f(z,w) =3 fum?"W" € R[[z*,w*]] implies
0= anmZnJrl m f Zn m+1 __ Z(fmm-H _ﬁ1+1,m)Z,1+]Wm+]7

and therefore f,, 11 = fuy1,m for all n,m € Z. As a consequence, fo 1 = fim =
Sim—k—1 for all m,k € Z which implies

=3 fimika?w" =3 fiaw" Y Fw = (w)d(z—w)

mk€Z meZ keZ

with ¢®(w) = ¥, fi ,,w™. This concludes the proof for N = 1.
For a general N € N,N > 0, let f satisfy
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0= (—w)"" " flz.w) = @=w)" (2= w)f(zw).

The induction hypothesis gives
(z—w)f Zd/ )DIS(z—w),
hence, by differentiating with respect to z
f+(z de )9-D7 (7 —w) Zd’ Y+ 1D (z—w).

Here, we use d,6(z —w) = —d,,0(z — w). Now, applying the induction hypothesis
once more to

A((z=w)"f) = = W)V (N+1)f + (z=w)df) =0
we obtain

(N+1)f+(z—w Zef )D'8(z—w).

By subtracting the two relevant equations we arrive at
N . .
Nf= 2 DL~ w)+ Y jai " (WD~ w),
j=1
and get

N
Z w)D/§(z—w)

for suitable ¢/(w) € R[[w*]].
The uniqueness of this representation of f follows from the formula ¢"(w) =
Res;(z—w)" f(z,w) which in turn follows from

(z=w)"f(z,w) =" (W) f(z,w),0 <n <N — 1,iff(z,w) = Zc )D/§(z,w)
by applying Lemma 10.4. Finally, the identities (z —w)"f(z,w) = " (w) f(z,w) are
immediate consequences of

(z—w)"DL8(z—w) =0forn > j

and . .
(z—w)"D},6(z—w)=D'""8(z—w)

for n < j (cf. Lemma 10.5). (I



10.2 Locality and Normal Ordering 177

Analytic Aspects. For a rational function F(z, w) in two complex variables z, w with
poles only at z=0,w =0, or |z| = |w| one denotes the power series expansion of F
in the domain {|z| > |w|} by 1., F and correspondingly the power series expansion
of F in the domain {|z| < |w|} by ,,.F. For example,

1 _ < my\ _m—1 m—j
ot = 5 ()7

m=0

1 o [—m ;

_ m—1. —m—

zwyzi( T - ) wm
=W m=1 J

In particular, as formal distributions

1 1 — -
lZ’W(Z*W)_lW’Z(Z*W) = ZZ WM 4 ZZm w "

m>0 m>0
=Y "W =8(z—w) (10.1)
meZ

and similarly for the derivatives of &,

: 1 1 m\ 1 m—i
D]5(Z*W):lz,w(z_w)j+]*lw,z(z_w)]gr] Z()Z 1W J

10.2 Locality and Normal Ordering

Let R be an associative C-algebra. On R one has automatically the commutator
[S,T]=ST —T8, for S,T € R.

Definition 10.7 (Locality). Two formal distributions A, B € R [[z*]] are local with
respect to each other if there exists N € N such that

(z=w)"[A(2),B(w)] =0

in R[[z5,wk]].

Remark 10.8. Differentiating (z — w)"[A(z), B(w)] = 0 and multiplying by (z —w)
yields (z —w)N*1[dA(z), B(w)] = 0. Hence, if A and B are mutually local, dA and B
are mutually local as well.

In order to formulate equivalent conditions of locality we introduce some no-
tations. For A = Y A,z we mostly write A = ZA(,,Oz’”’l such that we have the
following convenient formula:

A(n) = A—n—l = ReSZA(Z)Zn.
We break A into

Ae)- = AW AR = YA

n>0 n<0
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This decomposition has the property
(0A(z2))+ = d(A(z)+),
and conversely, this property determines this decomposition.

Definition 10.9. The normally ordered product for distributions A, B € R [[zF]] is the
distribution

HAR)B(W): == A(2) s Bw) + BwA(D)- € R [[5,w¥]].
Equivalently,
tA(2)B(w): = 3 (Z AmBuwz "+ X B<n>A<m>Z'"1> w
nezZ \m<0 m>0

and the definition leads to the formulas

With this new notation the result of Proposition 10.6 can be restated as follows.

Theorem 10.10. The following properties are equivalent for A,B € R|[[z*]] and
NeN:

1. A, B are mutually local with (z—w)N[A(z),B(w)] = 0.

2. [A(z),B(w)] = Y, C/(w)D/&(z—w) for suitable C € R[[w*]].

3 AR) BV = 3t CI(w),

~[AR)+.BwW)] = g we g€l (w)
for suitable C/ € R[[w ]]

Z

4. A(2)B(w) = E&w ) 2 AR)BOw):,

Bw)A(z) = ima T Cl W)+ A()B(w):

Sfor suitable CJ € R[[w]].

N-1

5. AmBw] = X (';.’)C(Jmﬂhj)7 m,n € 7, for suitable C/ = ]E,ZC(J,{)W’]"1
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The notation of physicists for the first equation in 4 is

¥ ) +:A(z)B(w):

A(z)B(w) = Om :

j:
with the implicit assumption of |z| > |w| in order to justify

1 1
(Z_W)jJrl = lZ,W (Z—W)j+l .

Another frequently used notation for this circumstance by restricting to the singular
part is
N—-1 C j (W)

A(z)B(w) ~ Jg{] (z—w)itl

Here, ~ denotes as before (Sect. 9.2, in particular (9.5)) the asymptotic expansion
neglecting the regular part of the series. This is a kind of operator product expansion
as in Sect. 9.3, in particular (9.13).

As an example for the operator product expansion in the context of formal dis-
tributions and vertex operators, let us consider the Heisenberg algebra H and its
generators a,,Z € H, with the relations (cf. (4.1) in Sect. 4.1)

[am;an] = mOusnZ , [amaZ] =0

form,n € Z. Let U (H) denote the universal enveloping algebra (cf. Definition 10.45)

of H. Then A(z) = ¥, a,z "' defines a formal distribution a € U (H) [[z*]]. It is
nez
easy to see that

[A(2),A(w)] = 96(z—w)Z,

since
Z [arman}zfmflwfnfl _ Z mzfmflwmflz.

m,nez mez

As a result, the distribution A is local with respect to itself. Because of C!(w) = Z
and C/(w) = 0 for j # 1 in the expansion of A(z)A(w) according to 4 in Lemma 10.5
the operator product expansion has the form

z

A(2)A(w) ~ o

Another example of a typical operator product expansion which is of particular
importance in the context of conformal field theory can be derived by replacing the
Heisenberg algebra H in the above consideration with the Virasoro algebra Vir. As
we know, Vir is generated by L,,,n € Z, and the central element Z with the relations

m
[Lin, L] = (m—n)Lyysn + ﬁ(m2 —1)0nsnZ , lam,Z] =0,
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for m,n € Z. We consider any representation of Vir in a vector space V with L, €
End V and Z = cidy. Then

T()= Y Lz ">

nez
defines a formal distribution (with coefficients in End V). A direct calculation (see
below) shows

7(2), T (w)] = %935(Z—W) 2T ()OS (2 — W)+ AT (W) S (z— W)

and, therefore, according to our Theorem 10.5 with N = 4 the following OPE holds
(observe the factor 3! = 6 in the first equation of property 4 of the theorem):
c 1 2T (w) AT (w)

T(2)T(w) ~ e T oW T o) (10.2)

which we have encountered already in (9.5).
In order to complete the derivation of this result let us check the identity for
[T(z), T (w)] stated above:

(1@ T06)] = Bl Lol ™ 2

m,n

_ —nL '7n172 —n—2 m 2_1 —m—2 m72Z.
S 2w S 1)z

m,n

Substituting k = m + n in the first term and then [ = m + 1 we obtain

Z(m _ n)Lm+nZ7m72wfn72

m,n

_ 2(2,,” . k)LkZ—m—ZW—k+m—2

k.m
=Y (21 —k—2)Liz w3
k.l
—_ zszwfklezflflwlfl + 2(—]( _ 2)LkW7k73Z7171Wl
Kl k.l

=2T(w)dyb(z—w)+ 3T (W)S(z—w).

The second term is (substituting m+ 1 = n)

E _ _ —n—1 n73_£ 3 _
122,;‘"(” Dn—=2)z7""'w —128W5(z w).

Note that the expansion (10.2) can also be derived by using property 5 in

Lemma 10.5 by explicitly determining the related C (n) t0 obtain C/(w).
Without proof we state the following result:
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Lemma 10.11 (Dong’s Lemma). Assume A(z),B(z),C(z) are distributions which
are pairwise local to each other, than the normally ordered product :A(z)B(2): is
local with respect to C(z) as well.

10.3 Fields and Locality

From now on we restrict our consideration to the case of the endomorphism al-
gebra R = EndV of a complex vector space consisting of the linear operators
b:V —V defined on all of V. The value b(v) of b at v € V is written b(v) = b.v or
simply bv.

Definition 10.12. A formal distribution
a € EndV [[zi” ,a= Za(n)f”*l,

is called a field if for every v € V there exists nyp € N such that for all n > ng the
condition
am(v) =apv=auy=0

is satisfied.

Equivalently, a(z).v = X.(a(,) )z~ is a formal Laurent series with coefficients

in V, that is a(z).v € V ((z)). We denote the vector space of fields by Z (V). As a
general rule, fields will be written in small letters a,b,... in these notes whereas
A,B,... are general formal distributions.

We come back to the example given by the Heisenberg algebra and replace
the universal enveloping algebra by the Fock space S = C[T},T5,...| (cf. (7.12) in
Sect. 7.2) in order to have the coefficients in the endomorphism algebra End S and
also to relate the example with our previous considerations concerning quantized
fields in Sect. 7.2. Hence, we define

D(z) := 2 anz "1,

nez

where now the a, : S — S are given by the representing endomorphisms a, =
p(an) € End S: For a polynomial P € S and n € N,n > 0, we have

an(P) = TT,ZP’

ap(P) =0,
a_n(P) = nT,P,

Z(P)=P.

The calculation above shows that @ is local with respect to itself, and it satisfies
the operator product expansion
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with the understanding that a scalar A € C (here A = 1) as an operator is the operator
Aids. Moreover, @ is a field: Each polynomial P € S depends on finitely many

variables T,,, for example on Ty, ..., T} and, hence, a,P = 0 for n > k. Consequently,
d()P = Z an(P)zfn’l = Zan(P)zfn’l = z a_m—1(P)7"
nez n<k m>—k—1

is a Laurent series. The field @ is the quantized field of the infinite set of harmonic
oscillators (cf. Sect. 7.2) and thus represents the quantized field of a free boson.
In many important cases the vector space V has a natural Z-grading

V=,

nez

with V,, = {0} for n < 0 and dimV,, < e. An endomorphism 7" € End V is called
homogeneous of degree g if T(V,,) C Vy44. A formal distribution a = 2(1(,,)2*”’1 €
End V [[z*]] is called homogeneous of (conformal) weight h € Z.if each agy : V —V
is homogeneous of degree i — k — 1. In this case, for a given v € V,,, it follows that
a(kyv € Vinrn—k—1, and this implies a(zyv = 0 form+h—k—1 <0, thatis k > m+h.

Therefore, 3, (a(k)v)z’k’l is a Laurent series and we have shown the following
k>m-+h
assertion:

Lemma 10.13. Any homogeneous distribution a € End V [[z*]] is a field.

In our example of the free bosonic field @ € End S [[z*]] there is a natural grading
on the Fock space S given by the degree

m
deg(AT,, ... Ty,) == X, nj
=

of the homogeneous polynomials P = AT, ...T,,

S, :=span{P : P homogeneous with deg(P) =n}

with S = @S,, Sy = {0} for n < 0 and dimS, < c. Because of deg(ay)P) =
deg(P) — k if agP # 0 (ag) = ai in this special example) we see that a is ho-
mogeneous of degree —k and the field @ is homogeneous of weight 7 = 1.

Remark 10.14. The derivative da of a field a € .# (V) is a field and the normally
ordered product :a(z)b(z): of two fields a(z),b(z) is a field as well. Because of
d(a(z)+) = (da(z))+, the derivative d : F# (V) — % (V) acts as a derivation with
respect to the normally ordered product:

d(:a(z)b(z):) = :(da(z))b(z): +:a(z)(db(z)):.
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Moreover, using Dong’s Lemma 10.11 we conclude that in the case of three pairwise
mutually local fields a(z),b(z),c(z) the normally ordered product :a(z)b(z): is a
field which is local with respect to ¢(z). The corresponding assertion holds for the

normally ordered product of more than two fields a'(z),a*(z),...,a"(z) which is
defined inductively by
2a'(z)...d"(2)d"™ N (2): ==1d' (2)...:d"(2)d" T (2): .. k.

It is easy to check the following behavior of the weights of homogeneous fields.

Lemma 10.15. For a homogeneous field a of weight h the derivative da has weight
h+ 1, and for another homogeneous field b of weight h' the weight of the normally
ordered product :a(z)b(z): ish+h'.

We want to formulate the locality of two fields a,b € .# (V) by matrix coefficients.

For any v € V and any linear functional u € V* = Hom(V,C) the evaluation
(,a(z).3) = (alz).v) = 3 gy v)z !

yields a formal Laurent series with coefficients in C, i.e., (it,a(z).v) € C((z)). The

matrix coefficients satisfy (u,a(z)b(w).v) € C[[zF,w*]] in any case, since they are

formal distributions. A closer inspection regarding the field condition for a and b

shows
(w,a(2)b(w).v) = ¥, wa(@)byyv)w™" " € C((2) ().
Similarly,

(1;b(w)a(z).v) € C((w)) ((2))-

In which sense can such matrix coefficients commute? Commutativity in this
context can only mean that the equality

(;a(2)b(w).v) = (,b(w)a(z).v)

holds in the intersection of C ((z)) ((w)) and C ((w)) ((z)). Consequently, these ma-
trix coefficients of the fields a, b to u,v commute if and only if the two series are ex-
pansions of one and the same element in C [[z*,w*]] [z~!,w™!]. Fields a,b € Z (V)
whose matrix coefficients commute in this sense for all i, v are local to each other,
but locality for fields in general as given in Definition 10.7 is a weaker condition as
stated in the following proposition.

Before formulating the proposition we want to emphasize that it is particularly
important to be careful with equalities of series regarding the various identifications
or embeddings of spaces of series. This is already apparent with our main example,
the delta function. Observe that we have two embeddings

C((zw)) = C((2)) (W), C((z;w)) = C((w)) ((2))
of the field of fractions C ((z,w)) of C[[z,w]] induced by the natural embeddings
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Cllz,wl] = C((2)) (), Cllz,w]] = C((w)) ((2))

and the universal property of the field of fractions C((z,w)). Moreover, the two
spaces C((z))((w)) and C((w))((z)) both have a natural embedding into
C[[z*,w*]] the full space of formal distributions in the two variables z,w. Now,
for a Laurent polynomial P(z,w) € C[z*,w™] considered as an element in C ((z,w))
the two embeddings of P agree in C[[z*,w™]]. However, this is no longer true for
general elements f € C((z,w)).

Remark 10.16. For example, the element f = (z—w)~! € C((z,w)) induces the
element

—w) = ey = !
8- (z—w) Ebz S p—
in C((z)) ((w)) and the element —&; (z—w) in C((w)) ((z)) where
—w) =Y w =, ! .
6+ (Z ) ,gz) Z w,z (Z — W)

Hence their embeddings in C [[z,w*]] do not agree; the difference §_ — & is, in

fact, the delta distribution §(z —w) = ¥, z7"~!w”, cf. (10.1).
nez

If we now multiply f by z—w we obtain 1 which remains 1 after the embedding
into C [[z=, w*]]. Therefore, if we multiply §_ and —& by z—w we obtain the same
element 1 in C[[zF,w*]]. We are now ready for the content of the proposition.

Proposition 10.17. Two fields a,b € F (V) are local with respect to each other if
and only if for all u € V* and v € V the matrix coefficients (u,a(z)b(w).v) and
(1,b(w)a(z).v) are expansions of one and the same element f, , € C[[z,w]][z7",
w™ (z—w)™")] and if the order of pole in z —w is uniformly bounded for the u €

V¥veV.

Proof. When N € N is a uniform bound of the order of pole in z —w of the f
one has (z—w)" fy, € C[[z5,w*]][z7!,w™!] uniformly for all 4 € V*,v € V. The
expansion condition implies

(z=w)" (1, a(@)b(w).v) = (@ =w)" fuuw = (2= w)" (1, b(w)a(2).v).

Consequently, (z—w)N{u,[a(z),b(w)].v) = 0, and therefore

and finally (z —w)"[a(z),b(w)] = 0.

Conversely, if the fields a,b are local with respect to each other, that is if they
satisfy (z—w)"[a(z),b(w)] = O for a suitable N € N, we know already by property
4 of Theorem 10.10 that
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N-1 1

a(Z)b(W) = Z(,) lzw mcj(w) + :a(Z)b(W): ,
zuu L) +sal ()

for suitable fields ¢/ € R|[[w*]] given by Res,(z —w)/[a(z),b(w)]. This shows that
(u,a(z)b(w).v) and (u,b(w)a(z).v) are expansions of

(e ()) + (za(2)b(w) ).

10.4 The Concept of a Vertex Algebra

Definition 10.18. A vertex algebra is a vector space V with a distinguished vector
Q (the vacuum vector)', an endomorphism 7 € End V (the infinitesimal transla-
tion operator)?, and a linear map Y : V — % (V) to the space of fields (the vertex
operator providing the state field correspondence)

a—Y(a,z)= Zan -l ) €End V,
ne

such that the following properties are satisfied: For all a,b € V

Axiom V1 (Translation Covariance)
[Tv Y(a, Z)] = aY(a,Z),

Axiom V2 (Locality)
(z—w)N[Y(a,2),Y (b,w)] =0

for a suitable N € N (depending on a, b),
Axiom V3 (Vacuum)
TQ=0,Y(Q,z) =idy,Y (a,2)Q|,—0 = a.

The last condition ¥ (a,z)Q|,—¢ = a is an abbreviation for a(,)Q = 0,n > 0 and
a_Q=awhenY(a,z) = Xag)z "' In particular,

Y(a,2)Q=a+ Y, (apQ)z"" 1—a+2 Q) eV[[].

n<—1 k>0

! We keep the notation Q for the vacuum in accordance with the earlier chapters although it is
common in vertex algebra theory to denote the vacuum by |0).

2 Not to be mixed up with the energy—momentum tensor 7(z).
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Several variants of this definition are of interest.

Remark 10.19. For example, as in the case of Wightman’s axioms (cf. Remark 8.12)
one can adopt the definition to the supercase in order to include anticommuting
fields and therefore the fermionic case. One has to assume that the vector space V is
7./27-graded (i.e., a superspace) and the Locality Axiom V2 is generalized accord-
ingly by replacing the commutator with the anticommutator for fields of different
parity. Then we obtain the definition of a vertex superalgebra.

Remark 10.20. A different variant concerns additional properties of V since in
many important examples V has a natural direct sum decomposition V = @, _,V,
into finite-dimensional subspaces V,,. In addition to the above axioms one requires
Q to be an element of V) or even Vp = CQ, T to be homogeneous of degree 1 and
Y (a,z) to be homogeneous of weight m for a € V,,. We call such a vertex algebra a
graded vertex algebra.

Remark 10.21. The notation in the axioms could be reduced, for example, the in-
finitesimal translation operator 7 can equivalently be described by Ta = a(_,)€2 for
allaeV.

Proof. In fact, the Axiom V1 reads for Y (a,z) = Ea(n)z*"’lz

SiTawla "' =Y (—n—Dagz "> =Y —nag_z " ".

Hence, [T,a(,)] = —na,_,). Because of TQ = 0, this implies Ta,)Q = —na,_)Q.
For n = —1 we conclude a(_5)Q = Ta(_1)Q = Ta, where a(_1)Q = a is part of the
Vacuum Axiom V3. O

Vertex Algebras and Quantum Field Theory. To bring the new concept of a vertex
algebra into contact to the axioms of a quantum field theory as presented in the last
two chapters we observe that the postulates for a vertex algebra determine a structure
which is similar to axiomatic quantum field theory.

In fact, on the one hand a field in Chap. 8 is an operator-valued distribution

O, —EndV

indexed by a € I with V = D a suitable common domain of definition for all the
operators ®(f), f € .. On the other hand, a field in the sense of vertex algebra
theory is a formal series Y (a,z) € End V [[z¥]], a € V, which acts as a map

Y(a,):C[[z*]] = End V

as has been shown in Lemma 10.2. This map resembles an operator-valued distribu-
tion with C [[z*]] as the space of test functions.

Locality in the sense of Chap. 9 is transferred into the locality condition in Ax-
iom V2. The OPE and its associativity is automatically fulfilled in vertex algebras
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(see Theorem 10.36 below). However, the reflection positivity or the spectrum con-
dition has no place in vertex algebra theory since we are not dealing with a Hilbert
space. Moreover, the covariance property is not easy to detect due to the absence
of an inner product except for the translation covariance in Axiom V2. Finally, the
existence of the energy—momentum tensor as a field and its properties according to
the presentation in Chap. 9 is in direct correspondence to the existence of a confor-
mal vector in the vertex algebra as described below in Definition 10.30.

Under suitable assumptions a two-dimensional conformally invariant field theory
in the sense of Chap. 9 determines a vertex algebra as is shown below (p. 190).

We begin now the study of vertex algebras with a number of consequences of
the Translation Covariance Axiom V1. Observe that it splits into the following two
conditions:

[T,Y(a,z)+] =dY(a,z)+.

The significance of Axiom V1 is explained by the following:
Proposition 10.22. Any element a € V of a vertex algebra V satisfies
Y(a,2)Q = ¢ a,

Y (a,2)e™" =Y (a,z+w),
Y (a,2)2e ™ = Y(a,z4w)s,

where the last equalities are in End V [[z%]] [[w]] which means that (z+w)" is re-
placed by its expansion 1, (z+w)" = Y450 (1) 2wk € C[[z*]] [[w]].

For the proof we state the following technical lemma which is of great impor-
tance in the establishment of equalities.

Lemma 10.23. Let W be a vector space with an endomorphism S € End W. To each
element fy € W there corresponds a uniquely determined solution

=2 hHewl]

n>0

of the initial value problem
d
1) = S£().£0) = fo

Infact, f(z) =5 fo =3 %Snfozn~

Proof. The differential equation means > (n+ 1)f,+12" = 3. Sf,7", and therefore
(n+1)fus1 = Sfy, for all n > 0, which is equivalent to f;, = n%S”fo. O

Proof. (Proposition 10.22) By the translation covariance we obtain for f(z) =
Y(a,z)Q (€ V[[z]] by the Vacuum Axiom) the differential equation 0 f(z) = T f(z).
Applying Lemma 10.23 to W =V and S = T yields f(z) = e’?a = T a. This
proves the first equality. To show the second, we apply Lemma 10.23 to W =
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End V[[z*]] and S = adT. We have 9,,("7Y (a,z)e™T) = [T,e"TY (a,z)e™T] =
adT (e"7Y (a,z)e T) by simply differentiating, and 9, Y (a,z+w) = [T,Y (a,z+w)]
by translation covariance. Because of Y (a,z) =Y (a,z+w)|w=0 the two solutions of
the differential equation d,, f = (adT')(f) have the same initial value fy =¥ (a,z) €
End V [[zF]] and thus agree. The last equalities follow by observing the splitting
[T,Y(a,z)+] =Y (a,z)+. O

In order to describe examples the following existence result is helpful:

Theorem 10.24 (Existence). Let V be a vector space with an endomorphism T and
a distinguished vector Q € V. Let (®,)qe1 be a collection of fields

Dy(2) = Yagz " =a(z) € End V [[z]]

indexed by a linear independent subset I C 'V such that the following conditions are
satisfied for all a,b € I:

1. [T, ®4(z)] = 0Dq(z).

2.TQ=0and ®,(z)Q|,—0 =a.

3. ©, and @, are local with respect to each other.

4. The set {a(lfkl)a%sz) . .a?imﬂ :al € Lkj € Z,k; > 0} of vectors along with Q
forms a basis of V.

Then the formula
Y(al gy af gy @2): =D, (7). DT D (2): (10.3)

together with Y (Q,z) = idy defines the structure of a unique vertex algebra with
translation operator T, vacuum vector Q, and

Y(a,z) =®,(z) foralla e I.

Proof. First of all, we note that the requirement ®,(z)Q|,—o = a in condition 2,
that is Za(,l)(Q)z_"_l |:=0 = a, implies that a = a(_)<Q for each a € I. Therefore,
Y(a,z) =Y (a_1)Q,z) = :D°Dy(2): = @q(z) for a € I if everything is well-defined.
According to condition 4 the fields ¥ (a,z) will be well-defined by formula (10.3).

To show the Translation Axiom V1 one observes that for any endomorphism
T € End V the adjoint adT : .# (V) — .Z (V) acts as a derivation with respect to the
normal ordering:

[T,:a(2)b(z):] = :[T,a(z)]b(z): +:a(2)[T,b(z)]:.

Moreover, ad7 commutes with D, k € N. Since the derivative d is a derivation
with respect to the normal ordering as well (cf. Remark 10.14) commuting with D*,
and since adT and d agree on all @,,a € I, by condition 1, they agree on all repeated
normally ordered products of the fields D*®,(z) for all a € I,k € N, and hence on
all Y (b,z),b € V, because of condition 4 and the formula (10.3).

To check the Locality Axiom V2 one observes that all the fields
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DF®,(z), a e LLkeN,

are pairwise local to each other by condition 3 and Remark 10.8. As a consequence,
this property also holds for arbitrary repeated normally ordered products of the
D*¢,(z) by and Dong’s Lemma 10.11 and Remark 10.14.

Finally, the requirements of the Vacuum Axiom V3 are directly satisfied by as-
sumption 2 and the definition of Y. U

The condition of being a basis in Theorem 10.24 can be relaxed to the re-
quirement that {ag—kl)a%—kz)“'a?—k,,)g cal € Lk; € Z,kj > 0} U{Q} spans V
(cf. [FKRW95%]). With this result one can deduce that in a vertex algebra the field
formula (10.3) holds in general.

Heisenberg Vertex Algebra. Let us apply the Existence Theorem 10.24 to de-
termine the vertex algebra of the free boson. In Sect. 10.3 right after the Defini-
tion 10.12 we have already defined the generating field

D(z) = 2“}117"7]

with a, € End S. We use the representation H — End S = C[T},T5,...] of the
Heisenberg Lie algebra H in the Fock space S which describes the canonical quan-
tization of the infinite dimensional harmonic oscillator (cf. p. 114). The vacuum
vector is Q = 1, as before, and the definition of the action of the a, on S yields
immediately a,Q = 0 for n € Z,n > 0. It follows

O(2)Q= Y (@,Q)z "' =Y (a1Q)Z.

n<0 k>0

Consequently, ®(z)Q|,—¢o = a_1Q. Hence, to apply Theorem 10.24 we set @, =
O witha:=a_1Q=T; € Sand I = {a}. We know that the properties 3 and 4 of the
theorem are satisfied.
In order to determine the infinitesimal translation operator 7 we observe that T
has to satisfy
[T,a,] = —nay,—1, TQ=0,

by property 1 and the first condition of property 2. This is a recursion for T deter-
mining 7 uniquely. We can show that

T= Z a_pm—10py. (10.4)

m>0
In fact, the endomorphism

"= a_m1ay €End H
m>0

is well-defined and has to agree with T since T7’Q = 0 and T’ satisfies the same
recursion [T, a,| = —na,—;: If n > 0 then aya, = ayay, and [a_p—1,a,] = (—m —
1)8y—m—1 for m > 0, hence [a—p—1am,an] = [a—m—1,an]am = —(m~+1)8y—m—1am,
and therefore
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[T’ a,) = 2 —(m+1)8—m—1am = —nay_i.
m>0

Similarly, if n < 0 we have [a,,, a,] = mOy+n and a_p— 10y = ana_p—; form >0,
hence [a—y—1am,an) = MOy+na_m—1, and therefore again [T, a,] = —na,_;.
Now, the theorem guarantees that with the definition of the vertex operation as

Y(a,z) := ®(z) fora =T, and
Y(Ti, - Tiyy2): =: DM 1D(2) ... D" D(2):

for k; > 0 we have defined a vertex algebra structure on S, the vertex algebra associ-
ated to the Heisenberg algebra H. This vertex algebra will be called the Heisenberg
vertex algebra S.

In the preceding section we have introduced the natural grading of the Fock
space S = @S, and we have seen that ®(z) is homogeneous of degree 1. Using
Lemma 10.15 on the weight of the derivative of a homogeneous field it follows
that D¥~'®(z) is homogeneous of weight k for k > 0 and therefore, again using
Lemma 10.15 on the weight of a normally ordered product of homogeneous fields,
that Y (7, ...Ti,,z) has weight k; + ...+ k, = deg(Ty, ... T}, ). As a consequence,
for b € S,, the vertex operator Y (b,z) is homogeneous of weight m and thus the re-
quirements of Remark 10.20 are satisfied. The Heisenberg vertex algebra is a graded
vertex algebra.

Vertex Algebras and Osterwalder—Schrader Axioms. Most of the models satis-
fying the six axioms presented in Chap. 9 can be transformed into a vertex algebra
thereby yielding a whole class of examples of vertex algebras. To sketch how this
can be done we start with a conformal field theory given by a collection of correla-
tion functions satisfying the six axioms in Chap. 9. According to the reconstruction
in Theorem 9.3 there is a collection of fields ®, defined as endomorphisms on a
common dense subspace D C H of a Hilbert space H with Q € D.

Among the fields @, in the sense of Definition 9.3 we select the primary fields
(®y)acp, - We assume that the asymptotic states a 1= ®,(2)Q2|.—¢ € D exist. Without
loss of generality we can assume, furthermore that {a : a € By} is linearly indepen-
dent. Otherwise, we delete some of the fields.

The operator product expansion (Axiom 6 on p. 168) of the primary fields allows
to understand the fields @, as fields

D,(z) = ZG(ﬂ)z_"_l € End D[[z7]]
in the sense of vertex algebras. We define V C D to be the linear span of the set
E = {a%fma%sz) SR/ O a’ € By,k; € Z,k; > 0} U{Q}
and obtain the fields @,,a € By, as fields in V' by restriction

D4(z) = Y apz "' €End V [[]].
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Now, using the properties of the energy—momentum tensor 7'(z) = ¥ L,z "2 we
obtain the endomorphism L_; : V — V with the properties [L_;,®,] = d®, (the
condition of primary fields (9.6) for n = —1) and L_;Q = 0. Moreover, the fields ®
are mutually local according to the locality Axiom 1 on p. 155.

We have thus verified the requirements 1-3 of the Existence Theorem where L_
has the role of the infinitesimal translation operator. If the set E C V is a basis of
V we obtain a vertex algebra V with ®,(z) = Y(a,z) according to the Existence
Theorem reflecting the properties of the original correlation functions. If D is not
linear independent we can use the above-mentioned generalization of the Existence
Theorem (cf. [FKRW95%*]) to obtain the same result.

We conclude this section by explaining in which sense vertex algebras are natural
generalizations of associative and commutative algebras with unit.

Remark 10.25. The concept of a vertex algebra can be viewed to be a generalization
of the notion of an associative and commutative algebra A over C with a unit 1. For
such an algebra the map

Y:A—EndA, Y(a).b:=abforalla,bcA,

is C-linear with Y (a)l =a and Y (a)Y (b) =Y (b)Y (a). Hence, Y (a,z) = Y (a) defines
a vertex algebra A with 7 =0 and Q = 1.

Conversely, for a vertex algebra V without dependence on z, that is Y (a,z) =
Y (a), we obtain the structure of an associative and commutative algebra A with 1 in
the following way. The multiplication is given by

ab:=Y(a).b, fora,bc A:=V.

Hence, Q is the unit 1 of multiplication by the Vacuum Axiom. By locality
Y(a)Y (b) =Y (b)Y (a), and this implies ab =Y (a)b =Y (a)Y (b)Q =Y (b)Y (a)Q =
ba. Therefore, A is commutative. In the same way we obtain a(cb) = c(ab):

a(eb) =Y (a)Y ()Y (D)Q =Y (c)Y(a)Y (b)Q = c(ab),

and this equality suffices to deduce associativity using commutativity: a(bc) =
a(cb) = c(ab) = (ab)c.

Another close relation to associative algebras is given by the concept of a holo-
morphic vertex algebra.

Definition 10.26. A vertex algebra is holomorphic if every Y (a,z) is a formal power
series Y (a,z) € End V [[z]] without singular terms.

The next result is easy to check.

Proposition 10.27. A holomorphic vertex algebra is commutative in the sense that
for all a,b € V the operators Y (a,z) and Y (b,z) commute with each other. Con-
versely, this kind of commutativity implies that the vertex algebra is holomorphic.
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For a holomorphic vertex algebra the constant term a(_;) € End V' in the
expansion

=Y awz " =Y a ey Z = a1+ Y, 4 ()

n<0 k>0 k>0

determines a multiplication by ab := a(_)b. Now, for a,b € V one has [Y(a,z),
Y(b,z)] = 0 and this equality implies a(_;)b(_j) = b(_1)a(_1. In the same way as
above after Remark 10.25 the multiplication turns out to be associative and commu-
tative with Q as unit.

The infinitesimal translation operator T acts as a derivation. By Axiom V1
[T,a(_1))] = a(_z). Because of (Ta)_;) = a(_,) which can be shown directly but
also follows from a more general formula proven in Proposition 10.34 we obtain

T(ab) = Ta__pb=a\Tb+ (Ta)(,wb =a(Tbh)+ (Ta)b.

Proposition 10.28. The holomorphic vertex algebras are in one-to-one correspon-
dence to the associative and commutative unital algebras with a derivation.

Proof. Given such an algebra V with derivation T : V — V we only have to construct
a holomorphic vertex algebra in such a way that the corresponding algebra is V. We
take the vacuum Q to be the unit 1 and define the operators Y (a,z) by
T"a
i, n
Y(a,z):=¢"a= 2 B

n>0 n

The axioms of a vertex algebra are easy to check. Moreover,

az —a+z

n>0

hence a(_ 1) = a which implies that by ab = a(_1)b we get back the original algebra
multiplication. (]

Note that 7" may be viewed as the generator of infinitesimal translations of z on
the formal additive group. Thus, holomorphic vertex algebras are associative and
commutative unital algebras with an action of the formal additive group. As a con-
sequence, general vertex algebras can be regarded to be “meromorphic” generaliza-
tions of associative and commutative unital algebras with an action of the formal
additive group. This point of view can be found in the work of Borcherds [Bor00*]
and has been used in another generalization of the notion of a vertex algebra on the
basis of Hopf algebras [Len07%*].

10.5 Conformal Vertex Algebras

We begin this section by completing the example of the generating field
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L(Z) - Zaniniz

associated to the Virasoro algebra for which we already derived the operator product
expansion (10.2) in Sect. 10.2:

1 2L(w)  dwL(w)

Li)L(w) ~ 2 (z—w)* + (z—w)?2  (z—w)’

(10.5)

(We have changed the notation from 7'(z) to L(z) in order not to mix up the notation
with the notation for the infinitesimal translation operator 7'.)
Now, we associate to Vir another example of a vertex algebra.

Virasoro Vertex Algebra. In analogy to the construction of the Heisenberg vertex
algebra in Sect. 10.4 we use a suitable representation V.. of Vir where ¢ € C is the
central charge. This is another induced representation, cf. Definition 10.49. V, is
defined to be the vector space with basis

o i > oo >2,nj € NJke N}U{Q}

(similar to the Verma module M(c,0) in Definition 6.4 and its construction in
Lemma 6.5) together with the following action of Viron V.. (n,n; € Z,n1 > ...nx >
2,k € N):

Z = cidy,,
L,Q:=0,n>-1,neZ,

k
LOVnIA..nk = (Z nj)an...nka
j=1

L ,Q:= Vi, 2> 27 and Lfnvn]...nk = Voo o 1 > ny.

The remaining actions L,v,v € V., are determined by the Virasoro relations, for
example L_ v, = (n— 1)v,11 or Ly, = t5en(n? — 1)Qif n > 1, in particular Ly, =
%CQ, since

Loyvy=L L, Q=L ,L 1Q+(—1+n)L_1_,Q=((n—1)vy4,

and L,v, =L,L_,Q=L_,L,Q+2nLyQ+ ﬁn(n2 —1)Q with L,Q = LyQ = 0. The
definition L(z) = ¥, L,z "2 directly yields that L(z) is a field, since for every v € V,
there is NV such that L,v =0 for all n > N.

Observe that V. as a vector space can be identified with the space C[T3, T3, .. .| of
polynomials in the infinitely many indeterminates 7}, j > 2.

To apply Theorem 10.24 with L(z) as generating field we evaluate, first of all,
the “asymptotic state” L(z)Q|,—o =: a € S. Because of L,Q = 0 for n > —2 and
L_,Q =v, forn > 2 we obtain

a=L(z)Ql=0 = Z LmQZ_m_2|z:0 =L ,Q=v.

m<—2
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We set [ = {a} = {v»} and ®,(z) := L(z) in order to agree with the notation in
Theorem 10.24.

Proposition 10.29. The field ®,(z) = L(z),a = vy, generates the structure of a ver-
tex algebra on V, with L_1 as the infinitesimal translation operator. V. is called the
Virasoro vertex algebra with central charge c.

Proof. Property 3 of Theorem 10.24 is satisfied, since the field ®, = L is local
with itself according to (10.5), and property 4 holds because of the definition of
Ve. As the infinitesimal translation operator 7" we take 7 := L_, so that property
2 is satisfied as well. Finally, [L_,L(z)] = dL(z) (which is [T,®(z)] = dP(z) )
can be checked directly: [L_1,L(z)] = X[L_1,Ly)z " 2 =Y (—1—n)L, 127" % =
S(—n—2)L,z" 3 = JL(z).

As a consequence,

Y(v2,2) = L(2),
Y (Vay.m2) = DM 2T (2) ... D 2T (2):

define the structure of a vertex algebra which will be called the Virasoro vertex
algebra with central charge c. The central charge can be recovered by Lra = %CQ.D

V. has the grading V, = @ Vy with Vy generated by the basis elements {an...nk :
dnj= N} (Xnj =N =deg vy, ..n,), Vo = CQ. The finite-dimensional vector sub-
space Vi can also be described as the eigenspace of Ly with eigenvalue N: Vy =
{v € V. : Lyv = Nv}. The translation operator T = L_; is homogeneous of degree 1
and the generating field has weight 2 since each L,_; = T{,) has degree 2 —n — 1.
Hence, V. is a graded vertex algebra and L is the degree.

This example of a vertex algebra motivates the following definition:

Definition 10.30. (Conformal Vertex Algebra) A field L(z) = ¥ L,z "2 with the
operator expansion as in (10.5) will be called a Virasoro field with central charge c.

A conformal vector with central charge c is a vector v € V such that Y(v,z) =
Zv(,,)z’"’l = Y LVz7""% is a Virasoro field with central charge c satisfying, in ad-
dition, the following two properties:

1.T=L",
2. Ly is diagonalizable.

Finally, a conformal vertex algebra (of rank c) is a vertex algebra V with a distin-
guished conformal vector v € V (with central charge ¢). In that case, the field Y (v, z)
is also called the energy—momentum tensor or energy—momentum field of the vertex
algebra V.

Examples. 1. The Virasoro vertex algebras V, are clearly conformal vertex algebras
of rank ¢ with conformal vector v = v, = L_,Q. L(z) = Y(v2,7) is the energy—
momentum tensor.
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2. The vertex algebra associated to an axiomatic conformal field theory in the
sense of the last chapter (cf. p. 190 under the assumptions made there) has L_,Q as
a conformal vector and T is the energy—momentum tensor.

3. The Heisenberg vertex algebra S has a one-parameter family of conformal
vectors 1

= ET12+/1T2 , L eC.

To see this, we have to check that the field Y (v,,z) = ZL’l 2 is a Virasoro
field, that T = L’} ;> and that L% is diagonalizable.

That the Lf; satisfy the Virasoro relations and therefore determine a Virasoro
field can be checked by a direct calculation which is quite involved. We postpone
the proof because we prefer to obtain the Virasoro field condition as an application
of the associativity of the operator product expansion, which will be derived in the
next section (cf. Theorem 10.40).

The other two conditions are rather easy to verify. By the definition of the vertex
operator we have Y (T?,z) = : ®(z)®(z): and Y(T5,z) = d®(z), hence

Y( Tl ,2) = z z anapmz 242 z a_nanz 2,

k#0n+m=k n>0

where ®(z) = Y a,z "~ with the generators a, of the Heisenberg algebra H acting
on the Fock space S, and

Y(Do,2) = 3 (—k— Dagz ¥ 2,

and therefore,

Y(vy,2) = % S < > anam—Alk+ l)ak> 24 Y aaz . (10.6)

k#0 \n+m=k n>0

(Recall that we defined aq to satisfy ap = O in this representation of H.) Conse-
quently,

Ly = L% = 2 a_pap

n>0

and

A
L =L"= zafnflan;
n>0

and both these operators turn out to be independent of A. Now, on the monomials
T,, ... T, wehave Lo(Ty, ... Ty ) = Z n;j =deg(Ty, ...T,) and Ly is diagonalizable

with Loy = deg(v)v = nv for v € V,,. Flnally, we have already seen in (10.4) that the
infinitesimal translation operatoris Y, a_,—1a, = L_1.

n>0
4. A fourth example of a conformal vertex algebra is given by the Sugawara
vector as a conformal vector of the vertex algebra associated to a Lie algebra g.
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(This example appears also in the context of associating a vertex algebra to a con-
formal field theory with g-symmetry in the sense of Chap. 9, but there we have
not introduced the related example of a conformal field theory corresponding to a
Kac—Moody algebra.)

At first, we have to describe the corresponding vertex algebra.

Affine Vertex Algebra. As a fourth example of applying the Existence The-
orem 10.24 to describe vertex algebras we now come to the case of a finite-
dimensional simple Lie algebra g and its associated vertex algebra Vi(g),k € C,
which will be called affine vertex algebra.
In the list of examples of central extensions in Sect. 4.1 we have introduced the
affinization
g=g[l,T '|oCz

of a general Lie algebra g equipped with an invariant bilinear form ( , ) as the central
extension of the loop algebra Lg = g[T*] with respect to the cocycle

@(am, b") = m(a7 b)5m+nzv

where we use the abbreviation a,, = T"a=T" ®a,b, =T"bfora,b € gand n € Z.
The commutation relations for a,b € g and m,n € Z are therefore

[amybn] = [aab]m+n +m<aab)5m+nza [amaZ] =0.

In the case of a finite-dimensional simple Lie algebra g any invariant bilinear
symmetric form ( , ) is unique up to a scalar (it is in fact a multiple of the Killing
form x) and the resulting affinization of g is called the affine Kac—-Moody algebra
of g where the invariant form is normalized in the following way: The Killing form
on g is x(a,b) = tr(ad a ad b) for a,b € g, where ad : g — End g, ad a(x) = [a,%]
for x € g is the adjoint representation. The normalization in question now is

1
(Cl,b) = 2}17\/7((61,19),
where h" is the dual Coxeter number of g (see p. 221).

As before, we need to work in a fixed representation of the Kac-Moody algebra §.
Let {J? :p € {1,...,r}} be an ordered basis of g. Then {J§ : 1 <p <r=dimg,n €
Z}U{Z} is a basis for §.

We define the representation space Vi (g),k € C, to be the complex vector space
with the basis

{r=Pmng > oy > 1,01 <L < pn b U{QY,

ny...nm
and define the action of § on V = V;(g) by fixing the action as follows (n > 0):

Z = kidy, JPQ =0,
JBnQ — Vp JE Vp] Pm VPPI~-~Pm

no n'ny..ny NNy ..My 0
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if > ny and p < p;. The remaining actions of the J; on the basis of V(g) are
determined by the commutation relations

2, JC] = [JP T pin + m(JP TSy

The resulting representation is called the vacuum representation of rank k. It is
again an induced representation, cf. Sect. 10.7.
The generating fields are

JP(z) =3 JPz" ' € End Vi(g) [[F]].1<p <r
In view of the commutation relations one has

J’F; YP1-Pm — ()

ny...nm

if n > n,. Therefore, these formal distributions are in fact fields. Because of JY Q =0
for every n € Z,n > 0, we obtain

P)Q=Y pz " = Y vun?",

n<0 m>0

and thus JP (z)Q|,—o = v}. Hence, to match the notation of the Existence Theo-
rem 10.24 we should set 7 = {W{ : 1 < p <r} and

D, (z) :==JP(z) ifa=H".
Proposition 10.31. The fields ®,(z),a € I, resp. JP(2),1 < p < r, generate a vertex
algebra structure on Vi(g). Vi(g) is the affine vertex algebra of rank k.

Proof. In order to check locality we calculate [J? (z),J° (w)]:

[JP<Z),JG(W)] — Z[J’;:”Jrclr]zfmflw—n—l

m,n

— 2[][)7]0']m+nzfl1'lflw7n71 _"_zm(‘]p’]c)szmflwmfl
m

m,n

=PI w Y w4 (P IOk mz !
l m m
= [JP,J°|(W)S(z—w)+ (JP,J°)kdE(z—w).
This equality implies by Theorem 10.5 that the operator product expansion is

PN w) | (P, Tk

JP(2)J% (w) ~ p— —w)e

(10.7)
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and that the fields J? (z),J(z) are pairwise local with respect to each other. We thus
have established property 3 of the Existence Theorem 10.24, and by the construction
of the space Vi (g) and the definition of the action of the J property 4 is satisfied
as well.

It remains to determine the infinitesimal translation operator 7 which will again
be defined recursively by

TQ=0,[T,J]=-nl" |

T € End Vi(g) is well-defined and satisfies evidently [T, JP (z)] = dJP (z). Therefore,
the Existence Theorem applies yielding a vertex algebra structure given by

Y(Vp]...pm Z) _ :DmflJP] (Z) B _DnnrlJPm (Z):'

ny..ny >

O

In order to determine a conformal vector of the affine vertex algebra Vi (g) by
the Sugawara construction we denote the elements of the dual basis with respect to
{J',...J"} by J, € g satisfying (Jo,JP) = 85. Then it can be shown that the vector

1 r
Si=5 N Jp 197, Q € Vi(g)
p=1
is independent of the choice of the basis. We call

1
Vi=—F-3S5
k+hY
the Sugawara vector.

Proposition 10.32. Assume k # —h". Then the Sugawara vector V is a conformal
vector of Vi(g) with central charge

_ kdimg
k+hY

c=c(k)

Proof. (sketch) Using the associativity of the OPE (see Theorem 10.36 in the next
section) one can deduce for Y (v,z) = L(z) = ¥, L,z "% (L, = L)) the OPE

JP(w) N aJP (w)

L@ )~ s ,

—w

and hence the following commutation relations

[LWHJIF;] = _n‘llfl+n?m>n €7Z,1< p<sr
These relations imply L_; = T and the diagonalizability of Ly immediately.

Moreover, L, v = 0 for n > 2. Therefore, according to the above-mentioned criterion
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in Theorem 10.40 v is a conformal vector of central charge ¢ where c is determined
by L,v = 5¢Q. Finally,

1
Lyv=——1I1,%5J,_1J°Q
AT 22 9o 117
1
=— Y71,,5°0
2(k+hV)Z Pl
_ kdimg
C2(k+hV)TT
We conclude ¢ = 418 Details are in [Kac98*] and [BFO1*]. O

Altogether, the coefficients L, of the Virasoro field

9= g & O

yield an action of the Virasoro algebra with central charge c(k) on the space Vi(g).

Many more vertex algebras are known and many of them are not constructed by
using a Lie algebra representation. It is not in the scope of this book to survey other
interesting classes of vertex algebras. Instead we refer to the course of Kac [Kac98*]
where the last third of the book is devoted to describe such vertex algebras as lattice
vertex algebras, coset constructions, W-algebras, various Z/27Z-graded (or super)
vertex algebras to include also the anticommutator in the considerations, and many
more examples.

Examples are presented in the book of Frenkel and Ben-Zvi [BF01*], too, where
the vertex algebras are related to algebraic curves. The first step in doing this is
to formulate a theory of vertex algebras being invariant against coordinate changes
z+— w(z). This leads eventually to vertex algebra bundles and moduli spaces as well
as chiral algebras. In contrast to this local approach to algebraic curves in [Lin04*]
an attempt has been made to study “global” vertex algebras on Riemann surfaces
which turns out to be connected to Krichever—Novikov algebras.

Let us mention also the approach of Huang [Hua97*] who relates the alge-
braic approach to vertex algebras as presented here to the more geometrically
and topologically inspired description of conformal field theory of Segal [Seg88a],
[Segol1].

10.6 Associativity of the Operator Product Expansion

We begin with the uniqueness result of Goddard.

Theorem 10.33 (Uniqueness). Let V be a vertex algebra and let f € End V [[zF]]
be a field which is local with respect to all fields Y(a,z), a € V. Moreover, as-
sume that
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f@Q=¢Tb
for a suitable b € V. Then f(z) =Y (b,2).
Proof. By locality we have (z—w)"[f(z),Y (a,w)] = 0, in particular,
(z=wN (@)Y (@,w)Q = (2= w)"Y (a,w) f(2)Q.

We insert the assumption f(z)Q = ¢! b, and the equalities Y (a,w)Q = "7 a and
Y (b,z)Q = T b (according to Proposition 10.22), and we obtain

(=W f(D)e*a = (= W)Y (a,w)eTb = (= w)VY (a, )Y (b, ).
Since Y (a,z) and Y (b, z) are local to each other we have (for sufficiently large N)
(=) f@)e" a= (z=w)NY (b,2)Y (a,w)Q = (z—w)"Y (b,2)e" a.

Letting w = 0 we conclude 7V f(z)a = VY (b, z)a for all a € V which implies f(z)a =
Y (b,z)a and hence f(z) =Y (b,2). O

The Uniqueness Theorem yields immediately the following result:

Proposition 10.34. The identity
Y(Ta,z) =9Y(a,z)

holds in a vertex algebra.

Proof. For f(z) = dY(a,z) we have

Q=" (n+ Da_,_»Q"

n>0

and therefore f(2)Q|,—o = a(_2)Q = Ta. Using translation covariance we have
A(f(2)Q) = ITY(a,2)Q = T(f(2)Q) and we conclude f(z2)Q = ¢ Ta
by Lemma 10.23. By Theorem 10.33 it follows that f(z) =Y (Ta,z). O

In a similar way as the Uniqueness Theorem 10.33 one can prove the following:
Proposition 10.35 (Quasisymmetry). The equality
Y(a,z)b=eY (b, —z)a

holds inV ((2)).

Proof. Since Y (a,z),Y(b,z) are local to each other by the Locality Axiom there
exists N € N with

(z—=w)NY (a,2)Y (b,2)Q = (z—w)NY (b,2)Y (a,2)Q.
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By Y (a,2)Q)e*T a (Proposition 10.22) and analogously for b this implies
(z=w)"Y(a,2)e" b= (z—w)"Y (b,2)e’"

By Proposition 10.22 we also have e’ Y (b,w)e 7% = Y (b,z +w), hence, 7Y
(b,w—z) =Y (b,z)e’T. Consequently,

(z—=w)VY(a,2)e""b = (z—w)Ve Y (b,w —2)a,

where (w—z)~! has to replaced by the expansion (w—z)~! = ¥ Z'w™""!. Let N be
n>0

large enough such that on the right-hand side of the above formula there appear no

negative powers of (w — z). Then it becomes an equality in V ((z)) [[w]], and we can

put w = 0 again and divide by zV to obtain the desired identity of quasisymmetry.(]

We now come to the associativity of the operator product expansion (OPE for
short). To motivate the result we apply Proposition 10.22 repeatedly to obtain

Y(a,2)Y (b,w)Q=7Y(a,z)e""h=e"TY(a,z—w)b, and
Y (a,z—w)b =Y (Y (a,z—w)b,w)Q,

where the last expression Y (Y (a,z — w)b,w)Q is defined by

Y(Y(a,z—w)b,w) =Y, Y(agb,w)(z— w) L

nez

One is tempted to apply the Uniqueness Theorem 10.33 to the equality
Y(a,2)Y(b,w)Q=Y(Y(a,z—w)b,w)Q

to deduce
Y(a,2)Y(b,w) =Y (Y (a,z—w)b,w)

which is the desired “associativity” of the OPE. However, the theorem cannot be
applied directly: we first have to make precise where the equality should hold. Ob-
serve that for b € V' there exists ng such that a(,)b = 0 for n > ng. Consequently,
Y(Y(a,z—w)b,w) = XY (ab,w)(z—w) " is aseries in End V [w*]] ((z—w)).
Replacing

(z—w)F— 8% = Z 7 k k>0,

n>0

we obtain an embedding
End V [[w*]] ((z—w)) < End V [[w*,z7]].

The following equalities have to be understood as identities in End V [[w*,zF]]
using this embedding.

Theorem 10.36 (Associativity of the OPE). For any vertex algebra V the follow-
ing associativity property is satisfied:
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Y(a,2)Y (b,w) =Y (Y (a,z—w)b,w) = Y ¥ (agb,w)(z—w) ™!

nez

forall a,b € V. More specifically,

Y(a,2)Y(b,w) = 2 Y(a(,,)b,w)(z—w)f"*' +:Y(a,2)Y (b,w):,

n>0

and, equivalently,

[¥(a,z =2, D8 (z=w)Y (b, w).

n>0
Proof. We use the attempt described earlier and start with
Y (a,2)Y (b,w)Q=e"TY(a,z—w)b =Y (Y (a,z—w)b,w)Q,

where the last equality can be shown in a similar way as the corresponding equality
in the proof of Proposition 10.22. For arbitrary ¢ € V we obtain the equality

Y(c,0)Y(a,2)Y(b,w)Q =Y (c,))Y (Y (a,z—w)b,w)Q
in End [[z*,w™]]. For sufficiently large M,N € Z we have by locality
(t —2)M(t —w)VY (a,2)Y (b, w)Y (c,1)Q
= (t =" (1 =w)"Y (c,1)Y (a,2)Y (b,w)Q2
and
(t — )Mt —w)NY (c,0)Y (Y (a,z2—w)b,w)Q
= (t—2)M@t —w)NY (Y (a,z—w)b,w)Y (c,1)Q.
Consequently,
(t —2)M(t —w)NY (a,2)Y (b,w)Y (c,1)Q
= (t—2)Mt—w)NY (Y (a,2—w)b,w)Y (c,1)Q,
and by the Vacuum Axiom Y (¢,#)€|;—9 = ¢ we obtain
MyNY (a,2)Y (b,w)e = WY (Y (a,z — w)b,w)c,

which implies
Y(a,2)Y (b,w) =Y (Y (a,2—w)b,w).

The other two equalities follow by using the fundamental Theorem 10.5. U
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Corollary 10.37. Each of the expansion in Theorem 10.36 is equivalent to each of
the following commutation relations due to Borcherds

m
[a(m)> b)) = ( k) (@) (m+n—i)

or, equivalently,

o V0.2 = 3, () (awp2r

k>0

We conclude that the subspace of all coefficients a(,) € End V,a€V.n€Z,is a
Lie algebra Lie V with respect to the commutator.

Another direct consequence of the associativity of the OPE is the following: Note
that a vertex subalgebra of a vertex algebra V is a vector subspace U C V containing
Q such that a<n>U C U for all a € U and n € Z. Of course, a vertex subalgebra is
itself a vertex algebra by restricting a(, to U:

a<n> :a(,,)|U U —-U

U ,—n—1

with vertex operators YU (a,z) = Yaf,z

Corollary 10.38. Let V be a vertex algebra.

1. a(o)b =0 [a(o),Y(b,z)] =0.

2.Vk>0:apb=0<+=[Y(a,2),Y(b,w)] = 0.

3. ag) is aderivation V. —V for each a €V, and thus kera ) is a vertex subalgebra
of V.

4. The centralizer of the field Y (a,z)—the subspace

Cla)={beV:[Y(a,z),Y(bw)]=0}CV

—is a vertex subalgebra of V.
5. The fixed point set of an automorphism of V with respect to the vertex algebra
structure is vertex subalgebra.

Proof. The first two properties follow from the second equality in Corollary 10.37.
Property 3 follows from the first equality in the above Corollary 10.37 for m = 0. 4
is implied by 2, and 5 is obvious. (]

Remark 10.39. Through Corollary 10.38 the associativity of the OPE provides the
possibility of obtaining new vertex algebras as subalgebras of a given vertex algebra
V which are related to some important constructions of vertex algebra in physics
and in mathematics.

1. The centralizer of a vector subspace U C V

Cy(U)={beVVacU:[Y(az),Y(bw)] =0}
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is a vertex subalgebra of V by property 4 of Corollary 10.38 called the coset
model.
2. For any subset A C V the intersection

ﬂ{kera(o) ta €A}

is a vertex subalgebra by property 3 of Corollary 10.38 called a W-algebra.
3. For a subset / C V the linear span of all the vectors

1 2 k j
a(n1>a(n2) .. .a(nkQ,aj S I,n] S Z7k S N,

is a vertex subalgebra of V generated by the fields Y (a,z),a € I.

4. Given a group G of automorphisms of a vertex algebra, the fixed point set V¢
is a vertex subalgebra of V by property 5 of Corollary 10.38 called an orbifold
model in case G is a finite group.

We finally come to the application of the associativity of the OPE to check the Vira-
soro field condition for the Heisenberg vertex algebra and the affine vertex algebras.

Theorem 10.40. For a vector v € V denote L(z) :==Y (v,z) = ¥ L,z "2, that is
nez

Ly = L}] = V(11)- Suppose, L(z) and ¢ € C satisfy
Li=T,Lyv= 297 L.v=0forn>2, Lyv="2v.

Then L(z) is a Virasoro field with central charge c. If, in addition, Ly is diagonaliz-
able on'V, then v is a conformal vector with central charge c.

Proof. By the OPE (Theorem 10.36)

Y(v(n)v,w) B
(z—w)st

Y(L,v,w)

2 o

n>—1

Y(v.2)Y(v,w) ~ Y

n>0
By the assumptions on L,V we obtain

1 Y(Qw) Y(Liv,w) YQ2v,w) Y(Tv,w)
L(Z)L(W)NEC(Z_W)4+ c—w)? + Z—w) + —w)

It remains to show that the term Y (L, v, z) vanishes, because in that case by insert-
ing Y(Tv,z) = dY(v,w) (according to Corollary 10.34) and using Y (Q,w) = idy,
one obtains the desired expansion
1 1 2L(w) dL(w)

L)~ 2 e T = T ey

In order to show a(z) := Y (L;v,z) = 0 one interchanges z and w and obtains

lc 1 a2 N 2L(z)  IL(z)
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hence, by Taylor expansion

aw a(w)(z—w 2a(w)(z — w)?
L(W)L(Z)N%C(Z_lw)4_ (w) + Da( )(z(z_zv;p (W) (z—w)
L(w) + DL(w)(z=w) _ IL(w)
+2 (Z—W)z - (Z—W).

By locality, the two expansions of L(z)L(w) and L(w)L(z) have to be equal and
this implies

and thus a(z) = 0. O

We are now in the position to apply the associativity of the OPE in order to show
that the vectors v, resp. Vi are conformal vectors in our examples of the Heisenberg
vertex algebra S resp. of the affine vertex algebra Vi(g).

We focus on the Heisenberg case since the corresponding equalities for the affine
vertex algebra have been established already on page 198. We already know that
Lo = deg and L; = T. It remains to show that L(z) = ¥ L,z ""2,L, = L), is a Vira-
soro field which means by Theorem 10.40 that only LV, = %CQ and L,v, =0 for
n > 3 have to be checked. By using the expansion (10.6) of ¥ (v, ,z) we obtain

1
L,== Z Ap—mlm — A(n+ D)ay,.
2m€Z

Now, ax(v),) = 2AQ and a,—pman(v,) =0 for m > 2 or m < n— 2 (because then
n—m > 2). In the case of n > 2 we have a,(v;) = 0 and only for n =3,n =4
there exist m with n —2 < m < 2. It follows that L,v, = 0 for n > 5. Because of
aza1vy =0 and axarv) = 0 we also have L3v); =0 = Lsv,. For n =2 we get
Lyv;, = Sarai(vy) + azag(vy) — 6A%Q = (5 — 6A?)Q, and the central charge is
c=1-12A2% O

Remark 10.41. The Fock space representations of the Virasoro algebra which we
have studied in the context of the quantization of the bosonic string on p. 116 are in
perfect analogy with the observation that the %le + AT, are conformal vectors. We
can show that

1
L_,Q = 3 +2ut>

for |
L,= Eazl + Z a—j—10k—1,
k>0
where u is the eigenvalue of ap to €. This yields another way of construct-
ing a vertex algebra from the Heisenberg algebra using the calculations made
there.

Indeed, aEIQ = T12 and Y a_j_jax_1Q=a_»apQ =2uT>, hence
k>0
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1 2
L Q= ETI +2uTs. O

Primary Fields. The conformal vector v of a conformal vertex algebra V provides,
in particular, the diagonalizable endomorphism Ly : V — V. For each eigenvector
a €V of Ly with Loa = ha the OPE (cf. Theorem 10.36) yields

O

and therefore begins with the following terms

dY(a,w) hY(a,w)
(z—w)  (z—w)?

Y(v,2)Y(a,w) ~

Here, we use L_; =T and Y (Ta,w) = dY (a,w) (according to Corollary 10.34)
and Loa = ha.

Definition 10.42 (Primary Field). A field Y (a,z) of a conformal vertex algebra V
with conformal vector v is called primary of (conformal) weight h if there are no
other terms in the above OPE, that is

dY(a,w) hY(a,w)
(z—w)  (z—w)?’

Y(v,2)Y(a,w) ~

Equivalently, Y (L,a,z) = 0 for all n > 0.

The following is in accordance with Definition 9.7.

Corollary 10.43. The field Y (a,z) is primary of weight h if and only if one of the
following equivalent conditions holds:

1. Loa = ha and L,a = 0 for all n > 0.

2. [Ln,Y(a,2)] = 2"719Y (a,z) + h(n+1)7"Y (a,z) for all n € 7.

3. [Lnsagny) = ((h—1)n—m)ag,., for all n,m € Z.

Proof. We have already stated the equivalence with 1. To show the second property

for a primary field ¥ (a,z) we compare

[Y(v,z)Ya,w)] = 2 LY (a,w)]z "2

nez
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with

[Y(v,2)Ya,w)] = dY(a,w)0(z—w)+hY (a,w)dé(z—w) =

_ 2 (_m_ l)a(m)wfm72 2 anflwn

mez nez
+h Z a<m)w7m71 2 nzfnflwnfl
mez nez
= > Y (—m—1+h(n+1)agw """,
mezZner

and obtain for alln € Z

[Ly,Y(a,w)] = (—m—1+h(n+ 1))d(m)w”_m_1

=yl > (—m— l)a(,n)w7m72 +w'h(n+1) Y a(m)wf’"fl
meZ meZ

=w"9Y (a,w) +2"h(n+1)Y (a,z).

Hence, a primary field Y (a,z) satisfies 2, and the converse is true since the im-
plications above can be reversed.
To deduce 3 from 2 we use

[Ln,Y(a,z)] = Z [Lnaa(m)]z_m_l
meZ
= 7'*! D a(m)zfmf2 +Z"h(n+1) Y a(m)zfmfl
meZ meZ

=Y (—-m—n—1+h(n+ 1))a(m+,,)zfm71
meZ

to obtain [Ly,a(,)] = ((h—1)(n— 1) —m)a,,) by comparing coefficients. Hence,
2 implies 3 and vice versa. O

Correlation Functions. Let us end this short introduction to vertex algebra theory
by presenting the fundamental properties of correlation functions of a vertex algebra
which have not been discussed so far although they play an important role in the
axiomatic theory of quantum field theory and of conformal field theory as explained
in Sections 8 and 9.

Let V* denote the dual of V that is the space of linear functions u : V — C. Given
ai,...,a, € Vandv eV we consider

(w,Y(ar,z1)...Y(an,z0)v) := u(Y(ar,z1) ... Y(an,z22)v)

as a formal power series in C [[zli, . ,z,ﬂ]. These series are called n-point func-
tions or correlation functions. Since v =Y (v,z)|,—0€Q it is enough to study the case
of v=Q only.

Theorem 10.44. Let (V,Y,T,Q) be a vertex algebra and let u € V* be a linear
functional on'V. For any ay,...,a, €V there exists a series
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fal an(zla"wZVl) € CHZI"'ZHH [(Zi_zj)717i7é ]}

such that the following properties are satisfied:

1. For any permutation © of {1,...,n} the correlation function
(.Y (m(a1),zz(r)) - Y (7(an), 2n(n) )2)

is the expansion in C ((z,,(l))) .. ((zﬂ(n))) of i an (25 s20)-
2. For i < jwe have

A

fal .an (Z17 . Zn) = f(Y(ai,z,-fzj)aj)al...&i...&j...an (Zl ceeZiee Zj . -Zn);

where (z; —z;)~" has to be replaced by its expansion Y, z;*~!

z’]‘. into positive
>0

powers 0f
3. For1<J<nwehave

aZ_/f(Z.,,an(le ) fal Ta, an(Z17---Zn)-

Proof. Since Y (a,z) is a field by the defining properties of a vertex algebra we have
(u,Y(a,z)v) € C((z)) for all a,v € V, and by induction

(.Y (m(@r),2z) - ¥ (7(@n) 220 )Q) € C((2r(1))) - - ((22m))) -
By the Locality Axiom V2 there exist integers N;; > 0 such that
(zi—2))M[Y (ai,2:),Y (a,2))] = 0.
Hence, the series

[Tz —2)™ .Y (m(ar),zey) - ¥ (7(an) 2n(n) J2)

i<j

is independent of the permutation 7. Moreover, it contains only non-negative powers
of all the variables z;,1 <i <n, because of Y (a,z)Q € V [[z]] (Vacuum Axiom V3).
Consequently,

[1G- 2N (W, Y (m(ar),z(1)) - Y (7(an), 2r() ) Q)
i<j
coincides with
T1Gi—2)" (.Y (a1,21) ... Y (an, 20)Q) € Clz1,- .. 2]
i<j

as a series in C[[z1,...,z,]]. Dividing this series by [T, ;(zi —z;)"i/ yields the series
fay..an € Cllz1 2] [(zi —2;) ", i # j] with property 1.

The second property follows directly from 1 and the associativity of the OPE
(Theorem 10.36). For example, in the case of n = 2 it has the form
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Ih 0, (21,22) = fiv(a) 21 —22)ar) (22)

and this equality is the same as
(.Y (ar,21)Y (a2,22)Q) = (U, Y (Y (a1,21 — 22)a2,22)Q).

The third property is a consequence of the equality Y (7a,z) = dY (a,z) proven in
Corollary 10.34. (I

10.7 Induced Representations

In the course of these notes we have used Fock spaces and representation spaces for
Lie algebras which all look very similar to each other and mostly have been given as
vector spaces of polynomials. The unifying principle behind this observation is that
all these representation spaces can be understood as certain induced representations
which are mostly induced by a one-dimensional representation of a Lie subalgebra
of the Lie algebra in question. This has to do with the fact that our representation
spaces are cyclic in the sense that they can be generated by a suitable vector.

In order to describe induced representations we use the concept of a universal
enveloping algebra. For any associative algebra A let L(A) denote the Lie algebra
with A as the underlying vector space and with the commutator as the Lie bracket.

Definition 10.45. A universal enveloping algebra of a Lie algebra g is a pair (U, i)
of an associative algebra U with unit 1 and a Lie algebra homomorphism i : g —
L(U), such that the following universal property is fulfilled. For any associative
algebra A with unit 1 and any Lie algebra homomorphism j : g — L(A) there exists
a unique algebra homomorphism % : U — A with h(1) = 1 such that hoi = j.

Observe that a representation of the Lie algebra g, that is a Lie algebra homo-
morphism g — L(End W) (where End W is considered as an associative algebra)
has a natural extension to U(g) as a homomorphism of associative algebras by the
universal property. Conversely, a homomorphism U (g) — End W of associative al-
gebras can be restricted to g in order to obtain a Lie algebra homomorphism, that
is a representation. We have shown:

Lemma 10.46. The representations g — End W are in one-to-one correspondence
with the representations U(g) — End W.

Lemma 10.47. To each Lie algebra there corresponds a universal enveloping alge-
bra unique up to isomorphism.

Proof. The uniqueness of such a pair (U, i) is easy to show. In order to establish the
existence let

oo

T(W)=pw"

n=0
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be the tensor algebra of a vector space W, where W®" is n-fold tensor product of
W with itself. The tensor algebra has the universal property that every linear map
W — A into an associative algebra A with unit has a unique extension T(W) — A
as an algebra homomorphism sending 1 to 1. Let J C T(g) be the two-sided ideal
generated by the elements of the form a®@b—b®a — [a,b], a,b € g. Let U(g) :=
T(g)/J be the quotient algebra with projection p : T(g) — U(g). The map i is then
defined by the restriction of p to g with respect to its natural embedding g C U(g).
To show that (U(g),{) fulfills the universal property, let A be an associative al-
gebra with unit 1 and let j: g — L(A) be a Lie algebra homomorphism. Then,
by the universal property of the tensor algebra T'(g), there exists a unique al-
gebra homomorphism H : T(g) — A extending the linear map j and satisfying
H(1) = 1. Each generating element a ® b — b ®a — [a,b] of J is annihilated by H
since H(a@b—b®a) = H(a)H (b) —H(b)H(a) = j(a)j(b) — j(b) j(a) = j([a;b]) =
H([a,b]). Hence, the ideal J is contained in the kernel of H. Consequently, H has a
factorization h through p, that is there is an algebra homomorphism 4 : U(g) — A
respecting the units with H = ho p and thus j = H|g = ho p|g = hoi. ]

Neither the definition nor the above proof yields the injectivity of i. However,
using the construction of U(g) this follows from the Poincaré-Birkhoff-Witt theo-
rem which can be found in many books, e.g., [HN91]. We state one essential conse-
quence of this theorem which is of special interest regarding the various descriptions
of representation spaces.

Proposition 10.48 (Poincaré-Birkhoff-Witt). Let (a;);c; be an ordered basis of
the Lie algebra g. Then the elements p(a;, ® ... ®a;,),m € N,iy < ... <iy, together
with 1 form a basis of U(g).

As a consequence we obtain an isomorphism of vector spaces from the symmet-
ric algebra

S(g) =P — Ulg)
n=0

to U(g), where W™ is the n-fold symmetric product of a vector space, that is the
subspace of symmetric tensors in W”, S(W) can also be understood as the quotient
T(W)/S with respect to the two-sided ideal S C T(W) generated by all elements of
the form v@w—w®v, v,w € W. So far S(g) is the enveloping algebra of an abelian
Lie algebra g.

Note that the symmetric algebra S(W) can be identified with the algebra of poly-
nomials C[7; : i € I] whenever (a;);¢s is an ordered basis of the vector space W.

Consequently, as a vector space the universal enveloping algebra U(g) of g is
isomorphic to the vector space C[T; : i € I] of polynomials:

l—1,T..T,—pa®..Qa,), me N i <.. <iy,,

provides an isomorphism.
Now, let b be a Lie subalgebra of the Lie algebra g and let 7 : b — End W a Lie
algebra homomorphism, that is a representation of b in the vector space W.
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Definition 10.49. The induced representation (induced by ) is given by the in-
duced g-module
Ind§ = U(g) @y () W,

that is
Ind} = (U(g) @W)/U(g){b@w—1@m(b)w: (b,w) € bx W},
where g acts by left multiplication in the first factor.

It is straightforward to check that this prescription defines a representation. In
fact, the action of a € U(g) on U(g) @ W, x®@w — ax ®w, descends to a linear
action p(a) € End (Ind}) since J := U(g){b@w—1@m(b)w: (b,w) € bx W} is
a left ideal, in particular a(J;) C Jr. In addition, p(a)([x @ w]) = [ax ® w] defines
a homomorphism a — p(a) of associative algebras, again since Jr a left ideal in
U(g) @ W. The restriction of p to g is therefore a Lie algebra homomorphism.

An elementary example is the Fock space representation of the Heisenberg alge-
bra described on p. 114. The Heisenberg algebra H is generated by a,,,n € Z, and the
central element Z. The inducing representation 7 is defined on the abelian Lie sub-
algebra B C H generated by the a,,,n > 0 and Z, with W = C, and this representation
7 : P — End C = C is determined by

p(Z)=1idc = 1,p(ap) = pidc = u, p(a,) =0 forn > 0.

Let Q:=1®1. Then a, € J,i forn > 0, since a,Q =a,®1 =1®n(a,)l =0,
apQ=ay@1=10u=uQ, and Z(Q) = 1 @ n(Z) = Q. Hence, a, € Jz,n >0, and
ap,Z depend on  modulo J.

Consequently, Indg (C) is generated by the classes

[a,‘l ® ...®a,~m§2],m€N7i1 <...<ip <0,

and Q according to Proposition 10.48. These elements remain linearly independent,
since the a_,,,a_,, commute with each other for m,n > 0, so that Indg (C) is isomor-
phic to the vector space C[7, : n > 1] with the action p(a_,)Q = T,, for n > 0, and,
more generally,

p(a—n)P=T,P,

for any polynomial P € C[T,, : n > 1]. Similarly, because of the other commutation
relations, for n > 0 we obtain p(a,)T,, = 0 if n # m and p(a,)T, = n€2, and, more
generally, p(a,)P = ndg,P. This, of course, is exactly the representation on p. 114.

The example is typical, in the cases considered in these notes, we have W = C
and an ordered basis (a;);e; with a division I = I, UL_ such that a;,i € I is a basis
of J; and Indg((C) is isomorphic to the space of polynomials C[T,, : n € I_]. The
action of the a;,i € I, is then essentially determined by a;Q2 = T; if i € I_ and the
commutation relations of all the a;.

In this way we obtain similarly the description of a Verma module with respect to
given numbers c¢,h € C on p. 94, the representation of the string algebra on p. 119,
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the representation V, of the Virasoro algebra Vir used for the Virasoro vertex al-
gebras on p. 193, the representation of the Kac—Moody algebras on p. 196, and in
a certain sense even the free boson representation on p. 136 where, however, the
Hilbert space structure has to be respected as well. Analogously, the fermionic Fock
space on p. 52 can be described as an induced representation. To do this, we have
to extend the consideration to the case of Lie superalgebras in order to include the
anticommutation relations.
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Chapter 11
Mathematical Aspects of the Verlinde Formula

The Verlinde formula describes the dimensions of spaces of conformal blocks
(cf. Sect. 9.3) of certain rational conformal field theories (cf. [Ver88]). With respect
to a suitable mathematical interpretation, the Verlinde formula gives the dimensions
of spaces of generalized theta functions (cf. Sect. 11.1). These dimensions and their
polynomial behavior (cf. Theorem 11.6) are of special interest in mathematics. Prior
to the appearance of the Verlinde formula, these dimensions were known for very
specific cases only, e.g., for the classical theta functions (cf. Theorem 11.5).

The Verlinde formula has been presented by E. Verlinde in [Ver88] as a result of
physics. Such a result is, of course, not a mathematical result, it will be considered
as a conjecture in mathematics. However, the physical insights leading to the state-
ment of the formula and its justification can be of great help in proving it. Several
mathematicians have worked on the problem of proving the Verlinde formula, start-
ing with [TUY89] and coming to a certain end with [Fal94]. These proofs are all
quite difficult to understand. For a recent review on general theta functions we refer
to the article [Fal08*] of Faltings.

In this last chapter of the present notes we want to explain the Verlinde formula in
the context of stable holomorphic bundles on a Riemann surface, that is as a result in
function theory or in algebraic geometry. Furthermore, we will sketch a strategy for
a proof of the Verlinde formula which uses a kind of fusion for compact Riemann
surfaces with marked points. This strategy is inspired by the physical concept of
the fusion of fields in conformal field theory as explained in the preceding chapter.
We do not explain the interesting transformation from conformal field theory to
algebraic geometry. Instead we refer to [TUY89], [Uen95], [BFO1*], [Tyu03*].

11.1 The Moduli Space of Representations and Theta Functions

In the following, S is always an oriented and connected compact surface of genus
g = g(S) € Ny without boundary. The moduli space of representations for the group
Gis

M :=Hom(m(S),G) /G .

Schottenloher, M.: Mathematical Aspects of the Verlinde Formula. Lect. Notes Phys. 759,
213-233 (2008)
DOI 10.1007/978-3-540-68628-6_12 (© Springer-Verlag Berlin Heidelberg 2008
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The equivalence relation indicated by “ / G” is the conjugation
g~g = 3IeG:g=hgh .

Theorem 11.1. .#ZC has a number of quite different interpretations. In the case of
G = SU(r) these interpretations can be formulated in form of the following one-to-

“ o~

one correspondences (denoted by “ =2”):
1. .5Y") = Hom(m (S),SU(r)) /SU(r).

Topological interpretation: the set M SU( s a topological invariant, which
carries an amount of information which interpolates between the fundamental
group m(S) and its abelian part

Hi(S) = m(8) /[m(S), m(S)] ,

the first homology group of S.
2. 459 = set of equivalence classes of flat SU(r)-bundles.

Geometric interpretation: there are two related (and eventually equivalent)
interpretations of “flat” SU(r)-bundles; “flat” in the sense of a flat vector bundle
with constant transition functions and “flat” in the sense of a vector bundle with
a flat connection (corresponding to SU(r) in both cases). Two such bundles are
called equivalent if they are isomorphic as flat bundles.

3..#590) = F1(S,SU(r) = H' (m(S),SU(r)).

Cohomological interpretation: H'(S,SU(r)) denotes the first Cech cohomol-
ogy set with values in SU(r) (this is not a group in the non-abelian case) and
H' (7 (S),SU(r)) denotes the group cohomology of w1 (S) with values in SU(r).

4. .45 = o |9

Interpretation as a phase space: < is the space of differentiable connections
on the trivial bundle S x SU(r) — S, oy C < is the subspace of flat connections
and ¥4 is the corresponding gauge group of bundle automorphisms, that is

4 = ¢=(5,SU(r)).

Ay / 4 appears as the phase space of a three-dimensional Chern—Simons the-
ory with an internal symmetry group SU(r) with respect to a suitable gauge
(cf. [Wit89]).

5..459") = moduli space of semi-stable holomorphic vector bundles E on S of
rank r with detE = 0.

Complex analytical interpretation: here, one has to introduce a complex struc-
ture J on the surface S such that S equipped with J is a Riemann surface Sjy. The
vector bundles in the above moduli space are holomorphic with respect to this
complex structure and the sheaf Oy is the structure sheaf on Sy. To emphasize
the dependence on the complex structure J on S, we denote this moduli space by

e%JSU(}') .
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To prove the above bijections “2” in the cases 2., 3., and 4. is an elementary
exercise for understanding the respective concepts. Case 5. is a classical theorem of
Narasimhan and Seshadri [NS65] and is much more involved.

In each of these cases, “=” is just a bijection of sets. However, the different
interpretations yield a number of different structures on .#5Y("). In 1., for instance,
SV obtains the structure of a subvariety of SU(r)% /SU(r) (because of the fact
that m; (S) is a group of 2g generators and one relation, cf. (11.4) below), in 4. the
set .5V obtains the structure of a symplectic manifold and in 5., according to
[NS65], the structure of a Kihler manifold outside the singular points of .# SU(r),

Among others, there are three important generalizations of Theorem 11.1:

e to other Lie groups G instead of SU(r),

e to higher-dimensional compact manifolds M instead of S and, in particular, to
Kihler manifolds in connection with 5.

e to S\ {P,...,P,} instead of S with points P,...,P, € S (cf. Sect. 11.3) and a
suitable fixing of the vector bundle structure near the points Py,...,P, € S.

To begin with, we do not discuss these more general aspects, but rather concen-
trate on .#5Y("). The above-mentioned structures induce the following properties
on .#SV0"):

o /59" has a natural symplectic structure, which is induced by the following
2-form @ on the affine space

o = o7 (8, 5u(r))

of connections:
w(a,ﬁ):c/tr(aAB) (1L.1)
s
for o, B € 271 (S, 5u(r)) with a suitable constant ¢ € R\ {0}.
Here,

tr:su(r) — R

is the trace of the complex r x r-matrices with respect to the natural representa-
tion. In what sense this defines a symplectic structure on <7 and on <% /¥ will
be explained in more detail in the following.

In fact, for a connection A € o7 the tangent space T4.2/ of the affine space
o/ can be identified with the vector space <7 (S,su(r)) of su(r)-valued differ-
entiable 1-forms. Hence, a 2-form on &7 is given by a family (wj)ace of bi-
linear mappings w4 on <7 ! (S,su(r)) x 7! (S,su(r)) depending differentiably on
A € &/ . Now, the map

o : ./ (S, 5u(r) x &' (S,su(r)) — C

defined by (11.1) is independent of A € .7 with respect to the natural trivializa-
tion of the cotangent bundle

T*of = of x o' (S,su(r))".



216 11 Mathematical Aspects of the Verlinde Formula

Consequently, @ with (11.1) is a closed 2-form. It is nondegenerate since
(o, B)=0forall a implies § = 0. Hence, it is a symplectic form on <7 defining
the symplectic structure. Moreover, it can be shown that the pushforward of |,
with respect to the projection o) — % /% gives a symplectic form @ 4 on the
regular part of &% /¥ . Indeed, <% /% is obtained by a general Marsden—Weinstein
reduction of (7, ) with respect to the action of the gauge group ¢ where the
curvature map turns out to be a moment map.

This symplectic form @, is also induced by Chern—Simons theory
(cf. [Wit89]). «% /¥ with this symplectic structure is the phase space of the clas-
sical fields.

e Moreover, on A SU(") there exists a natural line bundle . (the determinant bun-
dle) — which is uniquely determined up to isomorphism — together with a con-
nection V on .Z whose curvature is 27i®. With a fixed complex structure J on
S, for instance, the line bundle .Z has the following description:

0= {[E] e dime HO(S,E) > 1}
is a Cartier divisor (the “theta divisor”) on //lfU<r), for which the sheaf

£ = Lo = 0(0) = sheaf of meromorphic functions f on . JSU(F)
with (f)+© >0

is a locally free sheaf of rank 1. Hence, .Z is a complex line bundle, which
automatically is holomorphic with respect to the complex structure on the moduli
space induced by J. (H(S, E) is the vector space of holomorphic sections on the
compact Riemann surface S = S; with values in the holomorphic vector bundle
E and [E] denotes the equivalence class represented by E.)

Definition 11.2. The space of holomorphic sections in .Z*, that is
HO (%JSU(">’ gk)7

is the space of generalized theta functions of level k € N.

Here, £ is the k-fold tensor product of .¥: ¥ = ¥ ®...®.Z (k-fold). Since
5 s compact, HO (. jSU(r),,,fk) is a finite-dimensional vector space over C.
In the context of geometric quantization, the space

H ("0, 2)

can be interpreted as the quantized state space for the phase space (.# SU(r), o),
prequantum bundle ¥ and holomorphic polarization J. A similar result holds
for HO (.4 JS Um,.ﬂ"). To explain this we include a short digression on geometric
quantization (cf. [Woo80] for a comprehensive introduction):
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Geometric Quantization. Geometric quantization of a classical mechanical system
proceeds as follows. The classical mechanical system is supposed to be represented
by a symplectic manifold (M, ®). For quantizing (M, ®) one needs two additional
geometric data, a prequantum bundle and a polarization. A prequantum bundle is a
complex line bundle L — M on M together with a connection V whose curvature
is 2mi®. A polarization F on M is a linear subbundle F of (that is a distribution
on) the complexified tangent bundle TMC fulfilling some compatibility conditions.
An example is the bundle F spanned by all “y-directions” in M = R? with coor-
dinates (x,y) or on M = C" the complex subspace of TMC spanned by the direc-
tions a%j, j=1,...,n. This last example is the holomorphic polarization which has
a natural generalization to arbitrary complex manifolds M. Now the (uncorrected,
see (11.3)) state space of geometric quantization is

Z:={s€T(M,L):sis covariantly constant on F'} .

Here, I'(M, L) denotes the ¥-sections on M of the line bundle L and the covari-
ance condition means that Vys = 0 for all local vector fields X : U — F ¢ TM®
with values in F. In case of the holomorphic polarization the state space Z is simply
the space H°(M, L) of holomorphic sections in L.

r)

Back to our moduli space J/{JSU( with symplectic form @ 4, the holomorphic

line bundle .¥ — ///JSUU), and holomorphic polarization one gets the following:
for every k € N, .Z* is a prequantum bundle of (.Z JSU(r),kwb//). Consequently,

HO(4) Ul kY is the (uncorrected) state space of geometric quantization.

In order to have a proper quantum theory constructed by geometric quantization
it is necessary to develop the theory in such a way that the state space Z obtains an
inner product. By an appropriate choice of the prequantum bundle and the polariza-
tion one has to try to represent those observables one is interested in as self-adjoint
operators on the completion of Z (see [Woo80]). We are not interested in these mat-
ters and only want to point out that the space of generalized theta functions has an
interpretation as the state space of a geometric quantization scheme: The space

HO (%JSU(’),gk)
is the (uncorrected) quantized state space of the phase space
(//lfu(r),kw) ;

for the prequantum bundle .#* and for the holomorphic polarization on ///fUm,

Before continuing the investigation of the spaces of generalized theta functions
we want to mention an interesting connection of geometric quantization with repre-
sentation theory of compact Lie groups which we will use later for the description of
parabolic bundles. In fact, to a large extent, the ideas of geometric quantization de-
veloped by Kirillov, Kostant, and Souriau have their origin in representation theory.
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Let G be a compact, semi-simple Lie group with Lie algebra g and fix an invariant
nondegenerate bilinear form <, > on g by which we identify g and the dual g* of g.
For simplicity we assume G to be a matrix group. Then G acts on g by the adjoint
action

Adg:g—g, X —gXg !,

g € G, and on g* by the coadjoint action
Adg:g" —g",§ — §oAd,

g € G. The orbits & = GE = {Ady(&) : g € G} of the coadjoint action are called
coadjoint orbits. They carry a natural symplectic structure given as follows. For
A€gletXy: 0 — TO be the Jacobi field, X4 (&) = %(Adzmcﬁ) |,_o- Then by

wé (XAaXB) = é([A7B])

for £ € 0, A,B € g, we define a 2-form which is nondegenerate and closed, hence
a symplectic form.
The coadjoint orbits have another description using the isotropy group G = {g€
G : Ady€ = &}, namely
0= G/G; =G"/B,

where G is the complexification of G and B C GC is a suitable Borel subgroup.
In this manner & =2 G®/B is endowed with a complex structure induced from the
complex homogeneous (flag) manifold G*/B. @ turns out to be a Kihler form with
respect to this complex structure, such that (&, ®) is eventually a Kéhler manifold.
Assume now that we find a holomorphic prequantum bundle on &. Then G acts in
a natural way on the state space H(&,.%). Based on the Borel-Weil-Bott theorem
we have the following result.

Theorem 11.3 (Kirillov [Kir76]). Geometric quantization of each coadjoint orbit of
maximal dimension endowed with a prequantum bundle yields an irreducible uni-
tary representation of G. Every irreducible unitary representation of G appears ex-
actly once amongst these (if one takes account of equivalence classes of prequantum

bundles &£ — O only).

To come back to our moduli spaces and spaces of holomorphic sections in line
bundles we note that a close connection of the spaces of generalized theta functions
with conformal field theory is established by the fact that HO(,///JSU(Y),.,?]“) is iso-
morphic to the space of conformal blocks of a suitable conformal field theory with
gauge symmetry (cf. Sect. 9.3). This is proven in [KNR94] for the more general
case of a compact simple Lie group G.

At the end of this section we want to discuss the example G = U(1) which does
not completely fit into the scheme of the groups SU(r) or groups with a simple com-
plexification. However, it has the advantage of being relatively elementary, and it ex-

plains why the elements of H°(.# JS U(l),.i” k) are called generalized theta functions:
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Example 11.4. (e.g. in [Bot91*]) Let G be the abelian group U(1) and let J be a

complex structure on the surface S. Then //ZJU(I) is isomorphic (as a set) to

1. the moduli space of holomorphic line bundles on the Riemann surface S = S; of
degree 0.

2. the set of equivalence classes of holomorphic vector bundle structures on the
trivial C** vector bundle S; x C — §j.

3. Hom(m (S),U(1)) = H'(S,U(1)) 2 H'(S,,0) /H'(S,Z),
which is a complex g-dimensional torus where & is the sheaf of germs of holo-

morphic functions in S;.
4. C# /T = Jacobi variety of S, .

Let . — //ZJU(I) be the theta bundle, given by the theta divisor on the Jacobi
variety. Then

o H(A JU(l),Z ) 2 C is the space of classical theta functions and
o H(A JUU),Z]‘) is the space of classical theta functions of level k.

Theorem 11.5. dimc H° (///JU< D , L% = k8 (independently of the complex structure).

The Verlinde formula is a generalization of this dimension formula to other Lie
groups G instead of U(1). Here we will only treat the case of the Lie groups G =
SU(r).

11.2 The Verlinde Formula

Theorem 11.6 (Verlinde Formula). Let

Z,fU(r) (g) :=dim¢ H° (%;U(r),fk) )

Then
—1k+1 : l1-g
SU(2) k+2>g .o JW
7 (g = ( Y (sin and (11.2)
k 2 s k+2
8 g—1
SU(r) r . —
7, (g) = ( > 28inT——
k+r SC{l,k+r}  seStgs r+k
[S|=r 1<t<k+r
forr>2.

The theorem (cf. [Ver88], [TUY89], [Fal94], [Sze95], [Bea96], [Bea95], [BT93],
[MS89], [NR93], [Ram94], [Sor95]) has a generalization to compact Lie groups for
which the complexification is a simple Lie group G of one of the types A, B,C, D,
or G ([BT93], [Fal94)).
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Among other aspects the Verlinde formula is remarkable because

the expression on the right of the equation actually defines a natural number,
it is polynomial in k, and
the dimension does not depend on the complex structure J.

Even the transformation of the second formula into the first for » = 2 requires
some calculation. Concerning the independence of J: physical insights related to
rational conformal field theory imply that the space of conformal blocks does not
depend on the complex structure J on S. This makes the independence of the di-
mension formula of the structure J plausible. However, a mathematical proof is still
necessary.

From a physical point of view, the Verlinde formula is a consequence of the
fusion rules for the operator product expansion of the primary fields (cf. Sect. 9.3).
We will discuss the fusion mathematically in the next section. Using the fusion rules
formulated in that section, the Verlinde formula will be reduced to a combinatorical
problem, which is treated in Sect. 11.4.

There is a shift k — k+ r in the Verlinde formula which also occurs in other for-
mulas on quantum theory and representation theory. This shift has to do with the
quantization of the systems in question and it is often related to a central charge
or an anomaly (cf. [BT93]). In the following we will express the shift within ge-
ometric quantization or rather metaplectic quantization. This is based on the fact
that H° (///JSU(r),.Z k) can be obtained as the state space of geometric quantization.
Indeed, the shift has an explanation as to arise from an incomplete quantization pro-
cedure. Instead of the ordinary geometric quantization one should rather take the
metaplectic correction.

Metaplectic Quantization. In many known cases of geometric quantization, the
actual calculations give rise to results which do not agree with the usual quan-
tum mechanical models. For instance, the dimensions of eigenspaces turn out to
be wrong or shifted. This holds, in particular, for the Kepler problem (hydrogen
atom) and the harmonic oscillator. Because of this defect of the geometric quantiza-
tion occurring already in elementary examples one should consider the metaplectic
correction which in fact yields the right answer in many elementary classical sys-
tems, in particular, in the two examples mentioned above. To explain the procedure
of metaplectic correction we restrict to the case of a Kéhler manifold (M, ®) with
Kihler form @ as a symplectic manifold. In this situation a metaplectic structure
on M is given by a spin structure on M which in turn is given by a square root
K? of the canonical bundle K on M. (K is the holomorphic line bundle det7T*M
of holomorphic n-forms, when n is the complex dimension of M.) The metaplec-
tic correction means — in the situation of the holomorphic polarization — taking the
spaces

7" — HO (M,L@K%) (11.3)

as the state spaces replacing Z = H(M,L).
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In the context of our space of generalized theta functions the metaplectic correc-
tion is

z" = H° (///,SU(’),.,%" ®%%) :

where 7 is the canonical bundle of ,///JSU(V).
Now, the canonical bundle of .# JS U0 turns out to be isomorphic to the dual of

. S . 1
£? hence a natural metaplectic structure in this case is .# 2 = .~ (:= dual of
Z"). As aresult of the metaplectic correction the shift disappears:

m SU(r —r SU(r —r
7n =i (", L2 ) = O (a0, 2.
The dimension of the corrected state space Z" is
450 () = dim H° (///,SU(’),,Z" ®$—’)

and we see suE) SU()
4" (g) = di=, " (g)-

This explanation of the shift is not so accidental as it looks at first sight. A similar
shift appears for a general compact simple Lie group G. To explain the shift in this
more general context one has to observe first that r is the dual Coxeter number of
SU(r) and that the shift for general G is k — k+h" where h" is the dual Coxeter
number of G (see [Fuc92], [Kac90] for the dual Coxeter number which is the Dynkin
index of the adjoint representation of G). Now, the metaplectic correction again
explains the shift because the canonical bundle on the corresponding moduli space
///JG is isomorphic to ="

Another reason to introduce the metaplectic correction appears in the general-
ization to higher-dimensional Kihler manifolds X instead of S;. In order to obtain
a general result on the deformation independence of the complex structure gener-
alizing the above independence result it seems that only the metaplectic correction
gives an answer at all. This has been shown in [Sche92], [ScSc95].

A different but related explanation of the shift by the dual Coxeter number of a
nature closer to mathematics uses the Riemann—Roch formula for the evaluation of
the d°(g) where h appears in the Todd genus of .Z because of £~ 2" = 7.

11.3 Fusion Rules for Surfaces with Marked Points

In this section G is a simple compact Lie group which we assume to be SU(2) quite
often for simplification.

As above, let Sy =: X be a surface S of genus g with a complex structure J. We
fix a level k € N.
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Let P = (Py,...,P,) € S™ be (pairwise different) points of the surface, which will
be called the marked points. We choose a labeling R = (Ry,...,R,,) of the marked
points, that is, we associate to each point P; an (equivalence class of an) irreducible
representation R; of the group G as a label.

From Theorem 11.3 of Kirillov we know that these representations R ; correspond
uniquely to quantizable coadjoint orbits &; of maximal dimension in g*. Using the
invariant bilinear form on g the &;s correspond to adjoint orbits in g and these, in
turn, correspond to conjugacy classes C; C G by exponentiation. The analogue of
the moduli space . will be defined as

MC(PR) := {p € Hom(m (S\ P),G) : p(c;) € C;} /G.

Here, c¢; denotes the representative in 71 (S \ P) of a small positively oriented
circle around P;.

Note that the fundamental group m;(S\ P) of S\ P is isomorphic to the group
generated by

ay,...,ag,b1,...,bg,c1,...,Cn
with the relation
8 m
[Tapja;'v; [lei=1. (11.4)
j=1 i=1
In the case of G = SU(2) the R; correspond to conjugacy classes C; generated by
2mi;
eI 0
< 0 e—2ﬂi9_,~> = g (11.5)

Let us suppose the 6; to be rational numbers. This condition is no restriction of
generality (see [MS80]). Hence, we obtain natural numbers N; with g jN.i = 1 which
describe the conjugacy classes C;. We now define the orbifold fundamental group
n{"b(S) = m (S, P,R) as the group generated by

ay,...,ag,b1,...,bg,c1,...,Cn

with the relations

8 m
[Tajbja;'b; ' [lei=1 and =1 (11.6)
j=1 i=1

fori=1,...,m, where N; depends on 6;. Then ASY?) (P, R) can be written as
Hom(r{"*(S),SU(2))/SU(2).

Theorem 11.1 has the following generalization to the case of surfaces with
marked points.

Theorem 11.7. Let S be marked by P with labeling R. The following three moduli
spaces are in one-to-one correspondence:
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1. #5Y?)(P,R) = Hom(n{"(S),SU(2))/SU(2).

2. The set of gauge equivalence classes (that is gauge orbits) of singular SU(2)-
connections, flat on S\ P with holonomy around P; fixed by the conjugacy class
Cjinduced by R;, j=1,...,m.

3. The moduli space ///JSU(Z) (P,R) of semi-stable parabolic vector bundles of rank
2 with paradegree 0 and paradeterminant Oy for (P,R).

We have to explain the theorem. To begin with, the moduli space of singular
connections in 2. can again be considered as a phase space of a classical system.
The classical phase space .« / % (cf. 4. in Theorem 11.1) is now replaced with the
quotient

M= ﬂﬁ/g

Here, <75 is the space of singular unitary connections A on the trivial vector
bundle of rank 2 over the surface S subject to the following conditions: over S\
P the curvature of A vanishes and at the marked points P; the curvature is (up to
conjugation) locally given by

m(A) =Y T;6(P —x)

(with the Dirac d-functional § (P, — x) in P;) where T; € su(2) belongs to the adjoint
orbit determined by &';. Hence, .7, can be understood as the inverse image m~' ()
of a product & of suitable coadjoint orbits of the dual (Lie%)* of the Lie algebra of
the gauge group ¢. Regarding m as a moment map, .# = / % turns out to be a
generalized Marsden—Weinstein reduction.

A related interpretation of .# in this context is as follows: the differentiable
SU(2)-connections A on the trivial rank 2 vector bundle over S\ P define a paral-
lel transport along each closed curve ¥ in S\ P. Hence, each A determines a group
element W(A,y) in SU(2) up to conjugacy. If A is flat in S\ P one obtains a ho-
momorphism W(A) : m; (S\ P) — SU(2) up to conjugacy (see (11.4) for m;(S\ P))
since for a flat connection the parallel transport from one point to another is locally
independent of the curve connecting the points. Now, the labels R; at the marked
points P; fix the conjugacy classes C; assigned by W(A) to the simple circles (rep-
resented by c; in the description (11.4) of the fundamental group 7; (S'\ P)) around
the marked points: W(A)(c;) has to be contained in C;. Hence, the elements of .#
define conjugacy classes of representations in .Z sU@2) (P,R) yielding a bijection.

This explains the first bijection of the theorem. The second bijection has been
shown by Mehta and Seshadri [MS80] as a generalization of the theorem of
Narasimhan and Seshadri [NS65] (cf. Theorem 11.1). To understand it, we need
the following concepts:

Definition 11.8. A parabolic structure on a holomorphic vector bundle E of rank r
over a marked Riemann surface X = S; with points P;,...,P, € X is given by the
following data:
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e aflag of proper subspaces in every fiber E; of E over F;:
E=F">...5F" 50}

with k== dim £ / F*) as multiplicities, and
(5

e asequence of weights ¢;" corresponding to every flag with

0<a¥ <. <o <.

1 1

The paradegree of such a parabolic bundle E is

paradeg E := deg(E) + zdi with d; := Z O‘i(S)kz(S)'
i s

A parabolic bundle E is semi-stable if for all parabolic subbundles F of E
one has:
(rg(F)) 'paradeg F < (rg(E)) 'paradeg E.

E is stable if “<” can be replaced with “<”.

The paradeterminant for this parabolic structure (resp. for these weights at the
marked points) is the usual determinant detE = A\"E tensored with the holomor-
phic line bundle given by Ox(— Y d;x;) for the divisor —Y.d;P; if d; is an integer.
Otherwise the paradeterminant is undefined.

The second bijection in Theorem 11.7 has the following significance: one collects
those equivalence classes of parabolic vector bundles over X = S;, whose weights
()

o’ are rational and for which all d; := Zaj(-s)kﬁs) are integers. Then the a;‘v) fix
S

suitable conjugacy classes in SU(r) and hence a labeling through irreducible rep-
resentations R;. Conversely, given the labels R; attached to the points, only those
parabolic bundles are considered where the weights fit the labels. Now the space

(%‘,SU(r) (P, R)

consists of the equivalence classes of such parabolic vector bundles, which, in ad-
dition, are semi-stable with paradegree O and trivial paradeterminant. For instance,

for r = 2 the representation p belonging to [E] € %JSUQ) (P,R) is given on the c¢; by

exp 2mi diag (a;-o), aj(-o)) for k;o) =2
plcj) =
exp 2mi diag (a;-o), a}l)) for k;o) =1= k;l).
The moduli space .Z JSU(z) (P,R) is according to [MS80] in a one-to-one corre-

spondence to
Hom(n{™(S),SU(2)) /SU(2) .
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Furthermore,
;"% (PR)

has the structure (depending on J) of a projective variety over C. In this variety,
the stable parabolic vector bundles correspond to the regular points. An analogous
theorem holds for parabolic vector bundles of rank r (cf. [MS80]).

In the case of P = () the moduli space

M PR = "D (PR)

coincides with the previously introduced moduli space ///JSU(Z) (cf. Sect. 11.1). Re-
call that .Z JSU(Z) has a natural line bundle . which is used to introduce the gen-
eralized theta functions or conformal blocks. This has a generalization to the case
P#0: A 25(2) (P,R) possesses a natural line bundle . — the determinant bundle or
the theta bundle — together with a connection whose curvature is 2wi® ,. Here, @ _y

is the Kéhler form on the regular locus of .#Z JS;(Z) (P,R). Now, the finite-dimensional
space of holomorphic sections

HO (///JS;M) (RR)’gk)

is the space of generalized theta functions of level k with respect to (P,R).

For our special case of the group G = SU(2) let us denote by the number n € N
the (up to isomorphism) uniquely determined irreducible representation n : SU(2) —
GL(V,) with dim¢ V;,, = n+ 1. With respect to the level k € N only those labels R =
(n1,...,n,) are considered in the following which satisfy n; <k for j=1,...,m.

Theorem 11.9. (Fusion Rules)

0.z1(gsm1y .o yhy) i= dimCHO(///;;<2> (P,R),.Z*) does not depend on J and on the
position of the points Py,..., P, € S. Here, R= (n1,...,ny). Let My be the moduli
space of marked Riemann surfaces of genus g with m points and let ]g,m be the
Deligne—Mumford compactification of Mgy . Then, the bundle 1t : Zy (R) — Mg m
with fiber

7 (1.P) = H (5,7 (P.R), 2Y)

has a continuation Zg’k(R) — ]g,m to Mym as a locally free sheaf of rank
z(gniy ... ).

L zi(gniy. . ) = Zﬁzozk (g—Liny,...,nm,n,n).
2. For 1 <s <mone has

(g +g"ni,...onm)

k
=Y z(gini, ... ,ne,n)z(g" s nngrr, . ).
n=0
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>
)

continuation to Mg, (by rule 0)

“ e ™

[simple singularity]
H FusioN 1

Fig. 11.1 Fusion rule 1

The formulation of the fusion rules for SU(2) in Theorem 11.9 is special since
every representation p of the group SU(2) is equivalent to its conjugate represen-
tation p* (Figs. 11.1 and 11.2). For more general Lie groups G instead of SU(2),
one of the two representations (n,n) in the fusion rules has to be replaced with its
conjugate.

A proof of the fusion rules 1 and 2 in approximately this form can be found in
[NR93] together with [Ram94].

Even in the case of P = 0 it is quite difficult to show that the dimensions of

H° (///JSU(r),Z k) do not depend on the complex structure J. This can be deduced
from a stronger property which states that the spaces

HO (///;U(V),gk>

as well as

HO (///;:E(r) (P,R)’fk)

are essentially independent of the complex structure. This is in agreement with phys-
ical requirements since these spaces are considered to be the result of a quantization
which only depends on the topology of S or S\ P. For this reason the resulting
quantum field theory is called a topological quantum field theory (cf. [Wit89]). In
particular, the state spaces — more precisely their projectivations — should not depend
on any metric or complex structure.
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/*ns\//\ .
NeaY ! &> NeY
\ *
\_/\ns_y
continuation to ﬂt_/[g,m (by rule 0)
* Ny
&>

‘ [simple singularity]

Fusion 2
*ns *nm
NeZ N PRV NeY
*ns+1
H Fusion2"

*nm
Zi|[*n & NeY%
*
DG4

Fig. 11.2 Fusion rule 2 is defined by the successive application of 2" and 2"

That the above state spaces do not depend on the complex structure has been
proven in [APW91] and [Hit90] in the case of P = (. Hitchin’s methods carry over
to the case of P # 0 using some results of non-abelian Hodge theory [Sche92],
[ScSc95]. The strategy of the proof is to consider the bundle Z, x(R) — .4, over
the moduli space .#; , of Riemann surfaces of genus g and m marked points with
fiber H° (%;}J(r) (P,R), %) over (J,P) € Mp,. On this bundle Z, 4 (R) one con-
structs a natural projectively flat connection. Incidentally, the existence of such a
natural projectively flat connection is again motivated by considerations from con-
formal field theory. Then the fibers of the bundle can be identified in a natural way
by parallel transport with respect to this connection up to a constant, that is they
are projectively identified. It is remarkable that in the course of the construction in
the general case of P # 0 it seems to be necessary to use the metaplectic correction
instead of the uncorrected geometric quantization (see p. 221 and [ScSc95]).
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The case P # 0 is significant for Witten’s program, to describe the Jones poly-
nomials of knot theory in the context of quantum field theory. In this picture, the
Zi ¢(R) are quantum mechanical state spaces, which can be found by path integra-
tion [Wit89] or by geometric quantization [Sche92], [ScSc95]. To obtain the knot
invariants, one needs, in addition to these state spaces, the corresponding state vec-
tors (“propagators”) describing the time development. On the mathematical level
this means that one has to assign to a compact three-dimensional manifold M with
boundary containing labeled knots a state vector in the state space given by the
boundary of M which is a surface with marked points. For instance, one has to assign
to such a manifold M with knots K = (K1, ..., K;), labeled by SU(r)-representations
and with boundary dM = S, U S’g,, a vector Z;(M,K) in

Zg(R)* ®Z o (R') =2 Hom(Z (R), Z o (R')).

The points in S,, S; , and the labels R, R’ are induced by the knots K1, ...,Kj,
which may run from boundary to boundary. Only the state spaces together with the
state vectors yield a topological quantum field theory. A rigorous construction of
these state vectors — which are given by path integration in [Wit89] — is still not
known. In the meantime, instead of Witten’s original program, other constructions
of topological quantum field theories — in some cases by using quantum groups —
have been proposed (cf., e.g., [Tur94]) and yield interesting invariants of knots and
three manifolds. Related developments are presented in [BKO1%*].

11.4 Combinatorics on Fusion Rings: Verlinde Algebra

Using the fusion rules of Sect. 11.3, the proof of the Verlinde formula can be reduced
to the determination of

2% (0;1), 24 (0;n,m), (03, m, 1)

for n,m,l € {0,...,k}. This combinatorical reduction has an algebraification, which
also has a meaning for more general groups than SU(r) (cf. [Bea96], [Bea95],
[Sze95])).

Definition 11.10 (Fusion Algebra). Let F be a finite-dimensional complex vector
space with an element 1 € F. Forevery g € Z,g > 0 and vy,...,v, € F let

be given. (F, 1,Z) is a fusion ring if the following fusion rules hold:

F)Z(g),..1=1
(F2) Z(8)v,,...om =2Z(&)1,v,,...v,, does not depend on the order of the vy,...,v,,.
F3)v— Z(O)vl,---,vj'-,\/,vj-ﬂ 77777 v, 18 C-linear.

(F4) (v,w) — Z(0),,,, is not degenerated.
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‘We use the notation
/v =2Z(0)y, (w):=Z(0)yyw and nv,wu):=2Z(0)yu.u

Let (b)), (b/) be a pair of bases with & = (b;,b'). Then, additionally, the follow-
ing rules hold

(F5) Z(8)v1.ccorm = 2Z(§ = 1), 7 vy = 1 (Fusion 1)

geeny genes

One easily proves

Lemma 11.11. The product v-w := Y, 1(v,w, bj)bj for vyw € F induces on F the
structure of a commutative and associative complex algebra with 1.

Lemma 11.12. The bilinear form (,) satisfies the trace condition (v-w,x) = (v,w-
x). Therefore, F is a Frobenius algebra.

Proof. (v-w,x) = 3n(v,w, b;)(b',x) by definition and linearity. Thus (v-w,x) =
n(v,w,x), since x = b;{b',x). In the same way, we obtain (v,w-x) = (w-x,v) =
n(w,x,v) = n(v,w,x) by (F2). O

Both results need the axioms for g = 0 only. With similar arguments one can
prove the following version of the Verlinde formula using the fusion rules for gen-
eral g.

Lemma 11.13. With o := Y b;b) = 31(b;,b',by)b* € F the abstract Verlinde for-
mula holds:

Z(g)vl7~-~7vin = / agvl tee Ve
Proof. By induction on m we show

Z(g)vl peeesVm Z(g)vl eVt

The case m = 1 is trivial. For m > 2 we have

Z(&)vym = 2 Z(0), 0,5, 2(8)pi vy DY(FO)
= > 01,v2,6))Z(&)pi s
:Z(g)Zn(vl,vz,bj)bf,V37...,vm by(F3)
= Z(8)v,vy,v3,....m, DY the definition of the product
= Z(&)v;-vy-v3-..vy DY the induction hypothesis.

This implies

Z(g)v=2Z(g— 1), pi v = Z(8 = Dy ppiv = Z(g — Daw
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and
Z(g)v = Z(g - 1)av = Z(g - Z)aZV = Z(O)agv.

Hence for v =v; - ... - v, the claimed statement follows. |

For the derivation of the Verlinde formula (Theorem 11.6) from the fusion rules
using Lemma 11.13 we refer to [Sze95], where general simple Lie groups instead
of SU(2) are treated.

To indicate the role of the above formula as an abstract Verlinde formula let us
represent F' as the algebra of functions on the spectrum X = Spec F, that is the finite
set of algebra homomorphisms % : F — C satisfying, in particular, 4(1) = 1. With the
aid of the Gelfand map v — ,9(h) = h(v), we identify F and the function algebra
Map(X). The structure map Z(0) : F — C induces on F = Map(X) a complex mea-
sure 4 which is given by amap p : £ — C. We have Z(0), = [vdu =Y s v(h)u(h)
and conclude 1 =Z(0); = [du =Y u(h) and pu(h) #0forall h € X.

In order to determine the element o € F from Lemma 11.13 one uses the char-
acteristic functions e, of the points & € X as a basis: e, (k) = Op k- The dual basis el
is given by ¢ = u(h)~'e;, because of

(en,e") =Z(0),, s = / enddu = u(h).

Therefore, o = ¥ 1 (h) ‘e, and a® = ¥ u(h) %ey,. Inserting this term into the
abstract Verlinde formula in 11.13 gives

[ e =Sy sl = i)'+,

Hence, for Z(g) = Z(g)1 we obtain the following formula which is much closer
in its appearance to the Verlinde formula (11.2).

Lemma 11.14.
Z(g) = Y (um)s.

hex

The fusion rules have their origin in the operator product expansion (cf. p. 168).
In the case of the conformal field theory associated to a simple Lie group G (like
SU(2) as considered above) the fusion rules are also related to basic properties of
the group and its representations. In fact, the fusion rules have a manifestation in
the tensor product of representations of G and the fusion algebras considered above
turn out to be isomorphic to certain quotients of the representation ring R(G). These
quotients are called Verlinde algebras (cf. [Wit93*]).

We describe the Verlinde algebra Vi (G) explicitly in the case of the group G =
SU(2). The representation ring R(G), that is the ring of (isomorphism classes of)
finite-dimensional representations of G with the tensor product as multiplication, is
in the case of G = SU(G) generated by the standard two-dimensional representation
V1. All other irreducible representations are known to be isomorphic to some V,,
where V), is the symmetric product:
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Vi = V1®m =Vi®...0V.

Vi is the (m + 1)-dimensional irreducible representation of SU(2), unique up to
isomorphism, in particular, Vj is the trivial one-dimensional representation. Let b,
denote the isomorphism class of V,, in R(SU(2)) (denoted by n in the last section).
We regard R(SU(2)) as a vector space over C and observe that (b;) is a basis of
R(SU(2)). In particular, R(G) is an algebra over C.

The multiplication “x” on R(G) induced by the tensor product is given by the
Clebsch—Gordan formula

Vin @ Vi 2 Vi ® V2 @ ... © V-

Hence, on R(G) we have

m

by p X by = z bom+p-2j-
j=0

The truncated multiplication of level k € N is
binyp b = bpyp X by, if 2m+p <k,

and
m

bm+p by = 2 b2m+p72j = b2k72m—p +.o+ bp7
Jj=2m+p—k

if 2m+ p > k and m+ p < k. The definition implies that no terms b, with n > k can
appear in the summation on the right-hand side. The resulting algebra, the Verlinde
algebra Vi.(SU(2)) of level k, is the quotient R(G)/(by1) with respect to the ideal
(br11) generated by biy1 € R(G). It is a Frobenius algebra and a fusion algebra in
the sense of Definition 11.10. It describes the fusion in the level k case for SU(2).

The Verlinde algebra has a direct description with respect to the basis by, ..., by
in the form

k
bi-bj= Y Njiby
m=0

with coefficients N/} € {0,1}.
Now, the homomorphisms of V;(SU(2)) can be determined using the fact that all
complex homomorphisms on R(SU(2)) have the form

sin(n+ 1)z
h(b,) = enz

where z € C is a complex number. Such a homomorphism /. vanishes on (by) if
sin(k +2)z = 0. We conclude that the homomorphisms of V;(SU(2)) are precisely
the k+ 1 maps h), : Vi(SU(2)) — C satisfying

:sin(j—H)zp S b=l
sing, 7 k+2’ "

hy(b;) kL
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Using
k+1

2(0)s; = [ b= 3, by(h)u(hn)
k n=1
an elementary calculation yields

2 sin®
= ——si
k+2

nw
h =1,...,k+1
[.1( Vl) k + 2 1 ’ ’ + )
from which the Verlinde formula (11.2) follows by Lemma 11.14.
Recently, a completely different description of the Verlinde algebra using equiv-
ariant twisted K-theory has been developed by Freed, Hopkins, and Teleman

[FHTO03*] (see also [Mic05*], [HJJS08*]).
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Appendix A
Some Further Developments

Due to the character of these notes with the objective to present and explain the basic
principles of conformal field theory on a mathematical basis in a rather detailed
manner there has been nearly no room to mention further developments.

In this appendix we concentrate on boundary conformal field theory (BCFT) and
on stochastic Loewner evolution (SLE) as two developments which lead to new
structures not being part of conformal field theory (CFT) as described in these notes
but strongly connected with CFT.

We only give a brief description and some references.

Boundary Conformal Field Theory. Boundary conformal field theory is essen-
tially conformal field theory on domains with a boundary. As an example, let us
consider strings moving in a background Minkowski space M as in Chap. 7. For
a closed string, that is a closed loop moving in M, one gets a closed surface. Af-
ter quantization one obtains the corresponding CFT on this surface as developed in
Chap. 7. In case of an open string, that is a connected part of a closed loop (which is
the image of an interval under an injective embedding) with two endpoints, the string
weeps out an open surface or better a surface with boundary. The boundary is given
by the movement of the two endpoints of the string. We obtain the corresponding
CFT in the interior of the surface, the bulk CFT, together with compatibility condi-
tions on the boundary of the surface.

BCFT has important applications in string theory, in particular, in the physics of
open strings and D-branes (cf. [FFFS00b*], for instance), and in condensed matter
physics in boundary critical behavior.

BCFT is in some respect simpler than CFT. For instance, in the case of the upper
half plane H with the real axis as its boundary one possible boundary condition
is that the energy—momentum tensor 7 satisfies T(z) = T(z). This implies that the
correlation functions of 7 are the same as those of T, analytically continued to the
lower halfplane. This simplifies among other things the conformal Ward identities.
Moreover, there is only one Virasoro algebra.

For general reviews on BCFT we refer to [Zub02*] and [Car04*]. See also
[Car89*] and [FFFS00a*].

Stochastic Loewner Evolution. There is a deep connection between BCFT and
conformally invariant measures on spaces of curves in a simply connected domain

Schottenloher, M.: Some Further Developments. Lect. Notes Phys. 759, 235-237 (2008)
DOI 10.1007/978-3-540-68628-6_13 (© Springer-Verlag Berlin Heidelberg 2008
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H in C which start at the boundary of the domain. This has been indicated in both the
survey articles of Cardy [Car04*] on BCFT and [Car05*] on SLE and in a certain
sense already in [LPSA94]. Such measures arise naturally in the continuum limit of
certain statistical mechanics models.

For instance, in the case of the upper half plane H a measure of this type can be
constructed using a family of conformal mappings g;, ¢ > 0. In such a construction
one uses the stochastic Loewner evolution (SLE) first described by [Schr00*]. More
precisely, for a constant k¥ € R, k > 0, the so-called SLE curve y: [0,0c[— C in
the upper half plane H is generated as follows: ¥ : [0,0[— C is continuous with
¥(0) = 0 and y(]0,°<[) C H. y is furthermore determined by the unique conformal
diffeomorphism

g :H\y(0,¢])) = H, t >0,

satisfying the Loewner equation

dgi(z) _ 2

ot gt(Z) — \/Ebt7 gO(Z) =3,

normalized by the condition g;(z) = z+o(1) for z — eo. Here, b, t > 0, is an or-
dinary brownian motion starting at by = 0. Hence, y(t) = ¥ is precisely the point
satisfying g (%) = /Kb, for the continuous extension g~ of g, to H \ 7(]0,#]) that
is into the boundary point y(z) of H\ y(]0,¢]).

A comprehensive introduction to SLE is given in Lawler’s book [Law05*]. A
first exact application to the critical behavior of statistical mechanics models can be
found in [SmiO1%*].

The relation of SLE to CFT is not easy to detect. It has been uncovered in the

articles [BB03*] and [FW03*].
Modularity. Modularity properties have been studied in the articles on vertex alge-
bras and CFT from the very beginning, in particular with respect to the examples of
large finite simple groups (see [Bor86*] and [FLM8&8*], for instance). A compre-
hensive survey can be found in [Gan06*].
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